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Vapor pressures of liquid He® have been measured between 0.45° and 1.0°K. Temperatures were measured 
by the paramagnetic susceptibility of either ferric ammonium or chrome methylamine alum. The salts were 
calibrated above 1°K against He* vapor pressures using the data of Abraham, Osborne, and Weinstock 
and the He‘ temperature scales of Clement (552) and of van Dijk and Durieux (155). The data obtained 
with the two salts were in good agreement with each other and indicate no preference between the two 
He‘ scales. 

In order to fit the data by a simple equation over the entire temperature range, explicit account had to 
be taken of the effect on the vapor pressure of the variation of the spin entropy, S,. An equation valid 
between the critical point and 0°K is 


InPpinm= 2.5 InT g+i9— (1/RT) [7SodT ~2.53853/T x —0.20644T pg 4-0.07728T gp? —0.00919T 3, 
0 


where ig is the vapor pressure constant, 5.31733, and the subscript / designates use of the 55 scale through 

out the calibration and subsequent equation fitting. By this equation the latent heat at absolute zero is 
5.044 cal/mole. Between 0.25°K and the critical point, 3.327°K, the entropy integral is fitted by the em 

pirical equation, (1/RT) Jo? S,dT =0.5020-4-0.1786 In7’ —0,009127? 


1, INTRODUCTION Argonne vapor pressure data. Various vapor pressure 


HIS paper describes measurements of the vapor equations are presented and discussed. 


pressure of liquid helium three below 1°K. ‘These 
results are complementary to the specific heat measure- 


2. APPARATUS 


ments reported in an earlier paper,' hereafter referred 
to as I. 

He’ was first liquefied and its vapor pressures were 
measured as a function of He* bath pressure by Sydoriak, 
Grilly, and Hammel.? Abraham, Osborne, and Wein- 
stock? made a more accurate series of measurements 
comparing He? and He‘ vapor pressures between 1.025° 
and 3.35°K. These measurements are hereafter referred 
to as the Argonne data. 

This paper presents the results of He* vapor pressure 
measurements to 0.45°K. Temperatures were measured 
by means of paramagnetic salts and were obtained by 
extrapolation of their calibration equations, obtained 
in the temperature region above 1°K by using the 


*Work performed under the auspices of the U. S. Atomic 


Energy Commission. 
1T. R. Roberts and S. G. Sydoriak, Phys. Rev. 98, 1672 (1955). 
2 Sydoriak, Grilly, and Hammel, Phys. Rev. 75, 303 (1949). 
4 Abraham, Osborne, and Weinstock, Phys. Rev. 80, 366 (1950). 


The apparatus has already been described in some 
detail in I. Further details especially pertinent to the 
measurement of pressure and temperature are given 
below. With the description of each component of the 
apparatus we shall combine a discussion of techniques 
used with the component and the possible effect on the 
percentage accuracy of the measurements, The same 
percentage error in T and p are not equally significant, 
lor example, at 0.5°K a 0.1% error in T is equivalent 
to 0.7% in p. 

Figure 1 shows the all-metal helium-three Dewar 
and the susceptibility coils, both immersed in a bath of 
liquid He*. He* is condensed in the half-inch diameter 
seamless copper sphere. The sphere also contains the 
paramagnetic salt crystals. ‘The primary and secondary 
coils are wound directly on the brass vacuum jacket, 
This jacket extends upward to a brass block which 
thermally shorts the He* bath to the He’ Dewar wall 
The copper sphere is suspended from the brass block 


175 





S$. G. SYDORIAK 


SLIDING 
(OOUBLE 


SEALS 
O-RINGS) _ TO PRESSURE 
GAUGES 


TO He’ PUMPS 


- TO VACUUM PUMP 








} 


f 
Hf 
f 


1 Cu SPHERE 
PRIMARY |) 
cou 


TWIN 
SECONDARY 
COILS + 


lic. 1. Schematic diagram of helium 3 Dewar. 


by an 8-inch length of 70 Cu 30 Ni tubing of }-inch 
o.d, and 0,010-inch wall thickness. Various inserts could 
be screwed into the brass block for specific heat or 
vapor pressure measurements, as described in I. Only 
the pressure-sensing insert is shown in the figure. The 
He* is cooled below the bath temperature by pumping 
via the annular space surrounding the pressure-sensing 
tube. The sliding double O-ring seals at the top allow 
for differential contraction of the concentric Inconel or 
stainless steel tubes extending from the room-tempera- 
ture end to the brass block. 


a. Pressure Measurement 


Vapor pressures were measured by means of mercury 
and oil manometers in the salt calibration region (above 
1°K) and by the oil manometer and a special McLeod 
gauge below 1°K. A Consolidated Electrodynamics 
Corporation capacitative micromanometer, sensitive to 
a fraction of a micron at all pressures, was used to 
ascertain that Taconis oscillations were not present 
and to indicate the maintenance of steady pressures 
during equilibration of the McLeod gauge. 

The manometer scales were mirrored Pyrex calibrated 
to an accuracy of +0.01 mm and mounted in a frame 
which guided a slide rule indicator. Pressures read from 
the manometers are believed correct to +0.2 mm Hg 
and +0.3-mm oil. The Hg manometer, made of 1-cm 
id. ‘Truebore tubing, was used to calibrate the butyl 
phthalate oil manometer, which was made of 2-cm i.d. 
Truebore tubing. The oil was boiled under vacuum to 
remove absorbed gases. Since the oil manometer was 
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not thermostatted, it was calibrated at about 90-mm 
Hg during each run. Data collected over a period of a 
year at various ambient temperatures in the range 23°C 
to 33°C are consistent with the density ratio equation, 


p0i1/pug=0.07818— 0.000046, 


where / is the temperature in degrees Celsius. At 20°C 
this equation is fitted to give 0.07726, the 1955-56 
Chemical Rubber Publishing Company handbook value. 
Pressures are all expressed in mm Hg at O°C and 
standard gravity (g= 980.655 cm/sec’) using g= 979.135 
cm/sec? at Los Alamos and (p/po)ng= 1—0.0001812z. 

The McLeod gauge was the same one described in an 
earlier paper on thermomolecular pressure ratios. The 
gauge was calibrated and used as a p=A’K (A) instru- 
ment, where h is both the height of the compressed gas 
column and the mercury pressure head on it as measured 
by a cathetometer. By this method a given p corre- 
sponds to a single gauge reading so the calibration is 
unique. Variations in K(h) due to irregularities in 
capillary bore were determined by a mass balance 
method in which He* was expanded from a small fixed 
volume and measured pressure into the McLeod system. 
The linear relation between amount of gas in the 
system and pressure was established at a high value of 
h by a direct comparison of / and the pressure indicated 
by the oil manometer, about 40 mm oil. This was read 
with a cathetometer to +0.01 mm during the calibra- 
tion measurement. By the above method K was meas- 
ured at a score of points to an estimated accuracy 
ranging from 1% at 80 4 to 0.5% at 3000 yw. All pressure 
measurements were made with a ‘Truebore tubing 
McLeod capillary about 500 mm longX0.5 mm bore 
for which K(h) was found to vary smoothly by about 
1%. 

The correction for the thermomolecular pressure 
ratio, p-/Pw, in the pressure-sensing tube is the subject 
of a separate paper.‘ The subscripts c and w indicate 
the pressures at the cold and warm ends of the pressure- 
sensing tube of radius R. The Weber-Schmidt® equation 
for He‘ can be used for He’ with no change in coefficients 
or exponents for pressures such that Rp, is no less than 
lcm pz. 

The pressure-sensing tube consisted of two sections 
of different radii. The upper section of radius 0.211 cm 
extended from the McLeod gauge down to the thermal 
short (the brass block in Fig. 1) at the He* bath temper- 
ature, usually maintained at 2.8°K. From this point 
to a level 2 to 3 cm above the liquid He’, the tubing 
radius of the pressure-sensing insert was 0.10 cm. The 
correction is negligible in the lower section for pressures 
greater than 30 microns as shown by ‘Table VII of 
reference 4. In the larger tube the calculated p./pw is 
0.766 at the lowest measured pressure. The upper tube 
had the same radius as the tubing used for the direct 
measurements of He® thermomolecular pressure ratios. 


‘T. R. Roberts and S. G. Sydoriak, Phys. Rev. 102, 304 (1956). 
5S. Weber and G. Schmidt, Leiden Comm. No. 246C (1936). 
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The direct measurements covered the same temperature 
interval and were extended to even lower pressures 
than the present work. The error in p./pPw calculated 
from the Weber-Schmidt equation is therefore believed 
to be no greater than the mean deviation of the data 
of Table IV of reference 4, or about 0.5%. 

The amount of He* present in the liquid was small 
and somewhat uncertain. At the start of each run about 
0.12% Het was condensed corresponding to the storage 
can concentration. The percentage of He‘ in the liquid 
rose during pump-down because the He* was prefer- 
entially evaporated due to its higher vapor pressure. 
To get an upper limit to the error we can assume that 
all the He* remained in the capsule. In a typical run 
about half the liquid evaporates so the Het concentra- 
tion would be doubled. A detailed analysis was made 
for run 1. From the known amount of liquid in the 
capsule during each measurement and the assumption 
that Raoult’s law is valid, a corrected salt calibration 
equation was derived and applied to the subsequent 
vapor pressure measurements. The net correction to p, 
due to increasing He‘ content was estimated to range 
from —0,06% at 0.86°K to —0.18% at 0.46°K. This 
calculation should represent an upper limit to the error 
involved. Hence, the correction for He‘ impurity is seen 
to be negligible and has been ignored. 

A calculation of error due to the greater hydrostatic 
head of vapor in the cold Dewar than in the warm 
manometers or gauges showed this, too, to be negligible, 
the error ranging from 0.030% of p, at 2.8°K to 0.054% 
at 0.45°K. 


b. Temperature Measurement 


The temperature of the liquid below 1°K was deter 
mined from the magnetic susceptibility of a paramag- 
netic salt by use of the ballistic measurement technique 
described by Hull.* The primary coil is wound directly 
on the brass vacuum jacket surrounding the capsule 
and hence is immersed in the bath liquid He* as shown 
in Fig. 1. The twin secondary coils are wound directly 
on top of the primary and are connected in opposition. 
A variable mutual inductometer is used to adjust the 
circuit to a suitable range of galvanometer deflections. 

The primary current is approximately constant 
during calibration and measurements below 1°K and is 
measured to 0.01% with a potentiometer circuit. As 
described in I, the current is reversed automatically 
every 30 seconds by a rapid-action solenoid. Thus the 
two current pulses passing through the galvanometer 
are completed in a time interval (the “off” time) which 
is reproducible and very short compared to the period 
of the galvanometer. 

The galvanometer has a 16-sec period, a 200-ohm 
critical damping resistance, and a sensitivity of 0.0054 

®R. A. Hull, Proceedings of the International Conference on 
Fundamental Particles and Low Temperatures, Cavendish Labora 


tory, Cambridge, 1946 (The Physical Society, London, 1947), 
Vol. I, p. 72. 
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ucoul/mm at one meter. The scale used was about 4.2 
meters from the galvanometer mirror. The usual 
tangent correction, amounting to 0.44% at full-scale 
detlec tion, was applied to the observed detlection. All 
galvanometer deflections are expressed as 6, the ratio 
of angular deflection to primary current. 

During the course of a run, the primary of the 
immersed coils was replaced periodically with an equal 
fixed resistance and the galvanometer detlection was 
observed due to reversal of the current in the primary 
of the balancing inductometer. ‘Thus a measurement 
was obtained of the over-all effect on the galvanometer 
sensitivity of room temperature variations and of 
variations in Ky, the resistance of the secondary circuit. 
As the bath level falls, the resistance of the leads from 
the galvanometer to the immersed secondary coils 
increases. In the vicinity of critical damping, a 0.30% 
fall in sensitivity is observed for a 1%) increase in Ry. 
Detlections were corrected in accordance with the 
observed drift in sensitivity, usually ranging over 
several tenths of a percent during a day’s running time. 

Although eddy currents in the copper sphere would 
result in a loss of sensitivity in measuring salt suscepti 
bility, this loss was not found to be appreciable. A bare 
single crystal of salt placed at various positions in the 
secondary coil gave a maximum deflection which was 
about 10% greater than that given by the same mass 
of salt in the form of small particles within the copper 
sphere. A systematic error would be introduced only 
if the eddy currents varied with capsule temperature, 
Over the temperature range used, 0.5° to 2.5°K, the 
resistivity of copper changes less than 0.7%.” Hence, 
the variation in magnetic shielding, which would be 
expected to be roughly proportional to the variation 
in resistivity, can cause only a negligible error. 

A 1-inch long copper cylinder is hard-soldered be 
tween the copper sphere and the Cu-Ni tubing. The 


purpose of this cylinder is to remove the Cu-Ni from 


the immediate vicinity of the measuring coils, because 
the tubing was found to have a slight magnetic effect 
when inside the coils. This effect could impair the 
accuracy of temperature measurements only to the 
extent of its temperature dependence. Care was also 
taken in assembly of the Dewar to eliminate soft solder 
or other superconducting metals from the vicinity of 
the suse eptibility coils and hence to avoid the possibility 
of superconductors affecting the susceptibility measure 
ments, 

‘Two paramagnetic salts were used, ferric ammonium 
alum and chromium methylamine alum. The sphere 
was filled with salt particles of from 1 to 2 mm in size. 
A low filling factor, about 55%, was found to be 
necessary. When 77% filling was obtained by tamping, 
erratic Vapor pressure measurements resulted and there 
was some indication that the interstices were not full 
of liquid. 


7E. Mendoza and J. G. Thomas, Phil. Mag. 42, 291 (1951) 
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During each run the salt was calibrated at several 
temperatures between 2.5° and 1.1°K. The suscepti- 
bility temperature for a spherical sample, 7*, was 
obtained from (a) the measured pressure, (b) a He’ 
vapor pressure equation based on the Argonne data 
and (c) a table of 7* vs T. The salt calibration equation, 
6=00+(K/T*), was fitted by the method of least 
squar;res, 

At.each calibration point the pressure was observed 
several times and the galvanometer deflection either 10 
or 20 times, Temperature gradients in the liquid were 
minimized by adjustment of the pumping speed to give 
a very slow decrease in pressure with time. For each 
vapor pressure measurement involving use of the 
McLeod gauge, 2 to 4 pressure readings and 4 to 8 
deflections were recorded, ‘To allow time for pressure 
equilibration McLeod gauge readings were spaced at 
least four minutes apart. 

The least squares fitting of the calibration equation 
minimizes (6—6,,)*, where 6 is the mean of the 10 to 
20 observations taken at each of the several] calibration 
temperatures. For the iron alum runs, the root-mean- 
square-deviation of @ from 6,, varied from 0.17 to 0.46 
mm/amp. ‘The corresponding deviation of T from Tq 
ranged from 0,6 to 1.2 millidegrees. At O0.5°K, the 
precision of temperature measurement using observed 
galvanometer deflections and the calibration equations 
is about 0.1%. 

The conversion between 7* and T is calculated using 
the partition functions given by Hebb and Purcell*® and 
the theoretical formulas of Van Vleck. The Curie 
constant and erystalline splitting factor given by 
used for iron ammonium alum. 


Cooke!” have been 


For 720.2°K, 
1*~1 


0,00548/7T° (iron ammonium alum) (1) 


to within 0.1 millidegree. For chrome methylamine 
alum the splitting factor of 0.275°K given by deKlerk 
and Hudson!! calculated Curie 


0.00032°K yield 


T*—1 


and a constant of 


0,00315/T (chrome methylamine alum). (2) 


The results obtained with the two salts are in good 
agreement, as will be shown later. 

We have already shown that hydrostatic head cor- 
rections in the vapor are a negligible source of error in 
the pressure measurements. The potential seriousness 
of a hydrostatic head in the liquid is vastly greater, 
especially for liquid He*. Let z be the hydrostatic head 
of liquid above the center of the salt. Let 7(@) be the 
average temperature of the salt and 7(p), the tempera- 
ture of the surface of the liquid as determined by the 
vapor pressure. A theoretical upper limit to the cor- 
rection for hydrostatic head assumes that the liquid is 


*M.H. Hebb and EF. M. Purcell, J. Chem. Phys. 5, 338 (1937). 
¥J. H. Van Vleck, J. Chem. Phys. 5, 320 (1937), 

” A. H. Cooke, Proc. Phys. Soc. (London) A62, 269 (1949). 
J), deKlerk and R. P. Hudson, Phys. Rev. 91, 278 (1953). 
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at saturation at all levels and hence that the tempera- 
ture at any level corresponds to the measured pressure 
plus the hydrostatic pressure of the liquid at that level. 
This condition can be maintained in He‘ above the 
lambda temperature” and could conceivably occur in 
He’ at all temperatures, especially below 1°K where a 
strong density-temperature dependence such as stimu- 
lates convection in He I does not exist. 

The effect of liquid level was measured during run 1 
at a low temperature, at which an increase of 1 cm in 
liquid depth would correspond to 40 millidegrees rise in 
temperature under saturation conditions. No liquid 
level dependence was evident as is seen in Table I, 
where 7'¢(p) is calculated from Eq. (8) and T(@) from 
the calibration constants of Table IT. The variation in 
T(0)—T x(p) is random and is well within the expected 
uncertainty due to reading errors in p and @. Use of the 
copper capsule evidently has achieved a_ sufficient 
degree of temperature equilibration. 


3. RESULTS 


The existing He*® temperature scale of Abraham, 
Osborne, and Weinstock is based on the Kistemaker 


TABLE I. Vapor pressure vs liquid level. 


Liquid volume (mm*) 320 184 111 70 42 
Liquid head above 
center of salt (cm) 

p (microns) 

Salt temperature 
minus vapor pressure 
temperature 


[ T(6)—7 E(p) ](mdeg) } 


-0,21 
90.5 


-0.29 
90.5 


0.40 
90.0 


0.06 
89.6 


-O.11 
90.8 


-0.6 0.2 0.7 0.7 -(),2 


corrections to the 1948 “Agreed” scale. This 48K scale 
has not been used except in He® work and has been 
superseded by the two 1955 He‘ temperature scales, 
Tose 18 and T is.'4 

In order that our salt calibrations be based on the 
new Het scales we have calculated provisional equations 
from the Argonne table of ps vs p4, reference 3. Small 
thermomolecular pressure corrections to p3; have been 
made. ‘The equations have the same form as the original 
Argonne equation and are obtained from a least-squares 
fit of the functional form 


T \In(p/T*?)=a+bT+eT*. (3) 


Since e is a small coefficient, this equation minimizes 
the sum of the squares of (Tons—Teaic). On the 55E 


= — 2.24008, b= 4.39251, and 
the coefficients are 
0.001230. On either 


scale the coefficients are a 
e= 0.001354. On the £55 scale 
a= — 2.22359, b=4.39030, and e 


2 Corak, Garfunkel, Satterthwaite, and Wexler, Phys. Rev. 98, 
1699 (1955). 

J. R. Clement (private communication); W. E. 
Nature 178, 883 (1956). 

4H. van Dijk and M. Duricux, Conference on Physics of Low 
Temperatures (Centre National de la Recherche Scientifique and 
UNESCO, Paris, 1956), p. 599; Physica 22, 760 (1956). 


Keller, 
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scale, the rms deviation of the Argonne data is about 
1.5 millidegrees ; hence no choice between the two scales 
is indicated. 

Table II contains the calibration data for three runs 
using ferric ammonium alum. The calibration constants 
given are derived from the above provisional equation 
using the 55 scale coefficients. The data are given in 
sufficient detail to permit re-analysis should a new He‘ 
scale be adopted at some future time. The vapor 
pressure data obtained with iron alum are listed in 
Table III. After the lowest pressure was reached in 
run 1, the liquid was removed gradually and the read- 
ings were taken of pressure and temperature as a 
function of liquid level that are given in ‘Table I. After 
the capsule was emptied, He® was recondensed and the 
data points 13-22 were obtained. 

Figure 2 shows the differences between the tempera- 
tures observed with the susceptibility apparatus and 
temperatures calculated at the observed pressure from 


TABLE IT. Iron ammonium alum calibration data. 


Run 1 Run 2 Run 3 

p 6 f 0 p 

mm Hg 

at O'¢ mm/amp 


mm Hg 
at O'¢ mm/amp 


mm Hg 
at 0°¢ mm/amp 


Point 
438.25 
122.39 
42.48 
21.48 
9.78 
437.12 
42.44 
9&6 


524.23" 
364.67 
200.97 
80.00 
+-73.33" 
- 523.87" 
199.53 
+-71.87" 


422.13 
119.78 
42.18 
21.81 
10.06 


520.13" 
360.47 
198.40 
81.67 
+-69.478 


362.19 
111.40 
47.41 
21.34 
991 


509.20 
358.70 
227.40 
88.17 
+-60.67 


Calibration constants, provisional 7'¢ scale 
k 00 k 46 k 40 
989.50 895.11 999.34 892.56 996.83 891.84 


® These are averages of 20 readings, or twice the usual number, and are 
therefore weighted double in deriving the calibration constants 


Eq. (8), an empirical equation fitting the data for both 
alums plus the Argonne data. The data from the two 
halves of run 1 agree within a millidegree, indicating 
that the salt calibration was not changed significantly 
by the removal and recondensation of liquid despite 
the loose packing of the salt. In run 3, the liquid was 
removed after point 8, calibration points f, g, and h 
were obtained and then data points 9 and 10 were 
observed. No significant difference in calibration was 
observed and all the calibration points were averaged 
together in the final analysis. 

The points above 1°K are the data of Abraham, 
Osborne, and Weinstock.’ In their experiments a He? 
and a He‘ vapor pressure bulb were drilled in the same 
block. For the points above 1.7°K, designated by an 
asterisk, the observed temperatures were determined 
from the measured pressure in the He‘ bulb. Below 
1.7°K, however, the Argonne workers could not obtain 
consistent results using the He* bulb pressures and had 
to determine 7,», from the measured He‘ cryostat 
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TABLE ITT. Iron alum vapor pressure data 


p p 
mm Hg 
atO°C) (mm/amp 


mm Hg 
at O'¢ mm/amp 


Run 2 
4.406 
2.018 
0.9798 
0.5114 
0.2633 
0.1357 
0.0734 


Run 1 
5.951 
3.487 
2.332 
1.512 
0.9754 
0.6446 
0.4287 
0.2870 
0.1920 
0.1310 


242.16 
413.40 
582 00 
749.13 
904.50 
1066.53 
1244.42 


163.50 
276.73 
365.73 
462.87 
566.43 
666.73 
766.23 
865.47 
965.50 
1064.50 
0.0900 1164.77 
0.0054 = 1251.53 
iquid level studied 
at p~0,.090 mm 
4.559 219.77 
2.909 317.67 


cn One Wh 
NOMS wn 


Run 3 
2.873 
1.527 
0.7212 
0.3791 
0.1948 
0.1405 


334.67 
475.97 
652.80 
809.80 
978.50 
1063.20 
0.1042 = 1143.40 
1.856 415.77 { 0.0724 = 1240.00 
1.210 515.00 Recondense and recalibrate 
0.7960 614.77 9 1.004 §73.17 
0.5249 715.07 10 0.1304 1076.07 
0.3512 813.57 

0.2310 916.67 

0.1574 1013.27 

O.1072 = 1111.40 


pressure. Their lower temperature data points show 
appreciably more scatter and have been given less 
weight in deriving Eqs. (8) and (9). 

Tables IV and V give the data for chrome methyla- 
mine alum. I‘igure 2 shows that the data scatter more 
than the iron alum data but are in good agreement, 
The greater scatter is due partly to the fact that the 


susceptibility of the chromium salt is about 4 that of 
the iron salt. The points at about 0.75°K were the first 
points taken with the McLeod gauge in each run and 


Fic. 2. Deviations of the vapor pressure data from Eq. (8), 
an empirical equation based on the 55/ Het temperature scale 
Tons is the temperature observed with the susceptibility apparatus 
for temperatures below 1°K. The points above 1°K are the data 
of Abraham, Osborne, and Weinstock with 7), determined for 
+ points from the cryostat pressure and for * points from a Het 
vapor pressure bulb. The data points below 1°K correspond to 
those tabulated in Tables III and V: a, run 1 (points 1 to 12); 
v, run 1 (points 13 to 22); @, run 2; @, run 3; ©, run 4; 
A, run 5 (i,=0.50 amp); VY, run 5 (i,=0.25 amp). 
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TaABLe IV. Chrome methylamine alum calibration data 


Kun 4 
p p 
(mm Hg 
at O'¢ mm/amp 


Run 5 


(mm Hg 
at O'¢ mm/amp 


464.33 
399.09 
341.89 
274.07 
224.81 


404.23 
395.58 
340.71 
274.21 
200.53 


483.06 
141.20 
58.94 
23.85 
13.14 


476.33 
132.97 
57,67 
23.83 
9 ORO 


Calibration constants isional T# scale 


U 7] } 6 
434.84 620.61 434.04 619.85 


were the only points taken at galvanometer deflections 
of less than 15 mm. The several observations involved 
in each tabulated point, however, showed no internal 


inconsistencies 


, 80 the points were included in the final 
equation fitting, 

In run 5, tp, the primary current in the susceptibility 
coils, was varied as shown (in Table V). The calibration 
data were obtained with a current of 0.50 amp. No 
effect was observed due to the lower current, within 
the limits of experimental accuracy. In all other runs 
i, was about 0.30 amp. 

The agreement of the results obtained with the two 
salts is interesting because of the uncertainty concerning 
the partition function and crystalline splitting factors 
for iron alum.'®!'® From specific measurements 
above 1°K, Kapadnis"’ finds a splitting factor of 
0.192°K. The 7*—T values below 1°K found by Cooke, 
Meyer, and Wolf'® differ very much from the values 
calculated from Eq. (1). Comparative values between 
0.3 and 0.8°K are shown in Table VI. Since the values 
given by Cooke, Meyer, and Wolf approach the Eq. (1) 
values near 1°K, we have assumed that Eq. (1) 7* 
values are a valid extension of their scale above 1°K. 


heat 


Thus the same calibration equations would apply and 
hence absolute temperatures derived from magneti 


TABLE V. Chrome methylamine alum vapor pressure data 


Run No. 4 5 


Primary 


current 0.30 amp 0.25 amp 0.50 amp 
p 0 
(mm Hig 


Point at OPC) mm/amp) p 


1,694 35.53 
1.694 
0.4244 
0.4274 
0.0857 
0.0866 297.92 

0.0653 330.46 

0.0757 312.26 


4.224 

1.848 

0.9033 
0.4190 
().2152 
0.1071 
0.0763 


121.04 
43.10 
+ 34.16 
116.73 
191.90 
273.03 
312.71 


35.83 

+ 114.87 
+-115.00 
297.94 


PH. E. Meijer, Physica 17, 899 (1951); Physica 18, 
(1952). 

16 Ubbink, Poulis, and Gorter, Physica 17, 213 (1951). 

171). G. Kapadnis, Physica 22, 159 (1950). 

'® Cooke, Meyer, and Wolf, Proc. Roy. Soc..(London) A233, 
536 (1950). 
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measurements would be 20 millidegrees lower near 
0.5°K if their 7*—7 values were used. Our results for 
the two different salts agree to much better than 20 
millidegrees. Therefore we have used the temperature 
values derived from Eqs. (1) and (2) pending further 
work on comparative 7*—T experimental measure- 
ments. 


4. SEMIEMPIRICAL VAPOR PRESSURE EQUATION 


Empirical relations frequently take the form of a 
power series because of the relative ease of fitting data 
to a power series by the method of least squares. 

Chen and London" have shown that if In(p/7*’?) — to 
is equated to a power series in 7, this should not contain 
a constant term nor terms involving lower powers than 
T~!. The chemical constant, 1, is numerically equal to 
5.31733 for He’ if p is expressed in mm Hg at 0°C. Using 
T powers of —1, 1, 2, 3 and 4, they obtained a good fit 
to data up to 340 mm Hg (T=2.51°), attributing 
deviations above 2.5°K to the increasing role of virial 
correction terms. 

If, however, a 7° term is included, a good fit to all 
the even up to 889 mm Hg 


data is obtained,’ 


Tasie VI. Magnetic temperatures for iron ammonium alum. 


0.3 0.4 0.5 0.6 0.7 0.8 
0.318 0414 0.511 0.609 0.708 0.807 
0.342 0437 0.532 0.628 0.722 0.812 


r 
T* (Eq. (1)] 
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(¢ ‘ooke, Meyer, 
and Wolf*) 


® See reference 18 


(T= 3.35°K), with only three powers of T: —1, 0 and 
3. Of course, being thermodynamically inconsistent in 
form, the equation cannot safely be extrapolated beyond 
the fitted range. 

We have attempted to fit the Argonne data plus our 
own to a five-term power series, excluding the 7° term. 
This gave a poor fit to the data, deviations amounting 
to several millidegrees in various regions of temperature. 

If the 7° term is included we need fit only four coeffi- 
cients to obtain much better agreement at low temper- 
atures. However, much of the data above 1°K showed 
deviations of several millidegrees, an order of magnitude 
greater than the scatter in the data itself. We conclude 
that a power series is not an appropriate function for 
representing In(p/7**) in the case of He*. The reason 
for this was found to be that the effects of nuclear spin 
exchange forces on the vapor pressure are too great 
and are not adequately taken into account by a power 
series. The solution finally arrived at was to fit a power 
series to In(p/T*)+-Y, where Y includes the chemical 
constant and a good approximation to the nuclear spin 
entropy term in the theoretical vapor pressure equation. 

The usual statistical mechanical vapor pressure equa- 
tion’ is obtained from the equality of the free energies 


#” Tien Chi Chen and F. London, Phys. Rev. 89, 1038 (1953). 
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of the saturated vapor and liquid. The equation can 
be written as 


p 1 T Lo 
nf ) ine 1p - f S,dT = t J\ T), (4) 
To! RTY, i 


where S; is the liquid entropy, Ly the heat of vapori 
zation at absolute zero, and f(7) a function of virial 
coeficients and variation of liquid density. Below 
0.7°K, f(T) is negligibly small. 


In I we showed that between 0.4° and 2.5°K, 


S;= 8,+0.887. (3) 


measurements” to 0.25°K are also consistent 
with this relation. Here S, is the entropy of spin disorder 
for an ideal Fermi-Dirac gas of particles of spin } and 
with a degeneracy temperature of 0.45°K. Using the 
values tabulated by Goldstein,?! we were unable to fit 
the function (1/RT) fi"S,dT to a short power series in 
7. Instead we find the S, term is fitted between 0.25° 
and 3.3°K to better than 1% in pressure by the em 
pirical relation 


Recent 


1 
Re 


. 
J sar 0.5020+-0.1786 In7’—0.0091277, 
0 


O25<T<3.5 5. (6) 
Since In7’ is not representable by a short power series 
in 7, this explains the failures encountered in fitting 
In(p/T*?) 
spin entropy term on the left side of Eq. (4) and fit a 
table of the sum of the three terms on the left 
power series in 7’, including in the fitted series a 7! 
term but no constant term. Actually, in order that 
deviations in AT’ be minimized, it is better to multiply 
through by 7, applying the least-squares analysis to 
the equation 


iy to a power series. Therefore we put this 


toa 


X = a+ bT?+cT*+ dT", (7) 


where 


X=T7{[In(p/T*?) 


iy t-0.5020 


+-0.1786 InT’— 0.009127? }, 


All of our 47-data points, as listed in Tables III and V, 
were weighted equally. ‘The 12 low-temperature Argonne 
points determined from bath pressure readings were 
given the same weight as ours, while the remaining 20 
Argonne points were given double weight. 

The resultant equation based on the 55/ (Clement) 
scale is 


INPinm = 2.3214 INT g— 2.53853/T g4+-4.8153 


—0.20644T 2+ 0.086407 p?— 0.009197 ?. (8) 
When the entire analysis is repeated on the 155 


(van Dijk and Durieux) scale, including (a) a recalcu 


*” Abraham, Osborne, and Weinstock, Phys. Rev. 98, 551 (1955) 
#1 [,. Goldstein, Phys. Rev. 96, 1455 (1954); Phys. Rev. 102, 
1205 (1956). 
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lation of a provisional scale based on the Argonne data, 
and having the empirical form of Eq. (3), (b) recaleu 
lation of salt calibration equations using this provisional 
7, scale, and (c) a calculation of a tinal 7, scale by 
Eq. (7), we find 


2.3214 In7\,— 2.52608/7T ,+4.8153 
~ 0.200467 , + 0.081837)? — O0.0085077,°. (9) 


INPum 


Although these equations are based on direct meas 
urements down to 0.45°K, we believe that 
fairly reliable to 0.25°K, because of the manner in 
which the large spin entropy term was handled in the 
fitting. urthermore, the coefficients a, b, c, and d are 
not inconsistent in order of magnitude with theoretical 


they are 


expectations. Thus a is large because it represents 
mainly the internal energy at absolute zero. We find 
bT to be almost equal to the value expected from 
I for the contribution of the nonspin entropy, 

(1/RT) fo? (Si— S)dT 0.227. That the ¢7? and 
d7* terms are nearly negligible below 1°K is also grati 
fying because this is consistent with calculations of the 
terms in the theoretical expression for /(7'), as will be 
discussed in a paper on the theoretical vapor pressure 
equation. Finally, we believe that Eqs. (8) and (9) are 
not strongly dependent on the exact form of the S, 
expression used, since small deviations of this expression 
from reality are automatically compensated in_ the 
least-squares analysis. 

Equations (8) and (9) cannot be extrapolated much 
below 0.25°K because Eq. (6) ceases to be a good 
approximation for the integral of the spin entropy. ‘The 
sum of Eqs. (6) and (8), however, yields 


r 
Infmm= 2.9 In? get+io— (1 Rr) f SdT —2.53853/T pg 


0.206447 ¢4-0.07728T 2? —O.00919T »*. (10) 


Vapor pressures calculated from this equation will 
approach zero properly at absolute zero, ‘The latent 
heat at absolute zero by this equation is 5.044 cal/mole. 
The integral of the spin entropy may be approximately 
evaluated using the Fermic-Dirac functions as discussed 
by Goldstein.”! 

The boiling points calculated from the two equations 
are 7 x=3.189°K and 7,=3.190°K 

The critical point has been determined by 
methods. By a method based on the fact that at the 


two 


critical point the densities of liquid and vapor are 
equal, critical vapor pressures of 875-mm Hg? and 
890-mm Hg* have been determined. By the visual 
method of detecting disappearance of the liquid me 
niscus a value of 860-mm Hy was obtained.’ ‘Taking 
the average of all three measurements, 875-mm Hg, 
we find the critical temperatures on the two scales to 
be 7, 3.327°K and 7, 3.329°K. 

The rms deviations of temperatures corresponding 
to all input pressure data is about 1.5 millidegrees on 
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Tasve VII. He* vapor pressures in mm Hg at 0°C in steps of 0.01°K; Tg scale. 


O01 0.01 0.02 0.03 0.04 


0.00404 
0.04411 


0.00296 
0.03634 


0.00213 
0.02969 


0.00150 
0.02405 


0.2456 
0.7510 
1.780 
3.563 
6.333 


0.2155 
0.6806 
1.647 
3.344 
6.005 


0.1883 
0.6152 
1.522 
3.135 
5.689 


0.1638 
0.5546 
1.403 
2.935 
5.385 


0.1418 
0.4985 
1.291 
2.744 
5.092 


10.318 
15.737 
22.801 
31.711 
42.66 


9.858 
15.124 
22.015 
30.732 
41.47 


9413 
14.528 
21.247 
29.772 
40.30 


8.981 
13.948 
20.497 
28.833 
39.15 


8.564 
13.384 
19.765 
27.913 
38.03 


55.85 
71.46 
89.67 
110.67 
134.66 


54.43 
69.78 
87.73 
108.44 
132.12 


53.03 
68.13 
85.81 
106.24 
129.61 


51.65 
66.51 
83.92 
104.07 
127.14 


50.30 
(A91 
82.06 
101.93 
124.69 


161.80 
192.30 
226.33 
264.08 
305.75 


158.94 
189.09 
222.76 
200.14 
301.41 


156.11 
185.92 
219.23 
256.23 
297.10 


153.31 
182.78 
215.74 
252 % 
292.83 


150.55 
179.68 
212.28 
248.52 
288.60 


351.52 
401.57 
456.08 
515.23 
579.18 


346.75 
396.37 
450.42 
509.10 
572.56 


342.03 
391.21 
444 81 
503.02 
566.00 


337.35 
386.09 
$89.25 
496.99 
559.48 


332.71 
$81.02 
433.73 
491.00 
553.01 


648.09 
722.11 
801.38 
8806.00 


640.97 
714.48 
793.21 
877.30 


633.90 
706.89 
785.10 
868.04 


626.89 
699.36 
777.04 
860.05 


619.92 
691.88 
709.04 
851.50 


either scale; hence the He’*® data do not indicate a 
choice between the two scales. Figure 2 shows the data 
compared to Kq. (8). 

A table of pressure every ten millidegrees on the 55/ 
scale is presented in Table VII. Linear interpolation 
fits Eq. (8) to 0.1 millidegree or better everywhere 
above 0.6°K. At the lowest temperatures linear inter- 


polation between tabulated points gives 
temperatures up to 0.3 millidegree too high. 

These results supersede tentative results’? based on 
part of the data given here. ‘The earlier results were 
analyzed on the basis of the Kistemaker correction to 
the 1948 scale given in reference 3. Furthermore, 
because of difficulties in equation fitting which were 


pressure 


= C. J. Gorter, Progress in Low Temperature Physics (Inter 
science Publishers, Inc., New York, 1955), Vol. I, pp. 83-89. 


0.00542 
0.05314 


0.05 0.06 0.07 0.08 0.09 


0.01930 
0.12210 


0.01533 
0.10462 


0.01205 
0.08915 


0.00935 
0.07551 


0.00717 
0.06355 


0.4468 
1.1860 
2.563 
4.810 
8.160 


0.3991 
1.0872 
2.390 
4.540 
7.769 


0.3554 
0.9945 
2.225 
4.280 
7.391 


0.3154 
0.9077 
2.069 
4.031 
7.026 


().2789 
0.4267 
1.921 
3.792 
6.673 


12.835 
19.051 
27.013 
36.920 
48.97 


12.301 
18.354 
26.132 
35.837 
47.66 


11.783 
17.674 
25.271 
34.774 
46.38 


11.280 
17.012 
24.429 
33.732 
45.12 


10.792 
16.366 
23.606 
32.711 
43.88 


63.34 
80.23 
99.81 
122.28 
147.82 


61.79 
78.42 
97.73 
119.90 
145.12 


60.27 
76.04 
95.67 
117.55 
142.46 


58.77 
74.88 
93.04 
115.23 
139.83 


57.30 
73.16 
91.64 
112.94 
137.23 


176.62 
208.86 
244.73 
284.42 
328.11 


173.59 
205.47 
240.97 
280.27 
323.56 


170.59 
202.13 
237.26 
276.17 
319.04 


167.63 
198.81 
233.58 
272.10 
314.57 


164.70 
195.54 
229.93 
268.07 
310.14 


376.00 
428.26 
485.06 
546.59 
613.00 


371.02 
422.83 
479.17 
540.22 
606.13 


366.08 
417.45 
473.33 
533.90 
599.32 


356.33 
406.82 
461.78 
521.40 
585.84 


361.18 
412.11 
467.53 
527.63 
592.56 


684.46 
761.08 
843.01 


677.08 
753.18 
$34.58 


669.76 
745.34 
826.20 


662.48 
737.54 
817.87 


655.26 
729.80 
809.60 


resolved in the manner described above, the equation 
given in reference 22 should no longer be used. 
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Ionic Drift Velocities and Electron Attachment Coefficients in Oxygen* 


D. S. Burcuf anp R. GEBALLE 
Department of Physics, University of Washington, Seattle, Washington 
(Received October 8, 1956) 


Transient ion currents following an initiating electron pulse have been studied in oxygen over a range of 
pd from 7 to 26 cm mm Hg and of F/p from 9 to 50 volts/em mm. Analysis of oscillographic records yields 


information regarding ionic drift velocities and the electron attachment coefficient 


Three distinct and 


pressure-independent velocities are found consistent with zero field mobilities of 3.4, 2.6, and 1.95 cm?/v sec 


The multiplicity of velocities is ascribed to clustering reactions through which a single initially formed 
species of negative ion is converted into two slower species, although initially formed O,* ions retain their 
identity. It is then possible to compute the attachment coefficient from measured ion transient areas. The 
attachment coefficient thus obtained varies gently in the region 10<F/p<25 and joins at each end with 
curves previously reported. Consideration of the mobilities of the ions as well as other evidence leads to the 
identification of the initial ion as O~, while the clustered species appear to be Oy and Oy corresponding, 
respectively, to the above mobilities. No difference is detected between the mobilities of O2* and Oy ions 


I, INTRODUCTION 


HE functional variation of the electron attachment 

coefficient n/p, where n represents the number of 
attachments per cm of directed motion and p is the 
pressure in mm of Hg, with the field parameter //p, 
the ratio of electric field strength to pressure, has been 
studied for oxygen by a number of workers'~® using a 
variety of methods. The results of these investigations 
have been summarized by Harrison and Geballe® (here 
inafter referred to as HG) in Fig. 7 of their paper. 
A serious discrepancy was found between their result 
at E/p~25 v/cm mm, the lower limit of applicability 
of their method, and measurements reported by those 
who had worked in lower ranges of /:/p which extended 
up to this value. HG suggested that the source of the 
discrepancy might be due to neglect by previous 
authors of electron multiplication from collisions of 
electrons with molecules. They proposed that the com- 
plete curve might include a relatively smooth portion 
of magnitude approximately 0.1 cm™! from //p about 
10 to 25. To test this hypothesis the present authors 
undertook an experiment of the pulsed Townsend dis- 
charge type. 


II. EXPERIMENTAL DETAILS AND DATA 


The experimental equipment was similar to that 
described by Hornbeck.® The electrodes were 40.0 mm 
in diameter, could be separated from 0 to 3 cm, and 
were housed in a Pyrex cylinder of diameter 3 in. The 
molybdenum cathode was coated with BaO-SrO which 
was activated during outgassing. The vacuum system 


* Supported in part by the Office of Ordnance Research, U. S. 
Army. 

t Now at Atomic Physics Section, National Bureau of Stand- 
ards, Washington 25, D. C 

1N. Bradbury, Phys. Rev. 44, 883 (1933). 

2R. H. Healey and J. W. Reed, The Behavior of Slow Electrons 
in Gases (Amalgamated Wireless, Sydney, 1944), p. 94. 

4A. Doehring, Z. Naturforsch. 7a, 253 (1952). 

4P. Herreng, Cahiers phys. 38, 7 (1952). 

5M. A. Harrison and R. Geballe, Phys. Rev. 91, 1 (1953). 

* J. A. Hornbeck, Phys. Rev. 80, 297 (1950). 


was capable of evacuating the tube to 10-7 mm Hg 
when it was well baked and the electrodes were out- 
gassed by induction heating. Oxygen gas was obtained 
from commercial Airco flasks or, alternatively, gener- 
ated from KMnQ, with precautions to insure purity. 
Mass spectrometric analysis of the generated gas indi 
cated its fractional impurity content to be less than 
4X10°°. Pressure of gas admitted to the discharge 
vessel was read to ~0.05 mm Hyg on an oil manometer. 
The associated electronic equipment had a gain of 90 db 
at 10 Mc 
charge circuit was 10 kilo-ohms giving a circuit time 


sec band width. The series resistor of the dis- 


constant two orders of magnitude smaller than the time 
required for an ion to cross the discharge gap and about 
three times larger than the reciprocal of the amplifier 
bandwidth. Data were taken in the form of photographs 
of the ion transient current displayed on a ‘Tektronix 
514AD oscilloscope fitted with a Polaroid Land camera. 

Figure 1 shows an example of one of the transients. 
The shapes and other characteristics of such photo 
graphs change with /:/p, p, and d, the electrode separa 
tion, so lig. 1 cannot be said to be typical of all ob- 
served. Quantities which may be measured on the 
photographs are: (1) the transit times of the various 
kinds of ions present, (2) the area under the ionic part 
of the transient, and (3) by extrapolation, the initial 
height of the ionic part of the transient. 

It is convenient to discuss the first of these in terms 
of the reduced mobility constant defined by the ex 


Fic. 1. Characteristic ion transient. Data: d= 1.07 cm, pom 23.1 
mm, applied potential=845 volts, sweep speed=3 ysec/div 
Breaks at approximately 4.5 and 7.0 divisions correspond to 
mobilities of 3.0 and 1.95 cm?/v sec, and are attributed to tri 
atomic and diatomic ions, respectively 
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1G. 2. Reduced ion mobilities 
vs E/po. Arrows along the ordinate 
axis refer to Langevin mobilities 
for O, O2, Os, and O, ions, respec- 
tively, starting from above. The 
dashed curve is taken from refer- 
ence 7. 
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pression 


yo= (pd/760E7r) (1/273), (1) 


where 7 is the measured ionic transit time and T is the 
absolute temperature. Figure, 2 presents the experi- 
mental values of wo as a function of //po, where po is 
the gas pressure reduced to O°C. Three distinct curves 
resulted, It will be noted that points on the curves are 
independent of pressure and electrode separation within 
the experimental error, although it was found that 
transit times giving rise to the upper two curves are 
measurable only in some ranges of pressure and /:/po; 
seemingly ions responsible for these curves are not 
present outside certain limits of parameters, 
Above /:/po~40 no transit times associated with the 


these 


upper two curves could be measured. Ions with the 
lowest mobility gave rise to observable current only 
when //po exceeded 25 and were present at all higher 
values studied here. The two lower curves appear to 
level off as //po is decreased, tending toward values of 
1.95 and 2.6 cm*/v sec at zero field. The mobility of 


the fastest ion does not seem to have assumed its 
limiting zero-field We that 
course is similar to that of the intermediate curve. This 
suggests that the zero-field mobility is close to 3.4 cm?/v 
sec. Hereinafter the ions associated with the three 
mobility curves will be designated by the symbols 4, B, 
and C in the order of decreasing mobility. In the region 
of £/po from 40 to 50, the curve for C overlaps the 
data of Varney,’ which he interpreted as due to O,*. 
Figure 3 shows the result of measurements of ionic 
transient area as a function of /£/po for one particular 
combination of pressure and electrode separation. Areas 


value, point out its 


7R. N. Varney, Phys. Rev. 89, 708 ‘(1953). 
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were obtained by using Simpson’s rule on 84X11 in. 
enlargements of the oscilloscope photographs. The first 
few microseconds of each transient are obscured by a 
spike of current due to the initiating electron burst 
which requires that the ionic part be extrapolated from 
~2 usec back to the start of the trace. This extrapola- 
tion is the only significant source of error in the area 
measurements and causes an uncertainty estimated to 
be no more than 10°. The initial height 7) obtained 
by extrapolation is subject to much greater uncertainty 
and may be in error by as much as 40%, In general a 
curve of Ho ws E/p rises monotonically and more 
smoothly than does the corresponding area curve. 


III. CLUSTERING HYPOTHESIS 


Electrons reacting with oxygen have been reported 
to generate negative ions by three distinct processes.* 





ads 23.19 mm cm 


lic. 3. Measured areas 
from a sequence of tran- 
sients at pod = 23.19 mm cm 
compared with the function 
w of Eq. (2). Normalizing 
the area curve to w permits 
a extrapolation of the latter 
oor to lower E/p. The normal 
ization constant can be used 
to estimate that there are 
10° electrons per pulse. 
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* For a review, see H. S. W. Massey, Negative Ions (Cambridge 
University Press, Cambridge, 1950), second edition. 





IONEC DRIFT 
The first of these, direct attachment to form O2-, is 

believed to occur for energies of less than one ev with 

a cross section that decreases rapidly with increasing 

electron energy. Another, dissociative attachment to 

give O-+0, is a resonance process with a large cross 

section and requires about 3.6 ev of electron energy. 

The third is a reaction that requires 17 ev and produces 

O++O~. Under the conditions of this experiment, only 

the second can be a significant source of negative ions. 

On similar grounds one may rule out all positive- 
ion-forming reactions except simple ionization giving 
O.t+ 2e, which requires 12.2 ev. 

If the reasoning which leads to the above conclusions 
is correct, the experimental observations (Fig. 2) require 
that some ions be formed by processes other than elec- 
tron collision. We are then led to invoke ionic reactions 
which will, in effect, alter the mass of a charge carrier 
during its transit across the discharge gap. The dis 
creteness and pressure independence of the mobilities 
of Fig. 2 show that any altered ions maintain their new 
identity thereafter. Reactions of this kind will be called 


“stable clustering” in contrast to “labile clustering” 


which has been discussed occasionally in the literature.’ 
The experiment does not give an immediate association 
of any particular ion with a given curve of Fig. 2, nor 
does it provide direct identification of the clustered 
species. Such identification could be inferred at this 
point, but it is more convenient to discuss the determi- 


nation of the attachment coefficient first so that this 
information can be used to aid in the identification. 


IV. ATTACHMENT COEFFICIENT 


Anticipating that ions would be formed only during 
transit of the initiating electrons, we intended to 
analyze the transient shapes in terms of appropriate 
equations. Had we been able to fulfill this intention, 
absolute values of the attachment 
coefficients would have been obtained. The observation 
that there were at least three kinds of ions in the dis 
charge required that this plan be abandoned. A substi 
tute analysis is based on invariance of the total ionic 
transient area under clustering; i.e., the area depends 
only on the number of ions initially produced and their 
initial spatial distribution. We define a quantity w 
given by 


ionization and 


(expy—1)(z—1)/y+1, (2) 


w=A/m 


where A=area under transient, m=a constant con- 
taining the number of initial electrons, the electronic 
charge, the sweep speed of the oscilloscope, and the 
current sensitivity of the amplifiers, z=ad where a is 
the first Townsend coefficient, and y=(a—n)d. This 
relation is derived from Eqs. (2), (3), and (4) given in 
HG by introducing a drifting delta function for the 
electron density in the source terms. Figure 3 exhibits 
a plot of w in the range of £/p common to this experi 

*L. B. Loeb, Basic Processes of Gaseous Electronics (University 
of California Press, Berkeley, 1955), Chap. 1. 
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ment and that of HG based on their values of a/p and 
n/p. The similarity of the curve of w and that of a 
portion of the measured areas suggests a manner in 
which the latter may be used to determine n/p in the 
region below £/p= 25. By normalizing the area curve 
to that for w over the range of //p common to both, 
we can obtain values of w for £/p<25. Then, if a/p can 
be determined for the region below E/p 20, kq. (2) 
can be used to calculate n/p. 

On examining the algebraic expression for w, we have 
found that its slope will be small, i.e., insensitive to the 
behavior of a/p, only where n/p is at least a few times 
greater. The measurements of HG indicate that this 
condition on the coefficients is met at //p=25, and 
the flatness of the experimental area curve is evidence 
for its continued validity down to k/p~12. Accord 
ingly, values of a/p satisfactory for use in Eq. (2) can 
be taken from an extrapolation of the data given by HG 

‘The experiment provides an alternative method which 
does not require normalization, ‘The initial height of 
the transient, Ho, depends on instrumental sensitivity 
and the total initially liberated electron charge through 
exactly the same factors as does the transient area A. 
The quotient of these two quantities is 

A d (expy 


1)(s-—y 1)+y expy 


’ 


Hy S (expy—1)[2(04+0_)— yv_ ] 
where S is the reciprocal oscilloscope sweep speed and 
v, and 1 


the initiating electrons. All elements of this expression 


are the drift velocities of the ions created by 


save a and 9 are determinable from the experiment. 
In a region of :/p where a/p<n/p, the latter quantity 
can be calculated from Eq. (3) provided that the 
proper velocities can be selected from those of Fig. 2 
Krom a practical standpoint this method is subject to 
I, 


(3) is a slowly varying 


considerable error because cannot be measured 
accurately and because Kq 
function of n/p under the conditions of the experiment 

Figure 4 presents a composite curve for n/p, open 
points having been determined by the area normaliza 
tion method and solid points from Eq. (3). In computa 
tion of the latter the assumption was made that 
a/p<n/p in the neighborhood of //p= 10. In accord 
ance with the aforementioned conclusion that O~ is the 
only negative ion produced by the initiating electrons, 
and consistent with the interpretation of Fig. 2 to be 
given in the following section, the uppermost curve in 
this figure was used for the calculation of negative ion 
drift velocities for use in Eq. (3). 

The hypothesis stated at the beginning of this paper 
is verified by the results as displayed in Vig. 4: n/p 
varies gently and is approximately 0.1 cm=! in the 
region of /:/p from 10 to 25, Of the earlier measurements 
at the lower extreme of this range, only the most recent 
and presumably most reliable, those of Doehring* and 
Herreng,* are shown on Fig. 4. The present data fit 
more smoothly into those of Herreng. His curve is, in 





D. S&S. BURCH 





— DOEHRING ~~ HERRENG 








HARRISON ond GEBALLE 


0 2 D 7) 
in v/om mm 


a 





1G. 4. Attachment coefficient as a function of /po. The code 
for experimental points is the same as for Fig. 2. Solid points 
result from Eq. (3); open ones from area normalization and 


Eq. (2) 


fact, the lowest of all those previously published in the 
region E/p~10, Were one to use the results of any 
author other than Herreng for normalization at £/p~10, 
the data of the present experiment would rise above the 
curve of HG in the neighborhood of E/p~25. A dis- 
crepancy at this latter /:/p would thereby be introduced 
which is opposite to that mentioned in the Introduction. 
Points obtained from the measured quotient A/Ho and 
Eq. (3), in spite of their large uncertainty, lend credence 
to the results of the area normalization method. 


V. IONIC MOBILITIES 


Classically, zero-field mobilities are most completely 
described by a theory originally formulated by Lan- 
gevin.'” This theory is based on the assumptions of an 
attractive polarization force and a hard-sphere repulsion 
between ions and neutral gas molecules. In the case of 
an ion in its parent gas, quantum mechanical effects 
due to symmetry and charge exchange must also be 
taken into consideration. Experimental observations 
have shown that in such cases mobilities are substan- 
tially smaller than the Langevin theory predicts.!!~'® 
Where quantum mechanical calculations have been 
made, there is satisfactory agreement with observa- 
tion.'®"7 It is possible to include the symmetry effect 
as a contribution to the hard-sphere repulsion of the 
Langevin formulation if a means can be found for 
estimating its equivalent cross section, 

Experience has shown that for cases where symmetry 

” P, Langevin, Ann. chim. et phys. 5, 245 (1905). 

“J. A. Hornbeck and G. H. Wannier, Phys. Rev. 82, 458 
(1951). 

%R.N. Varney, Phys. Rev. 88, 362 (1952); 89, 708 (1953). 

4 A.M. Tyndall, The Mobility of Positive lons in Gases (Cam- 
bridge University Press, Cambridge, 1938). 

“R. J. Munson and A. M. Tyndall, Proc. 
A177, 187 (1941). ae 

© 1). M. Chanin and M. A. Biondi, Phys. Rev. 94, 910 (1954). 

16H. S. W. Massey and C. B. Mohr, Proc. Roy. Soc. (London) 


A144, 188 (1931). 
11 T. Holstein, Phys. Rev. 82, 567 (1951). 


Roy. Soc. (London) 
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plays no role, the polarization force is overwhelmingly 
predominant so that satisfactory agreement is obtained 
by neglecting the gas kinetic repulsion.“ Table I 
presents zero field mobilities for four oxygen ions in 
oxygen gas calculated from the Langevin equation with 
no hard-sphere repulsion and with the polarizability of 
O, taken from the Landolt-Bornstein tables.!* A com- 
parison of Table I with the curves of Fig. 2 shows that 
the low-field mobility of ion A is consistent with the 
Langevin value for an atomic ion. The observed low- 
field mobility of ion C is less than that of any ion of 
Table I and, in fact, corresponds to an ion of un- 
reasonably large mass. This comparison suggests that 
symmetry effects are responsible for the low value and 
that ion C is diatomic, consistent with Varney’s inter- 
pretation of his observations.’ It appears most unlikely 
that the zero-field mobility of ion B will lie below 
2.5 cm*/volt sec; therefore this ion is considered to be 
triatomic. 


VI. ION IDENTIFICATION 


Mobility theory is as yet inadequate for more than 
the tentative identifications suggested in the preceding 
paragraph. We therefore call on other aspects of the 


Taste I. Calculated zero-field mobilities for oxygen ions. 


Ion wo (cm?/volt sec) 
O* 3.38 
O»* 2.76 
O;* S08 
OO, 2.34 


present observations to provide corroborative evidence. 
Table II shows the approximate regions of pd and L:/p 
in which the various ions are observed to be pre- 
dominant in the discharge. Discussion of this table 
begins with the region of low //p. It follows from the 
preceding section on attachment and ionization coeffi- 
cients that the initiating electrons generate only nega- 
tive ions in this region. It has been shown previously 
that energy considerations leave only a single process, 
dissociative attachment, to create negative ions. There- 
fore, only one of A and B has been formed by the 
initiating electrons. The other must result from a 
clustering reaction, and also, therefore, carries a nega- 
tive charge. ‘The extent to which this clustering reaction 
takes place should increase with increasing chance of 
collision of the parent ion while in transit. Since ion A 
is observed at low pd when the chance is relatively 
small and B appears as this parameter increases, we 
conclude that A is the parent ion and B a clustered 
species, * 

'® Landolt-Bornstein, Zahlenwerte und Funktionen (Springer 
Verlag, Berlin, 1953), Vol. III, p. 514. 

RK. A. Nielson and N, E. Bradbury [ Phys. Rev. 51, 69 (1937) ] 
have reported an oxygen ion of mobility 3.3 cm*/v sec which 


changed into one of mobility 2.65 cm?/v sec. Doehring (refer- 
ence 3) searched for this process but observed only the lower 





IONIC DRIFT 

The evidence and arguments pertinent to the nature 
of A are summarized as follows: (1) it is a primary 
negative ion; (2) there is but one primary negative ion; 
(3) O- may be expected on the basis of energy con- 
siderations; (4) A has a zero-field mobility consistent 
with the Langevin value for O-. We conclude that 
A isO-. 

We next discuss ion C. Its mobility curve joins that 
found by Varney’ using the same experimental method 
in the range of E/p from 40 to 1000. Because he ob- 
served only one mobility curve, and because it extended 
to such high values of £/p, Varney concluded that he 
was observing Og+ with a mobility reduced by charge 
exchange interactions. A theory of Wannier”’ provided 
means for computing from high-field mobilities an 
effective hard-sphere cross section to represent this 
interaction. Using this cross section in the Langevin 
formula, Varney obtained the low-field mobility 2.78 
cm?/v sec. ‘To compare with this, we have an extrapo- 
lated mobility from the present work of 1.95 cm?/v sec, 
somewhat lower than the value 2.2 cm?/v sec which 
Varney obtained from his data by extrapolating from a 
higher E/p. Disagreement between the computed and 


TABLE II. Experimenta! conditions for observations 
of particular oxygen ions. 


E/p in v/cm mm Hg 


High 
» 35) 


pd in Intermediate 
mm Hg cm (20-35) 35 ( 


Low 
(8-14) 


High 
(>17) 


extrapolated mobilities is considerable, but not much 
confidence should be placed in the former because of 
the approximation involved in this combination of 
classical and quantum mechanical ideas. In view of all 
of the above considerations, we concur with Varney in 
concluding that this ion is diatomic. 

A positive diatomic ion is expected as a result of the 
ionization process discussed in Sec. 3. Certain of the 
transients did not yield to such a simple interpretation 
of the nature of ion C. In particular, at £/p=35, where 
the results of HG indicate a/p=n/p, it can be shown 
that the calculated contributions of positive and nega- 


mobility. Since the lowest value of pd employed by Doehring was 
~60 cm mm, the results of the present work explain his failure to 
observe the higher mobility under these conditions 


» G. H. Wannier, Phys. Rev. 83, 281 (1951); 87, 795 (1952). 
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Fic. 5. Drawing made from a transient at £/pyo= 35. The shaded 
area represents the contribution of negative ions based on the 
assumption that the slow ions all are positive. At E/po=35, 
however, the contributions of positive and negative ions to the 
area should be equal. Thus some slow ions must be negative 


tive ions to the transient area are equal; and moreover 
an ion which does not cluster contributes a linearly 
decaying current. Figure 5 is a drawing of a transient 
observed with £/p= 35. If the terminal, nearly straight, 
portion, which because of its mobility must be due to 
ion C, be extrapolated back to zero time, the contribu 

tion in area of this presumably positive ion is found to 
be substantially larger than half of the total. There are 
two possibilities for explaining this anomaly: either a 
contribution from negative charges has been lost, or 
some type-C ions must be negative. ‘The first possibility 
cannot be correct because no suitable mechanism for 
loss of negative ion area exists under the conditions of 
this experiment. Moreover it can be argued from the 
variation of area with ///p that no loss occurs. We con 

clude that negative diatomic ions are present, having 
been formed in a clustering reaction. The absence of 
ion B in the upper row of Table I] is evidence that O- is 
the direct parent of O.~. The mobilities of Og* and O, 

appear to be equal within the 10% accuracy of the 
experimental method, although theoretical work of 
Holstein®! indicates that this result is not necessarily 
to be expected. 

The ion B remains to be identified. It is a clustered 
species found in conjunction with A. If the reasoning in 
the above sections is correct, it cannot be O”- or Oy 
Its mobility is close to that of the Langevin prediction 
for a triatomic ion and is inconsistent with that of an O, 
ion. In the following paper®? we point out that a reaction 
producing O;” is not excluded energetically. We are not 
aware of previous observation of O,;~ but present con 
siderations, albeit indirect, point to its existence and 
stability. 

* T. Holstein, J. Phys. Chem. 56, $32 (1952) 

”1).S. Burch and R. Geballe, following paper [Phys. Rev 
188% (1957) ] 
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Observed transient ion currents in oxygen below breakdown at low pd deviate from those predicted by 
use of the assumption that ions are formed during the initiating electron pulse and retain their identity 
while drifting in the electric field. The deviations, ascribed to clustering reactions that generate O2 and O; 


from initially formed O 


, are analyzed to obtain values for the clustering rates. These rates have orders of 


magnitude comparable with ionization and attachment rates under the experimental conditions, Their 
variation with £/p and p are discussed and possible clustering reactions are suggested 


1. INTRODUCTION 


HE application of transient techniques to ‘Town- 

send discharges provides a means for studying 
certain low-energy ionic reactions. In such discharges 
mean ion energies do not exceed the order of an electron 
volt and mean free paths for inelastic collision can be 
comparable with the dimensions of the discharge region. 
Collisions which result in an altered mass of the charge 
carriers are susceptible to transient analysis because 
various drift velocities can be distinguished and because 
transient current shapes are dependent on reaction 
cross sections. A previous paper! describes transient 
discharges in oxygen that required an explanation in 
terms of two clustering reactions which generate two 
product ions, evidently O,- and O;-, from. initially 
formed ©- ions drifting in an electric field. In the 
present paper we attempt a further analysis of those 
data to obtain values for the clustering rates and to 
provide information regarding the reactions responsible 
for clustering. 


2. EQUATIONS OF CLUSTERING 


In a gas at pressure p between two plane parallel 
electrodes separated by a distance d let there be a 
density (x,t) ions of ‘Type 1 per cm. The rate at 
which these ions generate a different species, Type 2, 
by collision as they drift in the electric field is given by 


dn,/dt= +-dno/dl= wnyr, (1) 


where yu is defined as the clustering coefficient and where 
n,= density of ‘Type 2 ions per cm, 0, = drift velocity of 
‘Type 1 ions. In order to solve Eq. (1), we rewrite the 
total derivatives as follows: 


On, / OL+ 0, On, / OX pny, 


Ony/ OL+-V2ONe/ OX= pNyV, 
where v, is the drift velocity of Type 2 ions. These are 
to be solved with initial and boundary conditions 


* Supported in part by the Office of Ordnance Research, U.S 


Army 

+t Now at Atomic Physics Section, National Bureau of Stanc 
ards, Washington 25, D.C ; 

11). S. Burch and R. Geballe, preceding paper [Phys. Rev. 106, 
183 (1957) ] 


appropriate to the state of the discharge immediately 
after transit of the initiating electron burst, as described 
in the preceding paper.' Once m, and m2 are known, 
they may be integrated over the discharge region to 
obtain an expression for their contribution to the total 
transient current. 

In case ions of Type 1 can also generate a third type, 
an additional clustering coefficient and further equa- 
tions may be necessary. ‘The manner in which analysis 
is altered depends on the mode of formation of the 
third species; i.e., “parallel clustering,” the formation 
of ‘Types 2 and 3 independently, or “series clustering,” 
in which Type 2 is an intermediate step leading to 
Type 3. In the previous paper it was necessary to 
invoke the former kind in order to explain certain 
observations. Accordingly, we introduce a_ second 
clustering coefficient, w, and an additional equation 
with obvious notation, 


On3/OL+-030n3/0x=wny?, (4) 


while adding a term ~—,0,w to the right-hand side of 
Iq. (2). If the parent ions are negative, the initial 
conditions for Eqs. (2), (3), and (4) are then 


n(x,0) n)x |=nno exp(x), 


n»(x,0)=0, 


nny exp (a 


n3(x,0)=0, 


where 7 is the electron attachment coefficient, a is the 
first ‘Townsend coefficient, and mo is the number of 
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hic. 1. Drawing made from an ion transient to illustrate the 
effect of clustering. Triangular points are computed on the assump 
tion of no clustering. Circular points are computed with clustering 
coefficients as indicated, The curve on which they lie has been 
traced from a transient. 
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CLUSTERING 


electrons which initiate the discharge. We find for i(0), 

the total current including that of the nonclustering 

positive ions, the expression 
1=1,+1,;+i2+73 for O0<t<d/v, 

t= 14 +12'+i;' for d/vuj<l<d, 

1 14+ 1s! for d te<l<d, 


ty om: Cav3e4 (1 aed’ fF 


is =Cyvi(e?—1)e-*, 


07] 


(ef4/6 — |, 


(B+) 


"(1 e “|, 


e? at) 


13! Un; 1) 


and where 


C=en)/Bd, p=B(d— I), 
r B(d 


é 
f 


V3l), a 
(ut+w)/(v;— 02) 
p (ut+w)/(v V3). 


The clustering coefficients » and w can be determined 
by fitting Eq. (5) to oscillographic records of the 
transient current. 


3. EXPERIMENTAL RESULTS 


Figure 1 shows a comparison between a drawing 
made from a photograph of an ionic transient in oxygen 
at E/p=35 v/cm mm, and two sets of computed points. 
The triangular points represent the current to be ex- 
pected if no clustering occurs. The circles are calcu- 
lated from Eq. (5) with w=0.3 and w=2.5. Values 
of other parameters are taken from Harrison and 
Geballe? and from the preceding paper.’ Equation (5) 
fits all observed transients within 5% throughout the 
ranges of E/p, p, and d covered by the investigation. A 
certain few of the photographs seem to deviate in a 
systematic manner from Eq. (5) but within the above 
limit. In such cases the computed curves are low in the 
initial portion of the time interval and high in the 
central portion. 

Figure 2 presents the variation of coefficients w and 
w with E/p. The first of these is proportional to p’, 
indicating that collisions generating Os from O 


2M. A. Harrison and R. Geballe, Phys. Rev. 91, 1 (1953) 
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lic. 2. Behavior of the clustering coefficients with & 
pressure, Values of u/fo* at low //po are lower limits only 
mated limits of error are shown for a few points 


involve three bodies. At low E£/p, where u becomes very 
large, only a lower limit can be determined. Above 
E/p~40, u/p* has decreased to an extremely low value, 
with the of transit 
corresponding to O;. In contrast to the rapid variation 
of u/p* in the region of E/p covered by Fig. 1, ion 
energies vary by no more than a few tenths of an 


consistent nonappearance times 


electron volt. This rapid fall of u/p? with energy can be 
understood in terms of a simple model of three body 
collisions similar to that employed in the Thomson 
recombination theory.’ Major differences between the 


two processes are 


(1) Polarization replaces Coulomb attraction. 

(2) All three bodies, rather than just two, are subject 
to the attraction force. 
(3) The effective 
scattering as given by Wannier* is used in Eq. (1) 

rather than the kinetic theory value. 


cross section § for polarization 


Wannier' also has given an expression for the mean 
ionic energy, when polarization scattering dominates, 
in terms of drift velocity. In 
corporating these changes into the framework of the 


temperature and 


‘Thomson theory, we find 
u/ pra VM (2V+Vo)/(I 


where V and Vo are mean energies of the ions and the 


ik 
| 0) i (6) 


molecules, respectively. As //p increases from 15 to 
35 v/em mm, Eq. (6) predicts a decrease in p/p? by a 
factor of about 6, approximately as observed. 

The is directly 
proportional to pressure, which indicates that a two 


second clustering coefficient, w, 


body reaction generates O, from O-. The adiabatic 


nature’ of low-energy collisions requires that cross 
sections for inelastl processes rise rapidly with increas 
ing energy as long as aAN<hv, where a is a length of 
4 J. J. Thomson and G 
Through Gases (Cambridge University Press, 
third edition, Vol. 1, Chap. I 
4G. H. Wannier, Bell System Tech. J. 32, 170 (1953) 
®H.S. W. Massey, Repts. Progr. Phys. 12, 24% (1949) 


P. Thomson, Conduction of Electricity 
Cambridge, 1931), 
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Tas.e I. Affinities and dissociation energies of oxygen species. 


Species Electron affinity, ev Dissociation energy, ev 
O 1.45* Tide 
Or <0.8» 5.09 
O; 3.08 1.05* (O+-02) 


*S. J. Smith and L. M, Branscomb, J. Research Natl. Bur. Standards 55, 
165 (1955 
bs. J 
247 (1956 

«A. G. Gaydon, Dissoclation Energies (Dover Publications, New York, 
1950), p. 212 

4 Nikolskii, Kavarnovekaya, 
Akad. Nauk S.5.S.R. 72, 713 (1950 
calling our attention to this reference 

* B. Lewis and G. von Elbe, J. Am. Chem, Soc 


Smith and L. M. Branscomb, Bull. Am. Phys. Soc. Ser. II, 1, 


Jogdasar'yan, and Kazarnovskii, Doklady 
Ne thank Dr. L. M. Branscomb for 


57, 612 (1935 


atomic dimensions, AE is the energy defect of the 
process, and »v is the relative velocity of the interacting 
particles. The shape of the curve for w is in accordance 
with this interpretation. In spite of its large magnitude 
at E/p~35, w/p cannot be measured at higher values 
because such rapid conversion of the parent O~ ions 
precludes observation of their transit time and drift 
velocity, essential for Eq. (5). 


4. DISCUSSION 


At the present time, any discussion of reactions 
involving negative oxygen ions must procede from a 
basis of meager available data. Table I gives the most 
recent values of pertinent energies. Among reactions 


that generate O;~ from O~ and Oz, the simplest are: 
(a) O-+0,=O;, 
(b) O-+20.=Os-+Or, 
(c) O-+20.=Os- +20 


Reaction (a) is ruled out for the usual difficulty in 
satisfying conservation rules. Let A(O,) denote the 
electron affinity of Os. If A (Oy) >0.4 ev, as seems likely 
from the values of Table I, reaction (b) is exothermic. 
Reaction (c) requires 5.09 ev more than (b) and is not 
likely to contribute to Os production as effectively. 
However, both (b) and (c) have the pressure de- 
pendence which the coefficient « is found to obey. 
The following reactions are the simplest possibilities 
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for generation of Oo": 
(d) O-+0,=0;-+0, 
(e) O-+202,=O07-+0s, 
(f) O-+202,=0,-+0,+0. 


From Table I we conclude that reaction (d) is endo- 
thermic to the extent of at least 0.6 ev. Reaction (e) is 
exothermic provided that A(O,)>0.4 ev. Reaction (f), 
on the other hand, would be exothermic only if 
A(O.)>1.4 ev, a value considerably above that 
listed in Table I. Although these considerations make 
Reaction (e) appear most favorable, the observed 
pressure dependence is consistent only with Reaction 
(e). The energy deficit, several tenths of an electron 
volt, must be supplied from the kinetic energy of 
colliding ions. At the upper limit of Z/p in Fig. 2 the 
mean ionic energy is within a factor of about three of 
the deficit. 

The coefficient w/p can be converted to a proba- 
bility ? per cm at one mm Hg pressure through multipli- 
cation by 2,/c,, where c, is the mean random speed of 
Type 1 ions. A curve of P vs V then can be compared 
with extrapolations of curves given by Hasted and 
co-workers® ® for probabilities of inelastic collisions of 
various ions in several gases. The slope and magnitude 
of P are not dissimilar with such extrapolations although 
no detailed comparison is possible in view of the 
following differences: (1) Hasted and co-workers used 
a monoenergetic beam of ions in contrast to the distri- 
bution of energies in the present experiment; (2) 
Hasted and co-workers were not able to extend their 
work about 10 ev whereas the mean _ ionic 
energies in the present work do not exceed about 0.5 ev; 
(3) Hasted and Smith* have recently published a curve 
of a probability per cm for O~ ions in Og which they 
interpret as due only to electron detachment whereas 
the curve for w describes a charge exchange reaction. 
If the present results are to be consistent with those of 
Hasted and Smith, ? must remain small in comparison 
with their curve as V increases to several electron volts. 

® J. B. Hasted, Proc. Roy. Soc. (London) A212, 235 (1952). 

7 J. B. Hasted, Proc. Roy. Soc. (London) A222, 74 (1954). 


* J. B. Hasted and R. A. Smith, Proc. Roy. Soc. (London) A235, 
349 (1956). 
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The limitations of the conventional microwave cavity method of 
measuring the electron density are derived. The conventional 
method permits the electron density to be measured over a range 
of approximately two decades. The upper limit of the measurement 
of the electron density, roughly 5 10* cm™, is caused by plasma 
resonance due to the macroscopic polarization of the plasma and 
by the overlapping from higher order modes. The lower limit of the 
measurement of the electron density, roughly 5X10’ cm“, is 
determined by how accurately the resonant frequency can be 
measured. The macroscopic electric polarization can be eliminated 
and the overlapping modes suppressed by designing the cavity so 
that the probing microwave field and the plasma have rotational 
symmetry around the same axis. The electric polarization limit is 


INTRODUCTION 


HE microwave method of measuring various as- 

pects of the behavior of the electron-ion plasma 
has become a rather important tool during the last ten 
years. In spite of its popularity no integrated effort has 
been made to find its limitations. It now seems rather 
necessary to determine the present limitations and 
possible extensions, especially since some of the con- 
clusions derived from measurements with the method 
are disputed. 

The presence of an electron-ion plasma inside a 
microwave cavity causes its resonance frequency to 
shift. In a first order approximation the frequency shift 
is directly proportional to the average electron density. 
The microwave cavity method has primarily been used 
to measure the electron density during the afterglow 
period of the microwave gas discharge. The frequency 
shift as function of time has in those cases been inter- 
preted as directly proportional to the average electron 
density without regard to the limitations that neces- 
sarily follow with an approximation. An interpretation 
of this kind cannot be accepted until it has been shown, 
either experimentally or theoretically, that the approxi- 
mation is applicable within the range of the measured 
electron density. 

It is the purpose of this paper to show that the fre- 
quency shift is not always directly proportional to the 
average electron density within the range of electron 
density as measured by the conventional microwave 
cavity method. The limits of the simple theory, which 
applies when there is a linear relationship between the 
average electron density and the frequency shift, will be 
derived and it will be shown that some of the limits can 
be removed by a proper design of the cavity and choice 
of mode. The resonant frequency of a microwave cavity 
containing an electron-ion plasma depends on_ the 
macroscopic polarization of the plasma, the losses of the 
plasma, and the presence of excited higher order modes. 


then replaced by a magnetic polarization limit and the available 
range is increased approximately one additional decade at 3000 
Mc/sec. By decreasing the frequency from 3000 Mc/sec to 1 
Mc/sec and by measuring the Q or the losses of the plasma in a 
properly designed solenoid instead of a cavity the magnetic 
polarization limit can be raised even more. At 1 Mc/sec and at a 
pressure of 1 mm Hg the electron density corresponding to the 
magnetic polarization limit is 10'* to 10'* cm~*. The lower limit for 
the measurable electron density or the conductivity is determined 
by the sensitivity of the detecting arrangement, and the noise 
originating in the electron-ion plasma and is probably 104 to 10° 
times less than the maximum measurable electron density 


To find the limitations of the simple theory, in which 
these phenomena can be neglected, it is necessary to 
derive a theory for resonance where these phenomena 
are included to a first order approximation, 


GENERAL THEORY 


The power loss in the walls of the microwave cavity 
can in general be neglected when compared with the 
power loss in the plasma. The plasma is then for all 
practical purposes contained in a cavity with perfectly 
reflecting walls. The necessary resonance criterion for 
the cavity containing the plasma can be obtained from 
the complex form of Poynting’s theorem. The equation 
describing the energy balance of the cavity as a whole is 
obtained by integrating Poynting’s equation over the 
volume of the cavity. The energy balance equation for 
the cavity therefore becomes 


(EX H*) 6 = — jo uo(H-H*)y 


e(E-E*)y}—(E-JS*)y, (1) 


where E is the electric field (E* is the conjugate complex 
field), H is the magnetic field, and J is the current 
density in the plasma. The inside surface and the volume 
of the cavity are denoted S and V respectively. The 
average signs, used in the expression above, are defined 
as 


(EXH*)a= f (BXH*) a8 
and (2) 
(H-H*)y f H-H*dV. 
V 


The resonance of the cavity is observed through a 
coaxial line or wave guide which is connected to the 
cavity through a small loop, probe or iris. The area of 
this opening is S’ and the inside surface of the cavity is 
totally reflecting except for this small area 5S’. The 
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surface integral (EXH*), is therefore equal to the 
integral (EX H*) »-. 

The expression (1) is rather inconvenient for a 
demonstration of the influence of the electron-ion plasma 
on the resonance of the cavity. For this purpose it is 
more suitable to introduce the applied fields E, and H,, 
the scalar potential @,, and the vector potential A, 
defined as follows: 


vXxE, jopoH ,, v-E,=0, 
VX, = jwesk,, v-H,=0, ”) 
Vp p+ (w/c)*bp= —p/e0, V+ j+jop=0, 4) 
VA, + (w/c)*A, j/€0, V°A,+ joo,=0. 
The total fields E and H are then 
E=E.—¥¢,— (jw/c)Ay,, 
(5) 


H=H.+e9XA,. 


The ions in the plasma are for all practical purposes 
stationary when compared with the electrons, and since 
the magnetic field H can be neglected in the momentum 
balance equation for the electrons, the relation between 
the current density J and the electric field E becomes 


j=e'n/(m(v,.+ jo) |, ©) 


where n is the electron density, v», the momentum 
transfer collision frequency of the electrons, and w the 
radian frequency of the applied field. The area S’ or the 
hole in the cavity can be made arbitrarily small as only 
the resonance of the cavity is observed. Provided the Q 
of the cavity containing the plasma is sufficiently high, 
the presence of the hole can be entirely neglected and 
the boundary conditions are then 


E,XdS=0, H,-dS=0, A,=0, ¢,=0. (7) 


One more condition must be imposed on the fields. The 
scalar potential @, and the vector potential A, must 
both be identically equal to zero when the space charge 
p and the current density J are zero. 

With the restrictions and definitions mentioned above 
it is now possible to transform the energy balance 
eq. (1) of the cavity into the following more descriptive 


form 
(EXH*) » 


ju uo(H,-H,*), e(E,-E.*)y +2T, 


1 
+—{j*-A,)v—(p*bp)v} —2vmTe, (8) 
2 
cf 
where 7’, the total peak kinetic energy of the ordered 
motion of the electrons, is 
e 
T; (nE-E*)y. (9) 


2m (a+ Vm?) 
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It can be shown that all individual terms in Eq. (8) are 
real. The first two terms inside the curly brackets on the 
right-hand side constitutes the Lagrangian for the 
applied field while the three remaining terms inside the 
same brackets is the Lagrangian for the plasma. The 
cavity containing the plasma therefore acts like two 
coupled oscillators, one represented by the applied 
fields E, and H,, the other represented by the electron 
ion plasma. Resonance is obtained when the integral 
(EXH*) x, is real. The general criterion for resonance 
can now be written as follows 


1 
2(Wn—W x) +27 .+—(j*- Ay)v—(p%bp)v=0, (10) 
Cc 


where Wy is the peak stored energy in the applied 
magnetic field and W is the peak stored energy in the 
applied electric field. The electromagnetic oscillator 
represented by £, and //, in reality consist of an infinite 
number of oscillators represented by the various electro- 
magnetic modes that can be excited by either the 
coupling mechanism (loop or iris) or by the nonuniform 
electron ion plasma. Before the resonance criterion can 
be evaluated in terms of the frequency of the applied 
field, it is necessary to find the relative distribution of 
the stored energies of the various modes. This can easily 
be done if the orthonormal set of eigenvectors (4; and 
IT,;) devised by Slater! are used. If We; and Wy, are 
respectively the peak magnetic energy and the peak 
electric energy of the ith mode and if the cross coupling 
between modes as caused by the nonuniform plasma is 
neglected, it can be shown that 


Ho(w,/c)4E;« H*) »- Wi 
Wii= : ( ) Wn. (11) 


(0 2—w*)?+ (ww,/0,)? \w 


where w, is the radian resonant frequency and Q, is the 
( of the ith mode. Ordinarily the lowest mode (i= 1) is 
used for measuring the average electron density with the 
microwave method. The source term (E,XH*)s- is 
constant, that is, independent of the mode number as 
long as the wavelength is very large compared with the 
dimensions of the coupling mechanism. The expression 
W'y—W» can then easily be expressed in terms of the 
peak stored energy Wg; and Q, of the first mode, the 
resonant frequencies f;, and the frequency f of the 
probing signal. In a first-order approximation where f is 
very close to f;, one finds that 


Wu-We fi\? K 
nt ~(“) -14 | 
We f OP 


L Ge Ze 


(12) 


where 


K 2 (147) ) ~ (3) 


1J. C. Slater, Microwave Electronics (D. Van Nostrand Com 
pany, Inc., New York, 1950), pp. 59-63. 
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LIMITATIONS OF 
The first-order approximation of the resonance criterion 
can now be written as follows: 


iy. f m\? Te 
( )-14 [+x ( ) 
jf} Wm o) We 


1 (j*-A,)v  (p* yp) 
+ — =(, (14) 


2 2, 27, 


With the definitions and the restrictions mentioned 
above, it also can be shown that 


1 
i Ai*-As)e—G*e)r) +(j*:E)y=(j*-Ea)y. (15) 
E 


Introducing this result into Eq. (10), one obtains the 
same resonance criterion as can be obtained from 
Slater’s formula for the impedance of a microwave 
cavity.? However the expression (14) above illustrates in 
a much more convenient way the influence of the 
electron-ion plasma on the frequency shift of the cavity. 


LIMITS OF THE SIMPLE THEORY 


The resonance criterion (14) is in general very difficult 
to evaluate in terms of the average electron density. In 
order to find the relative importance of the various 
terms in the resonance criterion, it is necessary to make 
some simplifying assumptions. We assume first that the 
cavity has some symmetry around the center. Its shape 
may be cubical, cylindrical, or spherical. The mathe- 
matics becomes particularly simple if we assume that 
the plasma is uniform in the density and is confined 
within a spheroidal surface determined by the following 
equation : 


a ,x*+a,y’+4,27 = R?, (16) 


where a,, a,, and a, are positive real numbers inde- 
pendent of the coordinates and where R is a sort of 
average radius of the spheroid. This spheroid of plasma 
is placed in the center of the cavity with one of the 
principal axes coinciding with one of the principal axes 
of the cavity. The average radius R of the spheroid is 
made sufficiently smaller than the wavelength A of the 
applied field so that in a first order approximation the 
terms (w/c)*y, and (w/c)*A, of Eqs. (4) can be neg- 
lected. 

One can now distinguish between two fundamentally 
different cases. The first case is obtained when the 
electric field E,, of the mode used for measuring the 
electron density, is essentially uniform within the 
plasma and parallel with one of the principal axes of the 
spheroid. The second case is obtained when the mag 
netic field H, is essentially uniform within the plasma 
and parallel to one of the principal axes of the spheroid. 
The first order approximation of the resonance criterion 


2J. C. Slater, Microwave Electronics (D. Van Nostrand Com- 
pany, Inc., New York, 1950), Vol. 78. 
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in the first case can be written as follows: 


h\? an 
())- 
] +7" 


where 


=f 


Vin n 
7 ’ y ’ nN Pp A : 
+) Np a (| ky “Fy 


j(to)* jr) 
; iri'r | f | 9 |d5r, 
po |r ry! \ 
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The density n, is the electron density for which plasma 
resonance would occur at the radian frequency w of the 
applied field in the plane parallel case. The factor a is 
essentially the ratio between the volume of the plasma 
V, and the volume of the cavity modified by the 
nonuniform electric field. The factor 6; is the polariza 
tion factor for the principal axis 7, which is parallel with 
the field £, (8;=4 for the sphere). The factor 6 depends 
on the shape of the plasma and the current distribution. 
In the first case, when £, is essentially uniform within 
the plasma and the plasma is confined within a spherical 
surface, 6 can very easily be calculated and is 8/5. 

The frequency shift resulting from the presence of the 
plasma is proportional to the average electron density, 
represented by the normalized electron density 9, only 
if the plasma terms within the bracket of the expression 
(17) can be neglected. ‘The first plasma term inside the 
bracket is caused by the presence of excited higher 
modes. The closer the excited modes are in terms of the 
frequency the more important is this term. The factor A 
has been derived assuming that the higher modes are 
excited only by the coupling mechanism (iris or loop). In 
practice, however, higher modes may be excited by the 
nonuniform or asymmetric plasma. ‘The K evaluated 
from (13) must therefore be considered as a minimum 
value. It is difficult to find the exact theoretical value 
for K and it should therefore be considered as an ex- 
perimental parameter characteristic for each experi 
mental setup. To the author’s knowledge this correction 
term, which is caused by the overlapping from higher 
modes, has not been considered in any previous publica- 
tion. Judging from the designs of the commonly used 
cavities it seems that a reasonable range for A in previ 
ously reported works should be from 1 to 100 with a 
probable value higher than 10, With an allowed error of 
five %, the maximum measurable electron density 
corresponding to the overlapping mode limit (O.M.L.) 
is determined by the following expression : 


1 /1+7 
eh 
20K\ 7 


(19) 
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The next term that causes a deviation from the linear 
relation between the average electron density and the 
frequency shift is due to the macroscopic magnetic 
polarization of the plasma while the third term is caused 
by the electric polarization of the plasma. These two 
terms are roughly equal when the electron distribution 
is described by the fundamental diffusion mode. The 
term caused by the magnetic polarization can be neg- 
lected when the effective radius of the plasma is small 
compared with the wavelength A. The maximum meas- 
urable electron density corresponding to these two 
terms is obtained by neglecting the magnetic polariza- 
tion term and counting only the electric polarization 
term. This limit, which properly is called the electric 
polarization limit (E.P.L.) is therefore determined by 
the following expression: 


nZ1/20f,. (20) 


The macroscopic electric polarization is causing the 
ordinary plasma resonance. When R&A and thus the 
magnetic polarization term can be neglected, resonance 
for the uniform plasma, confined within a spheroidal 
surface, is obtained when 27,=(p*¢,)v. 

The plasma resonance mechanism or the macroscopic 
electric polarization can be avoided under certain cir- 
cumstances, When the divergence of the plasma current 
is zero the oscillating space charge is also zero and the 
term (p*y,)y is then eliminated. This corresponds to the 
case where H, is essentially uniform inside the plasma. 
In order toavoid the oscillating space charge completely, 
it is necessary that H, and the plasma have rotational 
symmetry around the same axis. If H, and the plasma 
have rotational symmetry around the y axis (a, 
then the first-order approximation of the resonance 
criterion can be written in the following way : 


fi\? an . ay’ R\? 
( ) 1+ [+A nt( ) rin 0. (21) 
/ 1+7'L te nN 


This formula has the same form as in the previous case. 
The term due to the magnetic polarization has changed 
somewhat but is of the same order of magnitude as in 
the previous case. ‘The electric polarization term has 
disappeared and one must here consider the influence of 
the magnetic polarization. The corresponding limit 
which should be called the magnetic polarization limit 
(M.P.L.) is given by the following expression : 


1/A\? 1 

SR) 

20\ RJ x6 

In this case H, is essentially constant within the 
plasma and the current density can then in the first 
approximation be written as QXr, where Q is a vector 
independent of the coordinates. As in previous cases 6 
can easily be evaluated when the uniform plasma is 
confined within a spherical surface and is then 8%/21. It 


dy), 


(22) 
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is important to notice that the magnetic polarization 
limit is independent of y or the pressure. 

Two more limitations of the microwave cavity method 
should be mentioned. As the frequency of a resonance 
phenomenon is measured, it is necessary that the Q is 
sufficiently high so that the resonance can be recognized. 
The corresponding limit, properly called the “low-Q 
limit” (L.Q.L.) is determined more or less arbitrarily by 
setting the lowest admissible value of Q equal to 10. The 
low-Q limit then becomes 


1 si+7’ 
<i("2) 
10\ ay 


Secondly, there is a lower limit for n, determined by 
how accurately a frequency shift can be measured. With 
the methods used until now the error in the frequency 
measurement is approximately 1 part in 10° parts. 
Allowing for a relative error of five %, this lower limit 
for n is determined by 


(23) 


4(1+-7’) 
x 


n= 10, (24) 


a 
DISCUSSION AND SUGGESTIONS 


‘The five limits derived in the foregoing are functions 
of the normalized electron density y, the normalized 
momentum transfer frequency y, the polarization factor 
8, and the volume ratio a. The limits are illustrated in 
lig. 1 where they are plotted as function of y and y with 
a=1, B=4, 6=8r/21, and \/R&6. The shaded area 
gives the allowed range of » and y values for the con- 
ventional microwave cavity method. The most com- 
monly used frequency is 3000 Mc/sec. The electron 
density n, corresponding to this frequency is 1.12 10" 
cm *. The momentum transfer frequency v, is pro- 
portional to the pressure p and the proportionality 
constant is of the order of 10° to 10° sec"! (mm Hg)~! for 
ordinary gases. For y less than 10°', the upper limit of 
is caused by the electric polarization limit (E.P.L.) and 
is approximately 5 10-* corresponding to an electron 
density of 610° cm™*. The lower limit of » is de- 
termined by the relative error in the frequency measure- 
ment (F.M.L.) and corresponds to an electron density 
of 5X10’ cm™. For y values around unity, the upper 
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Fic. 1. The limit of 
3 the microwave method 
a=1, B=}. 














LIMITATIONS OF 


limit of » is the overlapping mode limit (O.M.L.) pro- 
vided K is larger than unity. It can be seen from the 
resonance criterion (17) that the frequency shift in this 
range includes a term proportional to the square of the 
electron density. This term could possibly explain some 
of the unexplained electron-ion recombination coefli- 
cients that have been observed with the microwave 
cavity method.*~* Unfortunately the constant K, that 
must be measured on the cavity containing the electron- 
ion plasma, is not available in the papers that have been 
published so far. 

The conventional microwave method measures the 
electron density at the most over a range of somewhat 
less than three decades. If the electric polarization is 
removed through a proper choice of mode, the electric 
polarization limit (E.P.L.) is replaced by the magnetic 
polarization limit (M.P.L.) The available range is then 
extended approximately one more decade for y<1. The 
available range is moved towards higher electron den- 
sities if a is decreased. This is, however, not too desirable 
as some of the more interesting properties of the plasma 
can be found only by using a large volume of the plasma. 

Some of the difficulties with the limits can, however, 
be resolved by abandoning the measurements of the 
resonant frequency and replacing it with a measurement 
of the Q or the losses of the plasma. This in general 
means that we no longer measure the electron density 
directly but rather the conductivity of the plasma. 
Knowledge of the collision frequency v, then gives us 
the electron density. The sacrifice is not too large, how- 
ever, as direct measurements of the electron density can 
be done only for low pressures, when y <1. The electric 
polarization of the plasma is avoided if the applied field 
and the plasma have rotational symmetry around the 
same axis. This can be obtained in a cylindrical cavity or 
in a solenoid. It is simplest to consider a long solenoid 
and a long cylindrical plasma. The end effects can then 
be neglected and the following first-order approximation 
of the change in the impedance Z of the solenoid is 
obtained owing to the presence of the plasma: 


AZ ‘( +iy\n 

L 2\i+y ) no 
2c \* sme 

ny ( ) ( ). 
R e 


where ¢ is the velocity of light, R is the radius of the 
plasma, L is the inductance of the solenoid, and a is the 


(25) 


where 


ratio between the cross-sectional area of the plasma and 


the cross-sectional area of the solenoid. The foregoing 
4M. A. Biondi and S. C. Brown, Phys. Rev. 76, 1697 (1949). 
‘J. M. Richardson and R. B. Holt, Phys. Rev. 76, 1697 (1949), 
*L. J. Varnerin, Phys. Rev. 84, 563 (1951). 
°K. B. Persson and S. C. Brown, Phys. Rev. 100, 729 (1955) 
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approximation 
inequalities are satisfied : 


is good only as long as the following 


n<nyy for y>1, (26) 


1 < Ig for y<1l, (27) 
and 


A/r@R< 1. (28) 


The last inequality insures that the undisturbed mag 
netic field within the volume corresponding to the 
plasma is uniform. The first inequality applies when the 
plasma conductivity is ohmic while the second inequality 
applies when the plasma currents are primarily induc 

tive. It is obvious from the above formulas that the 
maximum measurable electron density is determined by 
the inequalities (26) and (27). If the plasma has a 
radius of one centimeter, the corresponding electron 
density mo is 10" cm~*. The change in the impedance AZ 
is inductive and directly proportional to the electron 
density provided y<1. The corresponding maximum 
measurable electron density is equal to mp. When y>1 
the change in the impedance is resistive and the corre- 
sponding maximum measurable electron density is nyy. 
Since ¥y 
urable electron density will increase if the pressure is 


V»/w, it is obvious that the maximum meas 


increased and if the frequency of the applied field is 
decreased. ‘The minimum measurable electron density 
depends on how small a change, AZ, that can be meas 
ured. If a bridge arrangement is used, it is not un 
that the impedance can be 
measured to 1 part in 10° parts. The corresponding 
minimum measurable electron density is then deter 
mined by the expression 


reasonable to assume 


n= 10-'nyX2(1+-")'/a (29) 

The discussion above shows that the so-called micro 
wave cavity method has rather limited use. ‘To be able 
to investigate the high-density plasmas it is necessary to 
use other methods. One way of avoiding the limitations 
of the conventional microwave method is to measure the 
losses instead of the frequency shift. In order to avoid 
the effect of macroscopic electric 
necessary to use solenoidal applied electric fields and 
plasmas with rotational symmetry. With the bridge 
method, suggested above, including at least one solenoid, 
the available range in the electron density is, at 1 
Mc/sec and a pressure of 1 mm Hg, approximately 
10" cm~* to 10 em=?, 


polarization it 1s 
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The conventional microwave method for measuring plasma electron densities is limited ‘n its validity to 
relatively low concentrations (~10* cm *). Following a theoretical development by Persson, a method is 
presented whereby much higher densities can be measured. The method is based on eliminating the effect of 
ac space charge on the probing microwave field. This is accomplished by ensuring that the electric field be 
everywhere perpendicular to electron-density gradients. A discussion is presented on the effect of neighboring 


modes on the measuring mode in a microwave cavity. 


HE conventional microwave method for measuring 
plasma electron densities consists of introducing 
the plasma into a resonant microwave cavity and 
measuring the amount of detuning which the plasma 
causes. The equations commonly used to relate the 
amount of detuning to electron density and collision 


frequency are! 


bf Ly 6 
| pitdo [| tata 
Jo 2 1 t 7’ 
Yn 
f bitdo | f ted 
1 + 7’ 


ne*/mewo” iS a measure of electron density; 


and 


QO Ov 
Here, 7 
y= ¥m/o (where v, is the collision frequency for mo 
mentum transfer) is a measure of the damping in the 
plasma; Y denotes the unloaded Q value of the cavity ; 
/ is its resonant frequency. The subscript zero refers to 
quantities without the plasma and the absence of the 
subscript indicates quantities with the plasma. Equa 
tions (1) and (2) are usually derived by considering that 
the plasma is a medium with complex conductivity 
a = ne*/| m(v¥m+ jw) |. The imaginary part of o causes the 
shift in the resonant frequency A// fo of the cavity, and 
the real part of the conductivity causes the decrease in 
the O value of the cavity. 

A question arises concerning the limits of validity of 
Eqs. (1) and (2). (These limits are discussed extensively 
by Persson.*) In a more correct form, Eq. (1) can be 


rewritten as 


As l u] . . . . 
f E - Eo: / J B-Batr (3) 
2 1+ 7" 


Equation (3) is valid only when Af/ fo is very small. It 


* This work was supported in part by the U.S. Army (Signal 
Corps), the U. S. Air Force (Office of Scientific Research, Air 
Research and Development Command), and the U. S. Navy 
(Office of Naval Research) 

' Rose, Kerr, Biondi, Everhart, and Brown, Technical Report 
140, Research Laboratory of Electronics, Massachusetts Institute 
of Technology, October 17, 1949 (unpublished 

2K. B. Persson, Phys. Rev. 106, 191 (1957), preceding paper 


exhibits one of the approximations made in deriving 
iq. (1), namely, that E, the field in the cavity with the 
plasma present, has been replaced by Ep, the field 
without the plasma. When the electron density is low 
(n“1), the approximation is good, since the plasma does 
not appreciably disturb the electric field. This is the 
region in which the conventional microwave method is 
very successful. As the density is increased, however, E 
becomes appreciably different from Ey—for three rea- 
sons: (a) ac space charge, commonly called ‘plasma 
resonance,’ makes itself felt as » approaches unity; 
(b) as 7 is increased beyond unity, the plasma begins to 
shield its interior from the field outside; (c) when both n 
and the pressure are high enough so that the Q value is 
lowered, the overlapping of higher modes may also 
cause E to be different from Ey by adding to Ey some of 
the fields of the higher modes. The major effect, because 
it usually enters first, is the ac space charge. 

By proper methods of design, the space-charge effect 
may not only be reduced but eliminated. This can be 
shown theoretically as follows. By combining the first 
Maxwell equation with the continuity equation and 
assuming harmonic time variations as exp(jwl), an 
equation for the space charge p is obtained: 


v-E (VAK)-E/K, (4) 


p/ € 
the coefficient A being defined in terms of electron 
density by K=1+0/ jwe). Equation (4) states that p 
will be zero when the applied field E is normal to the 
density gradient. If, therefore, by a proper experimental 
arrangement, this is satisfied, the space- 
charge effect will not limit the microwave method from 


condition 


measuring high electron density. 

A cylindrical cavity that oscillates in the 7#o;; mode, 
with a cylindrical plasma column placed along the axis 
of the cavity, satisfies the required conditions. The 
electric field of the 7’o;,; mode, in the absence of the 
plasma, is given by 


Eo= Ep \(xoir/a) sin(r2/L); E,=E,=0, (5) 


where xo; = 3.832 is the first root of J;(Y)=0, a is the 
radius of the cavity, and ZL is its length. Since the field 
possesses only an azimuthal component, a plasma with 
density gradients in the axial and radial directions, but 


not in the azimuthal direction, will satisfy the condition 
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p=0. The additional advantage of the 7Eo,,; mode is 
that its electric field goes to zero on the axis of the 
cavity. Hence, even a dense plasma that is placed in a 
small region where the field is weak will scarcely disturb 
the field and will cause only a small shift in the resonant 
frequency of the cavity. Accordingly, we can expect the 
linear relationship between the frequency shift and the 
plasma density, as given by Eq. (1), to be valid, even 
for high densities. 

In order to check this validity, the resonant frequency 
of a TEo,; cavity with a uniform plasma column whose 
radius was one-tenth that of the cavity was computed 
rigorously in the limit y=0. The result is plotted in 
Fig. 1. It is seen that the frequency increases linearly 
with density, for values of » that are at least as large as 
10. At S band this corresponds to densities of the order 
of 10 cm. It is only at densities higher than 10” em~ 
that the plasma begins to shield its interior, and the 
frequency shift flattens off. It is interesting to note that, 
for 7 as large as 20000 (n=~10" cm’), the resonant 
frequency is still different from the resonant frequency 
of a cavity with a perfectly conducting metal post 
instead of the plasma. There seems to be no way in 
which to prevent the plasma from shielding the field at 
microwave frequencies. However, as pointed out in the 
preceding paper, this can be accomplished by lowering 
the operating frequency w by several decades. The slope 
of the straight line in Fig. 1 is equal to that given by 
Eq. (1). This equation can, therefore, be used suc- 
cessfully, at least for low pressures, for all values of n 
less than 10" cm *. The disadvantage of the 7’/o;; mode 
is that it is insensitive to low electron densities. In order 
to measure densities from 10" cm™* down to the lowest 
density measurable by microwave techniques, the TFoi 
mode must be used in conjunction with a conventional 
mode. 

The behavior of the 7/;; mode was checked experi- 
mentally; representative results are shown in Fig. 2. 
The plasma that was used was the positive column of an 
oxide-coated-cathode arc discharge in argon mixed with 
mercury. Since the field in the positive column is not a 
very strong function of the current through the tube, the 
current through the tube is a good measure of the 


average electron density in the plasma. The resultant 


Fic. 1. Resonant frequency of a 7 /9;; mode cylindrical cavity as 
a function of electron density in an axially located plasma column. 


Plasma radius=0.1 cavity radius; 7 =ne?/meq?. 
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Fic. 2. Shift in the resonant frequency of a TF; mode cyl 
indrical cavity as a function of current through an axially located 
plasma column. 


frequency shift is seen to be linear with increasing cur 
rent. The highest electron density achieved was about 
3 10" per cm’, One point on the electron-density scale 
was measured by an independent method. This method 
is based on the fact that when a plane electromagnetic 
wave polarized in a direction perpendicular to the 
plasma cylinder axis impinges on that cylinder, the 
scattered wave exhibits a resonance when the real part 
of the coefficient K (defined earlier) goes through minus 
unity.’ The two arrows indicate the discrepancy in the 
value of » as measured by the two methods. The dis 
crepancy is approximately 15%, 

Since the 7;,; mode is degenerate in its resonant 
frequency with the 7M,,, mode (in practice, the de 
generacy is removed by introducing into the cavity the 
glass tube which will contain the plasma), it is necessary 
to determine the effect on the measuring mode of other 
modes that are present in the cavity. Following Slater,‘ 
this effect can be exhibited through the input impedance 
Z of the cavity as seen from some point on the line. 


(- ~) 
Wa Ww 
| | fot: Bate / (ose f E:Butr) |. (6) 


where w, is the characteristic frequency of the ath 


mode, E, is its characteristic field, E is the field in the 


z=5—~/I; 


a~l W g€y | 


cavity when the plasma is present, and », is related to 
the coupling coefficient between the ath mode and the 
line. In the absence of the plasma, when the cavity is 
assumed to be lossless, the cavity presents a line spec 
19 


trum with resonant frequencies at w Mes 
provided that the v, are not zero, With the plasma 


Wa, a *s 


present, the resonant condition is different. Since we 
allow the modes to interact, the electric field E is given 


4T. R. Kaiser and R. L. Closs, Phil. Mag. 43, 1 (1952) 
4 J. C. Slater, Revs. Modern Phys. 18, 441 (1946). 
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hic. 3. Frequency separation of the two lowest modes in a rectan 
gular cavity as a function of plasma density 


by some linear combination of the characteristic fields 


of all modes. 


(7) 


The characteristic fields are orthonormal, that is, 


J oe 


To simplify the discussion, we assume that there is no 


(8) 


cross coupling arising from the nonuniformity of the 
plasma; that is, we assume that 


fe E- Ed fo Edi 
* 


Equation (9) will hold if the plasma is uniform or, if the 
mode configuration is such that the characteristic fields 
that make up the measuring field E are normal to each 
other. The second condition is actually well approxi 


(9) 


mated in a rectangular cavity in which the three 
fundamental modes have their fields at right angles. By 
making the end walls of the cavity almost square, the 
resonant frequencies of the two lowest modes are almost 
equal, while the frequency of the third fundamental 
mode used to produce the plasma can be made higher. 
In this manner, the overlapping of modes is experi- 
mentally confined to the two lowest modes. This de- 
generates the infinite sum in Eq. (6) to the first two 
terms and satisfies Eq. (9). With the additional defi 


Wa 
) 7 fore / (coef rear) ] 
WwW 
W Wa 1 
(2-2), 
We Ww Va 


va 


nition: 


: w® 
( 
(10) 


the resonance condition, given by the imaginary part 
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of Z equal to zero, can be written as 
(w/w 1’ —w'/w) 
[(w/u1’—wy'/w)?+1/017] 


(w/we! — we’ /w) 


~ (ii) 


(") 
vr] [(w/we’ — we’ /w)?+1/027 | 


When w, is much larger than w, or if v2 is zero (so that 
the higher mode is not coupled), the right-hand side of 
Eq. (11) is small or zero, the resonant frequency is 
w=w,’, and the simple formula given by Eq. (1) holds. 
To obtain an idea of how much the resonant frequency 
departs from w’ when the modes do interact, let us 
assume that the Q values and the coupling coefficients 
are the same for both modes. Then, if we set w= w)’+ Aw 
and w2=w,+éw, the frequency shift Aw of the lowest 
mode resulting from the presence of the higher mode is 


(Aw/w) (1 —~- Aw/dw) = (1/407) / (w/w) 


An/(2(1+7*) J 


(6w/w) 


The extra shift is approximately proportional to density 
squared, to pressure squared (if y*<1), and inversely 
proportional to the original mode separation. If Eq. (1) 
were used to calculate the electron density from the 
measured shift, the relative error made would be 


(Aw/w) 


n/(2(1+7’) }) 
ry? - 
(n/[2(1+*) }) 


— 3 
(5i/w) 7 
and it may be appreciable at high pressures and electron 
densities. 

These ideas were checked experimentally in the rec- 
tangular cavity (described earlier) by measuring the 
separation in frequency of the two lowest modes as a 
function of electron density for various pressures and 





4 
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Fic. 4. Frequency shift of the lowest mode caused by the higher 
mode as a function of plasma density squared. 
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for three different initial mode separations. The results 
are shown in Fig. 3, in which the arithmetic mean of the 
actual shifts of the resonant frequency of the two modes 
is plotted along the abscissa. Qualitatively, the agree- 
ment with Eq. (12) is good, in that the additional] shift 
is proportional to the square of the density, as shown in 
Fig. 4, and is approximately proportional to the pressure 
squared. Quantitatively, the observed shifts are smaller 
than those predicted by Eq. (12). The reason may be 
that the coupling coefficients of the two modes were not 
the same, and because it was necessary to introduce into 
the cavity a tuning stub to vary the initial separation of 
the modes, the fields of the two modes were not normal 
to each other in the immediate neighborhood of the 
stub. However, there can be no doubt that the higher 
mode affects the lower one and causes the shift in its 
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resonant frequency to be greater under the influence of 
the plasma than it would be if the second mode were not 
present. 

From the preceding discussion, it is clear that with the 
T Eo\, mode set up for measuring high electron densities, 
the 7M, mode, or indeed any mode close to it, is not 
desirable. In practice, all 7M and all asymmetric 7 
modes can be suppressed by cutting azimuthal slots in 
the wall of the cavity. 

To summarize, even though it is not possible to pre- 
vent the plasma from shielding the microwave field, by 
arranging the field at right angles to the density 
gradients, electron densities of the order of 10% em? can 
be measured by the conventional microwave method, if 
proper care is taken to eliminate the effect of higher 
modes on the measuring mode. 
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The forces of hydrodynamic reaction in liquid helium IT have been studied. Since the superfluid com 
ponent, being inviscid, may not be expected to contribute to such forces, a measurement of these may pro 


vide direct information regarding the concentration of the normal component in the liquid. Experiments 
along these lines are suggested and it is hoped that they may throw light on the phenomena of “critical 
velocity” and on the irrotational nature of the superfluid motion 


I. INTRODUCTION 


T is well known that according to the two-fluid 
model,! liquid helium II is looked upon as an inti- 
mate mixture of two components, the normal and the 
superfluid. Here, the former is regarded as behaving 
like any other ordinary liquid whereas the latter is 
taken to be a perfect inviscid one, at least for low enough 
velocities.’ It is evident that in order to make a direct 
determination of the concentration of the normal com- 
ponent one should look for those hydrodynamic prop- 
erties in which the viscous nature of the fluid is straight- 
away effective. In the present paper we have attempted 
to suggest certain lines along which it may be interesting 
to perform experiments in order to obtain such informa- 
tion directly. In this connection, we propose to study 
the forces of reaction which would come into play when 
liquid helium IT flows past a solid body or, alternatively, 
when the body is made to move through an otherwise 
stationary bath of the liquid. 
1L. Tisza, Nature 141, 913 (1938); F. 
54, 947 (1938). 


2K. R. Atkins, Advances in Physics (Taylor and Francis, Ltd., 
London, 1952), Vol. 1, p. 169. 


London, Phys. Rev. 


In the general hydrodynamical theory of an inviscid 
fluid one meets with the apparent paradox that the 
fluid offers no resistance to the motion of a solid body 
through it. However, this is far from being true in the 
case of real fluids and in fact one does obtain a resistive 
force, the so-called profile drag, when account is taken 
of the skin-friction forces (due effectively to the finite 
viscosity of real fluids) and the dissipation of energy 
through the eddying wake. Clearly, the drag force 
should be absent in the case of the superfluid whereas 
one should obtain a finite contribution from the normal 
component. Hence, measurements on the drag force 
would be of interest, as discussed in detail in Sec. IJ. 

Another hydrodynamic force in which the two com 
ponents of liquid helium II may be expected to behave 
differently from each other is the well-known cross 
wind force experienced in a uniform stream by a solid 
body with circulation around it. Here again the super 
fluid may, for velocities less than a certain critical one, 
remain free from participating in the rotatory motion 
and the observed force may give direct information 
regarding the normal concentration in the liquid. The 
expected results in this case are elaborated in Sec. ILI. 
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Il. DRAG FORCE 
(a) Theoretical Observations 


It is well known that the drag force may be expressed 
by the equation 


D Cp’ (4pV?)A(pVI/n)", (1) 


where the symbols have the following meanings: A is 
the area of the body projected on a plane normal to the 
direction of motion; / is a characteristic linear dimen 
sion of the body; p and 7 are the density and coefficient 
of viscosity, respectively, of the fluid; V is the uniform 
velocity of the body relative to the regions of the fluid 
far removed from it; and finally, Cp’ is a dimensionless 
constant depending upon the form of the body. The 
quantity Cp’(pV1/n)" is defined as the drag coefficient 
Cp, 4 function of the dimensionless combination pV1/n 
the Reynolds number Nz. Evidently, the Reynolds 
number for any flow may be considered as a criterion 
for deciding the relative importance of the inertia 
forces on the one hand and the viscous forces on the 
other. In the limit of small Nz, the index n in Eq. (1) 
1, whence we get 


Danvl 


tends to 
(since A«P), (2) 


indicating that the drag force is independent of the 
density, that is, of the inertia of the fluid and is deter- 
mined directly by its viscosity. On the other hand, 
when Vx is large, n approaches zero, and one obtains 


D« pV?A, (3) 


from which it is obvious that in this case the density of 
the fluid, and not its viscosity, is the dominating 
factor. For intermediate values of Ne, the dependence 
of D on various factors is also intermediate between 
the two extremes expressed by Eqs. (2) and (3). 

Next, it is generally held that the two components of 
liquid helium II may be assumed to be capable of 
maintaining independent velocity fields’ and therefore 
would require separate hydrodynamical equations to 
represent their flow. Also, these equations contain 
certain extra terms representing the thermomechanical 
flow under a temperature gradient besides the ordinary 
flow under the pressure gradient. Consequently, in 
addition to the velocity and pressure fields, one has to 
investigate simultaneously the temperature field as 
well. This has been done by Woldringh* for the case of 
flow around a spherical obstacle under the usual as- 
sumption of Stokes, that is, that the terms of second 
order in velocity (which represent the effect of inertia) 


may be neglected in the solution of the equations. His 


result for the drag is 
D=6rn,aVq, (4) 
which is similar to that of Stokes derived in the single- 
1G 


(1954) 
*H. H. Woldringh, Physica 18, 277 (1952) 


Daunt and R. S. Smith, Revs. Modern Phys. 26, 172 
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fluid hydrodynamics, except for the dimensionless 
factor g which is ordinarily not very much different from 
unity. Here, V is the relative velocity of the body and 
the normal component (at large distances, of course) 
and 7, is its viscosity. As expected, the result is inde- 
pendent of the density of the fluid. Evidently, the 
conclusions arrived at by Woldringh are true only for 
small values of the Reynolds number for the flow of 
the normal component, that is, of p,Vl/nn. 

It is, however, important to remember that the 
viscosity of the fluid under investigation is so low that 
for ordinary experimental conditions, the magnitude of 
the Reynolds number would probably be fairly high. 
In that case, the inertia terms in the equations of the 
two-fluid hydrodynamics would no longer be negligible 
and the treatment given by Woldringh would not hold. 
One should, however, expect that the normal com- 
ponent of liquid helium would behave like any ordinary 
liquid even at high values of Nx, an expectation sup- 
ported by the similarity of the results obtained by 
Stokes and by Woldringh at small values of Vx. Conse- 
quently, in the limit of large Vx, the contribution of the 
normal component to the drag force experienced by 
the solid body would be of the form 


D=Cp(4p.V*)A, (5) 


where p, is the density of the normal component; Cp 
is a constant independent of the Reynolds number in 
this domain and may be expected to be of the same 
order of magnitude as in the case of experiments with 
ordinary fluids.° 

On the other hand, the superfluid component, en- 
visaged as a perfectly inviscid fluid, may not be ex- 
pected, for velocities less than a certain critical value, 
to contribute to the drag force. This is the well-known 
result that follows from the theory of inviscid flow and 
becomes a paradox in the case of a real fluid. The net 
drag therefore consists merely of the contribution from 
the normal component as given by Eq. (5) and is di- 
rectly proportional to its density. If measurements of 
this force are made at various temperatures, its varia- 
tion would give directly the relative fraction of the 
normal component in liquid helium IT, 


Dr/Dy= pn/p, (6) 


for velocities less than the critical velocity of flow V,. 
For velocities greater than V,, the superfluid is no 
longer inviscid and such a variation of D as given by 
Eq. (6) may not be expected. 

At the absolute zero of temperature, all of the liquid 
helium becomes superfluid so that it offers to the solid 
body no resistance at all; evidently, the d’Alembert 
paradox would be valid in this case. 

® In case there is circulation around the body and the latter is 
of a finite span, there would be a contribution to the profile drag 
due to the induced drag arising from the cross-wind force. The 
dependence of D on p,, however, would remain unchanged because 
the superfluid, being incapable of bearing vortices, may not be 
expected to convey the induced drag as well. 
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(b) Suggestions for Experimental Studies 


Experiments which may be performed in order to 
investigate the resistive force that comes into play 
whenever there is a uniform relative motion between 
a solid body and a fluid may be classified into two 
groups, depending upon whether it is the solid body 
that moves through the fluid, which is otherwise sta- 
tionary, or whether it is the fluid that flows past the 
solid body which stays as an obstacle in the stream. 
The important experiments in the first group are con- 
cerned with the free fall of the bodies under the action 
of gravity and involve measurements of the terminal 
velocity acquired by the body when the gravitational 
pull, the buoyancy of the fluid, and the hydrodynamic 
resistance are in equilibrium. ‘Those in the second group 
are concerned mainly with the measurement of the 
reaction as it is communicated from the obstacle to the 
balance beams through wire suspensions. 


(1) Freely Falling Bodies 


At first sight it might appear worthwhile to try to 
use fine particles, such as lycopodium powder, but the 
possibility of experimenting with such minute bodies is 
easily ruled out when we recall that our primary aim 
is to determine the normal fraction of liquid helium IT 
and hence to investigate only that region wherein the 
drag force depends directly upon the density, and not 
upon the viscosity, of the fluid. The Reynolds number 
Nr (=VlIp,/n,) must, therefore, be of the order of 10° 
and may be as high as 10°. Since the magnitude of 
Nn/ Pn is of the order of 10% to 10-4 cgs units, V/ should 
preferably lie in the range 1 to 10 cgs units. Further, V 
must not exceed the critical value (which may be of the 
order of 1 cm/sec) ; otherwise the superfluidity exhibited 
by a part of the liquid may disappear and our previous 
considerations may accordingly cease to hold. Conse- 
quently, fine particles with diameters of the order of 
10°* cm would not work for our purpose; they would 
throw us into the Stokes region or, more probably, 
into the intermediate region. 

We, therefore, resort to spheres of ordinary sizes 
(diameter ~0.5 cm). Let p’, p, and p, be, respectively, 
the effective density of the sphere, the total density of 
the liquid and the density of the normal component. 
If a be the radius of the sphere, the equation of motion 


becomes 


trra®(p'’—p)g—Cp-4pnt*?: ma’, (7) 


J 


(4a'p’)vdi ‘dx 
with the solution 
vol 1 


exp(— Bx) }}, 


where 
B=4(Cp/a) (py p’), 


and the terminal velocity is 


(= (p’ p)} 
) Cp Pn 
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this terminal velocity is almost fully attained when Ba 
becomes of the order of 5, that is, for ao~ (20/3) 
X (a/Cp) (p'/pn). 

Now Cp~0.5 in the region where it is independent of 


Vr. Let 2a=0.5 cm. We then get 


To 36) (p’ P)/Pn |}, ryo~ (10 3) (p’ Be) 


Since v» has to be of a magnitude low enough not to 
exceed the critical value, the experiment can be success 
fully performed only if (p’—p) is made as small as 
possible in comparison with p,. This means, of course, 
that p’ should be as close as possible to p, which may be 
achieved by choosing a material of small density or 
better by making the sphere hollow. This will not 
affect the drag or the buoyancy forces but will effec 
tively reduce the density of the sphere. 

At this stage it seems worthwhile to point out that 
better velocities can be obtained by using a disk, of 
radius a and thickness ¢, instead of a sphere. ‘The ter 
minal velocity in this case would be given by 


a fo “) 4 
Cp Pn 


Here Cp~ 1.1 and, with /= 1 mm, one obtains 


v= 13] (p’ p)/pn | 


In the present case, however, another difficulty arises 
which is the following: A disk as thin as the one taken 
here and falling at such a high Reynolds number as 
104 is very likely to execute oscillations and the motion 
therefore may not be steady. This would affect not only 
the reckoning of the time of fall but also the value of Cp 
However, the latter effect is not important in the pres 
ent context as long as Cy does not vary appreciably 
with Na. 


(2) Microbalance Measurements 


Here, the solid body which is to serve as an obstacle 


in the path of the uniform stream of liquid is secured 


vay that it is held fast in 


position (see Prandtl®). The forces acting upon the body 


by suspensions in such a 


are made to act on the balance beams and are thus 
measured, Observations may be made by noting the 
change in the apparent weight of the body when the 
liquid is in motion in comparison with its weight when 
the liquid is at rest. 
The drag force in the case of a disk or a sphere of 
radius a, under the condition of high Reynolds number, 

is given by 
D=Cp-nra* bonV?, (9) 


which is equivalent to the weight of D/g grams. There 


fore, the effective mass change recorded would be 


Am= (1/g)C p+ ma’? Sonl (10) 
6. Prandtl, Mssentials of Fluid Dynamics (Hafner Publishing 
Company, New York, 1952), p. 254. 
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In a typical case, with 2a=0.5 cm, and V=1 cm/sec, 
the mass-equivalent is of the order of 10 micrograms, 
which is well within the range of measurement. Its 
variation with temperature would give the variation of 
pn with T, 


III. CROSS-WIND FORCE 


Next, we consider those cases of flow in which the 
hydrodynamic reaction has a nonzero component in a 
direction perpendicular to the relative velocity—the 
cross-wind force. In this connection it is well known 
(the Kutta-Joukowski theorem) that for an infinitely 
long cylinder of any cross section having a circulation 
I’ around it, the cross-wind force per unit length, 
measured perpendicular to the undisturbed stream, is 


given by 


pl'V, (11) 


where the symbols have their usual meanings. A familiar 
example of this case is provided by the Magnus effect 
in which the circulation is created by setting the cylinder 
in uniform rotation about its axis, which is perpendicular 
to the direction of V. If w is the angular velocity of 
rotation and a the radius of the « ylinder, the circulation 


I’ would be given by 


2rwa’. (12) 


Avain, in the case of liquid helium IT the contribution 
to L would come from the normal component alone 


because the superfluid, being inviscid, may not be set 
into rotational motion at all, or, at any rate, may show 
considerable time lag in picking up the circulation from 
the rotating cylinder.’ L would then be proportional to 
pn, the density of the normal component and not to p, 
the total density. Consequently, 


Ly Ly (13) 


Pn/p. 


7S. T. Butler and J. M. Blatt, Phys. Rev. 100, 495 (1955) 
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The experimental determination of the cross-wind 
force may also be affected by the method of balance 
measurements [see Sec. II, (ii) |. In this case, however, 
a cylinder of length / and of radius a is more suitable. 
Let it rotate about its axis with angular velocity w and 
let the stream flow past it with an undisturbed velocity 
V. The (lift) force is then given, when one uses Eqs. 
(11) and (12), by 


L'=1-2nwa?-p,V. (14) 


In a typical case, with a=0.5 cm and /=1 cm while 
, the mass equivalent of L’ is of the 
order of 100 micrograms. Again, the measurements are 
to be made at various temperatures and at various 
speeds of rotation and/or of the stream flow. 

This set of experiments would be important in that 
they may be expected to throw light upon the irrota- 
tional character of the superflow. It would be interesting 
to find out whether the superfluid picks up circulation 
from the rotor or not.* It may be that it does not do so 
at velocities (of rotation) less than a certain minimum 
one, and that beyond this minimum it starts contribut- 
ing to the cross-wind force thus losing its “quiet” 
character. However, if it shows superfluidity below w,, 
may be that in this very domain (i.¢e., w<w,) it may 
lose superfluidity if given considerable time to acquire 
the “equilibrium” state (see also reference 7). One may 
thus obtain reliable information regarding the nature, 
equilibrium or metastable, of the superfluid state. 


wi~V~1 cm/sec 
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In a study of the cathode dark space of the glow discharge von Engel, Seeliger, and Steenbeck found 
deviations from the similarity laws at high pressures. By using a correct solution to their (slightly modified 
energy-balance equation and more recent values of the constants, agreement is obtained between the calcu 
lated and measured values of current density over the pressure range 1 to 760 mm Hg. This, together with 
other experimental evidence, shows that the similarity laws are valid over this pressure range, thus enabling 


various properties of the dark space to be determined and indicating that the fundamental mechanisms are 


the same as at low pressures 


INTRODUCTION 


S part of a wider investigation into the properties 

and mechanisms of the high-pressure glow dis 
charge it was obviously of interest to determine whether, 
as at low pressures, the cathode dark space conforms to 
the requirements of the similarity principle. This 
problem has been investigated by von Engel, Seeliger, 
and Steenbeck' who found deviations from similarity 
at high pressures. However these authors obtain an 
incorrect solution to their energy-balance equation and 
make no attempt to justify some of their assumptions. 
The present work re-examines the problem using a 
correct solution to the (slightly modified) differential 
equation and more recent values of the constants. 


ANALYSIS 


The temperature in the cathode dark space is first 
calculated using an energy-balance equation. ‘This 
assumes (see I) that the electric field, 2, and the posi 
tive-ion current density, /*, fall linearly with distance, 
x, from the cathode. The first assumption is true,?* 
but the second does not, as stated in I, follow immedi 
ately from this. Because the positive-ion density is 
constant throughout most of the dark space, j* will 
vary in the same way as the drift velocity. Thus if the 
ions were everywhere in equilibrium with the field, the 
curve of 7+ would be asymptotic to 7+«F# near the 
negative glow and to 7+ « /) near the cathode. However 
because of the rapid variation in the field, the ions 
have less than the equilibrium energy, so that the curve 
obtained in this way may be taken as an upper limit. 
On the other hand it may be shown from a consideration 
of the ionization produced by the electrons, that since 
most of the ions reaching the cathode are formed in 
the cathode dark space** then 


d 
gt =J| 1—exp J adx } |, (1) 


Zz 


1 von Engel, Seeliger, and Steenbeck, Z. Physik 85, 144 (1933). 
This paper will be referred to as I 

3F, W Aston, Proe Roy. Soc (London) AS4, 526 (1911); 
R. P. Stein, Phys. Rev. 89, 134 (1953 

+P. F. Little and A. von Engel, Proc. 
A224, 209 (1954) 

*R. Warren, Phys. Rev. 98, 1658 (1955). 


Roy. Soc. (London) 


where J is the total current density, d is the length of 
the dark space, and a is the first Townsend coefficient. 
Equation (1) is quite general and does not depend on 
any specified field distribution. However, the electrons 
will not be in equilibrium with the field so that the 
curve obtained from Eq. (1) forms a lower limit for /*. 
When the curves showing the upper and lower limits 
are plotted it is found that they both lie close to 
the curve showing a linear fall. Thus the assumption of 
a linear fall in 7* is in fact justified but only as a fair 
approximation. 

A more accurate expression than used in I for the 
thermal conductivity, &, is 


of 7 


k aT", (2) 


where a and » are constants. ‘The modified energy 
balance equation may now be written 


Cy? dl 

) ) () (3) 
d d 

and the solution with boundary conditions T= 7%, 


0, and dT/da 


(n } 1) x 
kyo Jd4\1 ( ) . ay 
12a d 


where /y and 7» are the electric field and temperature 
at the cathode surface. The corresponding solution 
(with n 


oI 


when 2 0, when x=d is: 


[rt T)"t'4 


1) in I is not correct.® Instead of deducing an 
B 


TABLE I. Constants used in the evaluation of Eq. (6) 


Hydrogen Nir Units 
285 
3.3K10°% 


285 volts 

. watt cm? (°K) >}? 
§.0%10°7 watt cm! ("K)? 
0.7 1 os 
0.80 0.23 cm 

64X%10°* 24x10 amp cm 
285 285 K 


) 


2 


ence ¥ 
b See reference 6 


ee reference 7 


§ Dr. von Engel has pointed out (private communication) that 
an approximation was used, 
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amp cm?) with 
rhe full lines 
calculated curves and the experimental points were 
@ von Engel ef al.,) % Fan,” # Gambling," 
Gambling and Edels.* 


1. Variation of total current density 

ure (mm Hg), (a) in hydrogen and (b) in air 
show the 
obtained as follows 


expression for the mean temperature, 7°, as in I, it is 


now assumed that 7'= 7), at x= $d. Subsequent analysis 


shows that even at high pressures the error involved is 


only ~5%. Thus, 


5(n+1) 
T"*! = Ty"*!+ EJ da’. (5) 


64a 


The cathode-fall voltage, V,, is given by V.=$Ed 
and substitution of the similarity relations in (5) gives: 


Tr. ota J (n+l) 
ply 1G) 
T\ Ji 
5(n+1) 


V dyJ if h(nt+2 
( ) , (6) 
i A) 


where the subscript 1 indicates the value of a quantity 
at p=1 mm Hg. Equation (6) shows that at low pres- 
sure J « p* in accordance with experiment, and at high 
pressure J « p®, where B= (2n+2)/(n+2) and not § as 
in I. A comparison of the current densities predicted 
by (6) with those obtained experimentally, for a water- 
cooled copper cathode 1 mm thick in hydrogen and air, 
is shown in Fig. 1. The constants used,®* which are 
more recent than those given in I, are shown in Table I. 
It is seen that there is good agreement between the 
calculated and experimental values over the wide 
pressure range from 1 to 760 mm Hg. 


32a 


DISCUSSION 


It is assumed in I that all the energy acquired by the 
positive ions is transferred to the gas by collisions. This 
is not true since the ions gain energy in a high field over 
the last free path before striking the cathode, and 
Campan’ has shown that in a normal glow the energy 
retained might amount to ~60 volts. This is about 
0.25V,. so that V, in Eq. (6) must be replaced by V,’ 

0.75V,. Taking J= 10 amp/cm’ in air, as an example, 
p is now 745 mm Hg compared with the previously 
calculated value of 840 mm Hg. It is seen that the ions 
may reach the cathode with an appreciable mean energy 
(at least up to 0.25V,) without significantly affecting 
the agreement between theory and experiment. 

There is further independent experimental evidence 
which indicates that the similarity relations are obeyed 
in the cathode dark space in hydrogen and air. For 
example the cathode current density, except at low 
currents when edge effects are no longer negligible, is 
independent of current,!:5 10! 
voltage is independent of current and pressure.’ All the 
evidence indicates therefore that the similarity rela- 


and the cathode-fall 


®F. G. Keyes, Trans. Am. Soc. Mech. Engr. 73, 589 (1951); 
Reactor Handbook: Engineering (U.S. Atomic Energy Commission, 
Washington, D. C., 1955), Vol. II 

7A. von Engel and M. Steenbeck, Elektrische Gasentladungen 
(Verlag Julius Springer, Berlin, 1934). 

®W. A. Gambling and H. Edels, Brit. J 
(1954); 7, 376 (1956). 

*T. I. Campan, Z. Physik 91, 111 (1934) 

“ H. Y. Fan, Phys. Rev. 55, 769 (1939) 

" W. A. Gambling, Can. J. Phys. 34, 1466 (1956) 
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SIMILARITY RELATIONS 
tions are obeyed by the cathode dark space in hydrogen 
and air over the full pressure range up to and above one 
atmosphere. 

The similarity relations serve two purposes. Firstly, 
they enable properties of the dark space such as field 
strength, ion density, length, and temperature to be 
obtained at high pressures from the simple measure 
ment of current density.''! Because the dark space is 
very short (~10°* cm at 760 mm Hg) these quantities 
cannot be measured by any other means. Secondly they 
often shed light on the discharge mechanism since the 
fundamental processes must also conform to the simi 
larity requirements. It appears likely therefore that 
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these processes are the same in the cathode dark space at 
high, as at low, pressures, namely ionization by electron 
impact, and electron emission from the cathode by 


positive-ion bombardment or photoemission. 
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The problem of a vibrating harmonic oscillator whose frequency is changing in time is considered in the 


case where the frequency w is initially constant, varies in an arbitrary fashion and becomes constant again 


It is found that the relative change of the quantity, the energy divided by the fre quency, in the final region 


from its value in the initial region is zero to as many orders in the rate of change of w as w has continuous 


derivatives. For the case where there is a break in the Nth derivative of w the relative change is viven to this 


order. 


INTRODUCTION 


HERE are many problems in physics in which 
there exist quantities which change so slowly 
that they may be taken as constants of the motion to 
a high degree of accuracy. Any such quantity whose 
change approaches zero asymptotically as some physical 


parameter approaches zero or infinity is an adiabatic 


invariant. For instance, in Fermi’s theory! for the 
that the 
magnetic moment of a spiraling particle in a varying 


acceleration of cosmic rays, it is assumed 
magnetic field remains constant. Combined with the 
conservation of energy this enables one to show that a 
magnetic field can retlect such a spiraling particle. The 
magnetic moment of this particle is not really a rigorous 
constant but is nearly so if the relative space change in 
field the the 
particle is small, or when the field is changing in time 


the magnetic over Larmor radius of 


if its relative change during a Larmor period is also 
small. These conditions are satisfied to a high degree 
in many astrophysical situations.? 

The constancy of the magnetic moment to first order 
in these parameters of smallness was first derived by 
Alfvén*® and was later shown to be true in the next 


1 E. Fermi, Phys. Rev. 75, 1169 (1949) 

2. Spitzer, Astrophys. J. 116, 299 (1952 

3H. Alfvén, Cosmical Electrodynamics (Clarendon Press, Oxford 
1950), p. 19. 


order by Helwig! for a general field. Later, Kruskal® 
showed that it was valid to all orders for the special 
case of a particle moving in a magnetic field in the z 
direction which varies only in the y direction and a 
field in the a 
results it seemed possible that the adiabatic constancy 


constant electric direction. Krom these 


of the magnetic moment to all orders was a result of 
general validity. 

That the 
constant in all orders would imply that any change in 


magnetic moment of the particle is a 
it must vanish more rapidly than any power of the 
parameter of smallness, i.e., the relative change of the 
field over the Larmor radius. ‘This does not imply that 
For instance, Ac 


ince at A=0 all 


it must be a rigorous constant 
exp 1/X) this 


derivatives of Ac vanish. 


has behavior 

An example of an adiabatic invariant in quantum 
mechanics would be the distribution over energy state 
of a system as the Hamiltonian is changed by external 
means, such as changing the volume of the boundaric 
of the system without adding heat to the system 

In order to approach the problem of the constancy 
of adiabatic invariants to all orders, this paper treat 
another simpler problem in which an adiabatic invariant 


exists. Consider the classic one-dimensional problem of 


*(5. Helwig, Z. Naturforsch. 10a, 50% (1955 
’M. Kruskal 


private communication) 
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an oscillator whose spring constant is slowly varied by 
some external means, such as a varying temperature, 
which only affects the motion through its spring 
constant, The counterpart of this problem was first 
considered by Einstein® at the Solvay Congress of 1911 
on the old quantum theory. Lorentz asked how the 
amplitude of a simple pendulum would vary if its 
period were slowly changed by shortening its string. 
Would the number of quanta of its motion change? 
Kinstein immediately gave the answer that the action, 
k:/w, where £ is its energy and w its frequency, would 
remain constant and thus the number of quanta would 
remain unchanged, if (1/w)(dw/dt) were small enough. 
sirkhoff’? showed for problems such as these, that one 
can write the displacement 


t 
x=W (1) sin( f w(t)dt+ i), 
0 


where w(t) is the frequency and W(t) can be developed 
in a series which converges asymptotically. However, 
he did not evaluate the higher order terms and find 
the variation of /¢/w. This is easier to do if one writes 


t 
r= W(t) sin( f sina i), 
0 


series. The 


and develops both W and S in asymptotic 


relation between W and S may be chosen to simplify 
the problem and it can be seen that //w is indeed 
invariant to all orders in (1/w)(dw/dl). 

By generalizing this device Kruskal® is able to 
express the motion of a spiraling particle in a general 
electromagnetic field in terms of two such independent 
variables. Specifying a relation between them to 
simplify the problem, he is able to demonstrate that 
the magnetic moment of the particle is also invariant 
to all orders as has been suspected. It might be that 
there are many such invariants which are known to be 
constant to lowest order but which are actually in 
variant to all orders. 

In this paper the details of the solution of the simple 
harmonic oscillator are given. The solution of the 
particle in the electromagnetic field will be published 
in a separate paper by Kruskal.* 


CALCULATION 


Since, when w is changing / is changing also, we 
restrict ourselves to the case where the frequency w as 
a function of the time ¢ is at first infinitely flat, then 
changes in some arbitrary way, and finally becomes 
infinitely flat again. Thus the energy is well defined 
and constant in the initial and final regions and we 


*P. Langevin and M. DeBroglie, La Theorie du Rayonnement 


et les Quanta (Report on meeting at Institute Solvay, Brussels, 1911) 
(Gauthier-Villars, Paris, 1912), p. 450 

7G. D. Birkhoti, Trans. Am. Math. Soc. 9, 219 (1908). 

®*M. Kruskal (to be published). 


KULSRUD 

compare F/w in these two regions. In this case it is 
found that if w has N continuous derivatives through- 
out, than the final value of £/w is the same as its initial 
value to N+1 orders in (1/w)(dw/dt). The change in 
the (N+-2)nd order is calculated. If N= ~, that is if, 
w has all derivatives continuous, then //w is the same 
to all orders, although as already remarked this does 
not imply it is rigorously constant, since the result is 
only an asymptotic one. 


If the mass is one, the equation of motion is 
d*x/d?+-o*(t/T )x=0, (1) 


where x is the displacement, w(t/7) is a function with 
the properties listed above, and large 7 corresponds to 
small (1/w)(dw/dt). Let r=1/T, so that Eq. (1) becomes 


T~*d?x/d7?+-u*(r)x=0, (2) 


which is to be solved for large 7. Since w is changing 
slowly in time, we anticipate that x may be written in 


the form 
x(7) W sin( r| sir), 


where W and S are slowly varying functions of 1, 
between which we may specify an arbitrary relation. 
Then 


a’(r)=W’ sin( rf sir) +7TSW con(7f sir), (4) 
x"(7r)=(W" -T?SW) sin( 7 f sir) 
+t (27TSW'+TS'W) cos( 7 f sir), (5) 


where primes represent derivatives with respect to r. 


(3) 


Thus Eq. (2) becomes 


(W"/T? WS+at(H) sin( 7 f sir) 
+ T-(2W'S+WS’) cox(7f Sir), (6) 


We choose the relationship between S and W to 
make the two coefficients in Eq. (6) vanish separately, 
so that W and S are given by 

W"/T?—WS'?+*(7)W =0, 
2W'S+WS'=0. 
Equation (8) may be integrated to give 
W?S=a, 


where a is a constant. 
Let us assume that the oscillator is started in the 
initial region with a displacement xo and zero velocity. 





HARMONIC 


The initial conditions on W and S are chosen such that 
W is constant throughout the initial region. From 
Eqs. (3), (4), (7), and (9), 


(10) 
(11) 


(12) 


S=+tw 
W =x0 


(in the initial region), 
(in the initial region), 


+ x07w= da (in the initial region). 


We may take the positive sign in Eqs. (10) and (12). 
Note that if we choose x» independent of 7’, a is also 
independent of 7. 

The energy is computed in the initial and final regions 
by calculating the kinetic energy when x=0. Thus, 
by Eqs. (3) and (4), 


E=}22/T?=4W’?S?’=4aS (whenx=0). (13) 


In the initial region, by Eq. (10), 


E/w (14) 


haS/w= 4a, 


and if S=w in the final region, than the value of //w 
would be the same in the two regions for all 7°. However, 
since 


the representation (3) does not guarantee S= a, 
many other functions S and W may represent a sinus 
oidal oscillation. For instance, if W changes in time, 
then Eq. (7) shows that Sw even though w is constant. 
In general, after w has varied in an arbitrary way, the 
simple relations (10) and (11) will not hold in the final 


region. 
To investigate the value of S in the final region, we 
therefore solve for S as a function of + by developing 
S and W as asymptotic series in 1/7. 
S= So+.$1/7+S2/T?4 
W= Wot W/T+W,/T*4+-:-. 


(15) 
(16) 


Substituting these series in Eqs. (7) and (9), we have, 
to lowest order, 


So Ww, ( 17) 


Wo (a, ‘w)}, (18) 


The nth order then reads, for an even n, 


0! — Wa_-2(S*)o— W n_4(S?)4 
W o(S*) n= 0, 
(W2) Sot (W2)q 252 ++ >+WeSn=0, 


where we have introduced the abbreviations 


(S*)m=SmSot+SmoS2t +++ +S0Sm 


m 


OSCILLA 


POR 


and 


(W?) m= WinWotWaaWet::-+WoW,. (22) 


In deriving Eq. (19) we have used Eq. (17) to cancel 
the w term and in Eq. (20) we have used the fact that 
a is independent of 7. Note from the equations corre 
sponding to (19) and (20) that all odd orders vanish 
since S$; and W, vanish. 

Equation (19) with (21) expresses S, in terms of 
lower orders S,, and W,, and their derivatives. Similarly 
Eq. (20) with (22) expresses W, in terms of S, and 
lower orders, Since So and Wy are given in terms of w, 
we have found asymptotic series in 1/7° for S and 
which formally satisfy Eqs. (7) and (9). Notice that 
W, and §, depend on w and its first n derivatives. 
Thus if the (V+ 1)st derivative of w has a discontinuity 
do also. Since x 
7, the 


represent a 


at some time then Swy,2 and Wywy. 
be continuous in all orders in 1 
series given by (21) and (22) 
solution to (V+ 2)nd order. This and higher orders in 
S and W must be found by solving Eqs. (7) and (9) in 


and x’ must 


cannot 


regions where d‘*t!w/d%*! is continuous and matching 
x and x’ in these orders. 

Suppose that w has V continuous derivatives and that 
these NV derivatives are zero in the final region. ‘Then 
by Eqs. (17) and (18) the first V derivatives of So and 
Wy are continuous and vanish in the final region. By 
Eqs. (19) and (20) with Eqs. (21) and (22), S: and W, 
have and WW 2 
vanish together with these derivatives in the final 


N—2 continuous derivatives, and S» 


region. Proceeding in this manner we find that Sw and 
Ww are continuous and vanish in the final region, In 
particular, 


(23) 


Comparing Eq. (23) with Eqs. (13) and (17), we see 
that in the final region 


Kt/w (24) 


N t l orders in 1/7. If Ww 


has a Jump Zy41 in its (V+ 1)st derivative as a function 


Sa t Swi wil re 


so that /2/w is constant to 


of /, the relative change in /:/w is given by 


A(E Ww) 


sin(2yg—4Nm) (25) 


(1¢/w) (2w)%*? 
Here ¢ is the phase of the oscillator when it reaches 
the discontinuity. NV may be either even or odd. 
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Study of Superconducting Hg by Nuclear Magnetic Resonance Techniques* 


F. Rei 
Institute for the Study of Metals, University of Chicago, Chicago, Illinois 
(Received January 10, 1957) 


Since 
rather microscopic 


resonance techniques can provide 
information conduction electrons in 


nuclear magnetic 
about 
metals, their application to the study of superconducting metals 
is of considerable interest. The difficulties associated with the 
failure of magnetic fields to penetrate inside superconductors can 
be overcome by the use of dense colloids consisting of particles 
mostly less than 500 A in diameter. The preparation and charac 

teristics of such Hg colloids are described and some comments are 
made about the experimental equipment. Experiments show that 
the superconducting particles give rise to a resonance line with a 
Knight shift less than that of the line in the normal metal. Con 

siderations affecting the analysis of the data are discussed at some 
length. Calculations are given for the resonance line shape due to a 
single spherical superconducting particle and also for that expected 
from a distribution of such particles of different sizes. A criterion 
is developed for determining the Knight shift from the observed 
superconducting line. Corrections for the microscopic broadening 


I. INTRODUCTION 


HE method of nuclear magnetic resonance!? can 

be applied to the study of normal metals provided 
that, to allow penetration of the radio-frequency field, 
one works with samples consisting of particles small 
compared to the skin depth (i.e., = 10°* cm). One finds 
that in a given external magnetic field H the frequency 
v, at which the nuclear resonance is observed in the 
metal is higher than the frequency »; at which it occurs 
for the same insulator; the ratio 
K = (vm—v,)/v% iS known as the Knight shift. Further- 
more, the relaxation time 7; necessary for the nuclear 
spin system to attain thermal equilibrium in the metal 
tends to be appreciably shorter than it would be in an 
insulator. Both of these effects’ are caused by the 
presence of conduction electrons in the metal. The 
frequency shift v,—v; is due to the nonvanishing 
expectation value of the local magnetic field at the 
nucleus produced by its hyperfine interaction with the 
conduction electrons. If y(0) is the wave function at 
the nucleus of a conduction electron with energy near 
the Fermi level and 31 is the spin paramagnetic moment 
vi)~( |W (O) |* 


nucleus in an 


of the conduction ele trons, then (Von, 
and 


K = (vm— vi) /vim~ (| W(0) |) N/A. (1) 


One can write t= xH, where x is the paramagnetic 


susceptibility of the conduction electrons. The ele- 


* This work was supported by a grant from the Alfred P. Sloan 
Foundation. 

EK. R. Andrew, Nuclear Magnetic 
University Press, Cambridge, 1955). 

2G. E. Pake, in Solid State Physics (Academic Press, Inc., New 
York, 1955), Vol. 2, pp. 1-91. 

§W.D. Knight, in Solid State Physics (Academic Press, Inc., 
New York, 1955), Vol. 2, pp. 93-136 


Resonance (Cambridge 


of the resonance line and for the bulk diamagnetism of the sample 
are derived. It is pointed out that the bulk magnetization curve 
of the superconducting colloid can also readily be measured by 
means of the nuclear resonance equipment. In measurements 
ranging from 750 to 2300 gauss the Knight shift K, in the super- 
conductor at 1.20°K is found to be 1.6%, or about § of its value 
in the normal metal. Experiments designed to elucidate the 
temperature dependence of the Knight shift K, are also discussed. 
Some general quasi-thermodynamic comments are made to relate 
the Knight shift to some properties of the electron interaction 
energy responsible for superconductivity. Remarks based on the 
two-fluid model lead to some speculative predictions concerning 
the temperature dependence of K, which seem to be in at least 
qualitative agreement with the temperature dependence suggested 
by experiment. The need and interest of some further experiments 
is pointed out. 


mentary Pauli theory’ applied to the degenerate 
electron assembly of a normal metal yields x~pr, the 
density of one-electron states at the Fermi surface. 
Hence the Knight shift KX, in a normal metal is given by 
Ky~(\W(0)|?)wpr which, like x, is essentially in- 
dependent of the magnetic field 7. The short nuclear 
relaxation time 7; is also due to interaction with the 
conduction electrons via (the off-diagonal matrix 
elements of) the hyperfine interaction. Indeed, in a 
normal metal the Korringa relation® predicts a close 
connection (1/7;~K?*) between the relaxation time 
produced by the conduction electrons and the Knight 
shift. 

It is apparent that observation of the nuclear 
resonance in a metal provides chiefly information of a 
fairly microscopic kind concerning the conduction 
electrons near the Fermi surface. As a result, nuclear 
magnetic resonance techniques have proven themselves 
fruitful in the study of normal metals and alloys.’ An 
extension of these techniques to the investigation of 
superconducting metals, where they could yield micro- 
scopic information about the electrons thought to be 
responsible for the superconducting behavior, would 
seem to be of considerable interest.* There is, however, 
a fundamental difficulty which might seem to preclude 
the possibility of observing nuclear magnetic resonance 
in the superconducting state. This is the Meissner 
effect,’ ie., the fact that the magnetic induction B 
vanishes inside a superconductor so that neither the 
static nor the rf magnetic fields can penetrate to the 


4C. Kittel, Introduction to Solid State Physics (John Wiley and 
Sons, Inc., New York, 1956), second edition, p. 260. 

5 J. Korringa, Physica 16, 601 (1950). 

*F. Reif, Phys. Rev. 102, 1417 (1956). This reference will 
hereafter be referred to by the letter R. 

7D. Shoenberg, Superconductivity (Cambridge University Press, 
Cambridge, 1952), second edition. 
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nuclei inside the superconducting metal. It is clear, 
however, that in a more detailed description of this 
effect there must exist a rather small‘ but finite penetra- 
tion depth A characterizing the distance within which B 
decreases from its value at the surface to its value 
B=0 well inside the superconductor. Measurements 
indicate that \ is of the order of 5X10~® cm.® Hence, 
if one were to work with superconducting particles or 
films with at least one dimension small compared to the 
penetration depth A, one could achieve substantial 
penetration of external magnetic fields and nuclear 
magnetic resonance experiments might then become 
possible. Furthermore, the use of samples consisting 
of such small particles should simultaneously help to 
overcome another difficulty since it allows one to work 
in magnetic fields large enough to avoid a prohibitively 
poor signal-to-noise ratio in the nuclear resonance 
experiment. The reason is that, though the critical field 
H, sufficient to destroy the superconducting state in 
the bulk metal is rather smal] (413 gauss for Hg at 
T=0°K), the critical fields for small particles can be 
substantially higher, and are the larger the smaller 
their size.’ This behavior of the critical field is a 
thermodynamic consequence of the fact that in these 
small particles the penetration of the magnetic field 
reduces their diamagnetic moments correspondingly. 
Finally, one might question to what extent experiments 
performed on particles comparable in size to \ can be 
expected to yield results of significance for the under- 
standing of macroscopic superconductors. It should be 
pointed out in this that experiments 
designed to study the superconducting penetration 
depth A have, as a matter of fact, been performed on 
colloidal particles of this size.*’° These colloids exhibit 
critical temperatures for the superconducting transition 
almost identical with the transition temperature of the 
bulk metal and yield results for the temperature 
dependence of the penetration depth consistent with 
those obtained from experiments on bulk super 
conductors. Investigations of films as thin as 20A 
show that even these do become superconducting and 
with a transition temperature nearly the same as that 
of the bulk metal.*!! Furthermore, the microwave and 
infrared experiments on such thin films can be inter 
preted in terms of concepts and parameters significant 
for the understanding of bulk superconductors." 
Evidence of this kind seems to indicate that studies of 
small particles of the size envisaged in our discussion 
can indeed be useful in elucidating some of the essential 


connection 


properties of macroscopic superconductors. 

Although the use of samples consisting of very small 
metal particles seems to make nuclear resonance 
experiments in the superconducting state possible, it 


§ Reference 7, Chap. V 

®D. Shoenberg, Proc. Roy. Soc. (London) A175, 49 (1940). 

1 C,S. Whitehead, Proc. Roy. Soc. (London) A238, 175 (1956). 
"RR. E. Glover and M. Tinkham, Phys. Rev. 104, 844 (1956). 
2M. Tinkham, Phys. Rev. 104, 845 (1956). 
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should be apparent that such experiments present, 
nevertheless, considerable difficulty. Most important, 
the preparation of dense samples with particle sizes in 
the range 10°-*—10~° cm constitutes a major problem. 
Further, it is desirable and often necessary to make 
measurements in rather low magnetic fields where the 
signal strength available for the observation of the 
nuclear resonance is unfavorable. Finally, the in 
complete penetration of the magnetic field into the 
superconducting particles complicates the analysis of 
the experimental results and makes the extraction of 
the experimental information of primary interest, such 
as the Knight shift, rather difficult. 


Il. EXPERIMENTAL ASPECTS 
(a) The Sample 


The sample desired for these experiments is one 
consisting of an aggregate of colloidal metal particles 
each of a characteristic linear dimension /. ‘The funda 
mental requirements on the sample are the following: 
(a) One needs 1 A500 A for most particles to allow 
penetration of the magnetic field 


sufficient in the 


superconducting state. (b) A large effective density, 


i.e., a large number of particles per unit volume of the 
sample, is necessary to provide a number of nuclei 
sufficiently large to make the detection of the small 
nuclear resonance signal possible. (c) The metal should 
have a superconducting transition temperature which 
is high compared to the lowest temperature (1.2°K) 
readily 
The metal must have an isotope of sufficiently large 
abundance and with a sufficiently large nuclear mag 


accessible by pumping on liquid helium. (d) 


netic moment to permit observation of the nuclear 
resonance. Preferably this isotope should have nuclear 
spin /=4 so as to avoid the possibility of its possessing 
a nuclear electric quadrupole moment the existence 
of which might further complicate the interpretation 
of the experimental results. (e) It is desirable that the 
Knight shift A, in the normal state of the metal be 
large so as to make any change in this quantity more 
readily measurable, 

Mercury seemed to fulfil all of these requirements, 
particularly since as a result of Shoenberg’s work® it 
appeared possible to prepare dense colloids of this 
metal with particle sizes lying in approximately the 
desired range. Furthermore, since Hg is liquid at room 
temperature, one can expect the particles to have 
regular spherical shapes, a feature which simplifies the 
analysis of the data. The transition temperature for 
Hg is 4.15°K.’ The Hg'™ isotope has nuclear spin 4, 
and its natural abundance of 16.8% and nuclear 
magnetic moment (0.179 that of the proton)" are, 
though rather small, adequate for the experiment." 
Preliminary measurements at liquid nitrogen and also 

4’ W, G. Proctor and F.C. Yu, Phys. Rev. 81, 20 (1951) 

“The only other Hg isotope with a nuclear moment is Hg”! 


which is 13% abundant and has nuclear spin 4 with a nuclear 
g factor only 0.4 that of Hg™. 
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Fic. 1. (a) An electron microscope photograph showing Hg 
droplets sampled from one of our colloidal preparations. The inset 
in the lower right corner shows, with the same magnification, a 
latex sphere (shadow-cast) 2600 A in diameter. (b) A repre 
sentative size distribution obtained for one of our samples. The 
histogram shows the number m of Hg drops vs their diameter d 
measured in units of lo=430 A. 


liquid helium temperatures showed that the Knight 


shift AK, in normal Hg metal is 2.464-0.05°7; this is 
probably the largest Knight shift which has been 
observed in any metal. Parenthetically, it may be 
mentioned that mercury has a rhombohedral crystal 
structure.'® As a result there is an asymmetric part of 
the Knight shift'® which makes the nuclear resonance 
line in the normal metal at high fields asymmetri 
with a line width proportional to the field. However, 


at the low magnetic fields of interest in the present 


CS, Barrett, Acta Cryst 
1 N. Bloembergen and T. J 
731 (1953) 


(to be published) 
Rowland, Acta Metallurgica 1, 
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experiments, the line in the normal metal becomes 
nearly symmetric with a residual field-independent 
width (between points of maximum slope) of about 
3.2 kc/sec; this is appreciably larger than the width of 
0.28 ke/sec calculated from nuclear magnetic dipole- 
dipole interactions alone and is presumably due to 
electron-coupled nuclear exchange interaction." 

The actual Hg samples used in these experiments are 
similar in nature to some of those used in Shoenberg’s 
work.'* They were prepared by us by reducing a 
solution of HgNO; with hydrazine in the presence 
of a protecting colloid consisting of a solution of egg 
albumen hydrolyzed with NaOH. The albumen serves 
to coat the Hg particles when they are formed and thus 
to prevent their coalescence into bigger drops. Further, 
if the solution is finally acidified so as to bring it to the 
isoelectric point of the albumen, the latter coagulates 
and precipitates together with the embedded mercury 
droplets. This precipitates can then be filtered off and 
dried to provide a colloidal Hg sample of the required 
high density. Several chemical preparations are neces- 
sary to provide the amount of colloid desirable (about 
30 grams packed into a polystyrene sample container 
of 4-in. diameter and 1.5-in. length) for good signal-to- 
noise ratio in these low-field nuclear resonance experi- 
ments. Samples were stored at liquid nitrogen tempera- 
ture to prevent slow growth of the Hg droplets. 

Chemical analysis shows that these samples contain 
70 to 80% by weight of mercury. Examination of the 
suitably diluted colloid with the electron microscope 
allows one to observe the spherical mercury droplets 
and to investigate the distribution of their sizes (see 
Fig. 1). If 6=4.310°° cm, representative size distri- 
butions obtained by us indicate that about 55% of the 
Hg drops have diameter d<4/o, about 75% of them 
(representing roughly 5%, of the total mass of Hg) have 
d<lo, and about 95% (representing about 40% of the 
mass) have d<2ly. Measurements on macroscopic Hg 
samples yield for the penetration depth at temperature 
T=0°K the value \o=/o,!* though recent experiments!” 
on colloidal Hg drops lead to results more consistent 
with a penetration of the magnetic field in these 
particles nearly twice as large.”° 


(b) Cryogenics and Electronics 


An all-glass double Dewar contains the sample 
assembly and fits between the poles of the magnet. 
Temperatures between 4.20°K and 1.20°K are accessible 


17M. A. Ruderman and C. Kittel, Phys. Rev. 96, 99 (1954); 
N. Bloembergen and T. J. Rowland, Phys. Rev. 97, 1679 (1955). 

6 T am particularly indebted to Dr. D. Shoenberg and Dr. C.S 
Whitehead for information concerning the preparation of this 
colloid, I also wish to thank Mr. R. T. M. Haines of Crookes 
Laboratories Ltd. for correspondence on this subject 

 F. Laurman and D. Shoenberg, Proc. Roy. Soc. 
A198, 560 (1949) 

*Te., if these colloid experiments were to be interpreted in 
terms of an exponential decay of the field as predicted by the 
London equations, then the distance Ao within which the field 
falls to 1/e of its value should be about 8 10~° cm. 


(London) 





~ ie BU 
by pumping on the liquid helium bath. Mercury and oil 
manometers allow temperature measurement in terms 
terms of the vapor pressure of liquid helium. The Varian 
electromagnet is powered by a well-regulated current 
supply and has pole faces of 12-in. diameter and a 
useful gap 4{ in. wide. Suitable shims serve to make the 
field homogeneity over the rather large samples used 
in these experiments more than adequate. The wide 
gap is convenient since it provides ample working 
space for large samples and glass Dewars while still 
permitting one to reach fields of 7000 gauss, much 
higher than needed in the experiments. The radio- 
frequency spectrometer is of the Pound-Watkins type”! 
and is connected by a specially constructed coaxial 
cable to the rf coil inside the Dewar. The frequency 
of the spectrometer is varied by mechanically rotating 
a condenser while the static magnetic field is kept 
constant. This feature is of some importance in the 
present experiments since, if the field were varied in 
order to sweep through the resonance line, the super- 
conducting properties of the sample would simul- 
taneously be affected. A narrow-band detecting system 
is followed by a recording meter which, with the small 
sinusoidal magnetic field modulation used, plots the 
derivative of the nuclear resonance absorption line. 
10-ke harmonics derived from a frequency standard 
permit accurate frequency measurements to be made. 


(c) Nature of Experimental Results 


Experimental resonance lines are illustrated in R.® 
In a given magnetic field the larger particles in the 
sample find themselves in a field larger than critical. 
They remain, therefore, in the normal state and give 


rise to a “normal resonance line’ with the normal 
Knight shift K,, of metallic Hg. On the other hand, the 
smaller particles with the higher critical fields do 
become superconducting and give rise to a ‘ 
conducting resonance line” which is found experi 
mentally to occur at a lower frequency than the normal 
line. In general, then, both a normal and a super- 
conducting line appear on the recording meter at 
somewhat different frequencies. If the magnetic field, 
or the temperature, is lowered the proportion of super 
conducting particles increases and the normal line is 
correspondingly observed to decrease in intensity at 
the expense of the superconducting one. At sufficiently 


“super- 


low fields and temperatures only the superconducting 
line is observed. The superconducting line is found to be 
asymmetric, having a slowly decreasing tail on its 
low-frequency side and falling off more sharply on its 
high-frequency side.° 

There are also indications that the relaxation time 
T, is longer in the superconducting than in the norma] 
state.® In the following, however, our concern will be 
exclusively with the Knight shift A, in the super- 

27R. V. Pound and W. D 


(1950); G. D. Watkins, 
(unpublished). 


Knight, Rev. Sci 
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conducting state. It is clear that, in order to discuss 
this quantity and the experiments bearing on its 
temperature and field dependence, it is necessary to 
understand the superconducting resonance line shape 
and to analyze the various corrections necessary to 
extract information about A,. We now turn, therefore, 
to a somewhat lengthy discussion of the factors involved 
in the analysis of the experimental data. 


III. CONSIDERATIONS AFFECTING ANALYSIS 
OF THE DATA 


(a) Line Shape due to a Superconducting Sphere 


Consider a metal sphere of radius a placed in a 
uniform magnetic field Hy in the z direction, We neglect, 
for the time being, the microscopic sources of broadening 
(¢.2.. 
endow the nuclear resonance line with a finite width in 
the normal metal. Then, if the sphere is in the normal 
state, the nuclei in it give rise to a sharp resonance line 
at the vi(1+K,); gurntly 
(g=nuclear g factor and u,= nuclear magneton) is the 
frequency at which the resonance would occur in an 
insulator and, by Eq. (1), A, is the Knight shift in the 
normal metal. If the sphere is in the superconducting 


interactions between nuclei) of the kind which 


frequency vy here», 


state and its size is such that a), then the external 
field Hy penetrates essentially uniformly throughout 
the sphere and the nuclei in it again give rise to a sharp 
v(1+AK,); here K, 
is, by definition, the Knight shift in the superconducting 
state and may differ from A,. IH, however, a is more 


resonance line at the frequency »v, 


nearly comparable to A, the diamagnetic effects cause 
an incomplete penetration of the field so that the field 
(or magnetic induction) B varies from region to region 
in the sphere. Nuclei in different parts of the sphere 
then have different resonance frequencies and thus give 
rise to a resultant observed resonance line which has a 
finite width like to 
calculate. 


and a shape which we should 
If the phenomenological equations describing the 
behavior of a 


known, one can calculate the field B(r) acting on the 


electromagnetic superconductor are 
nuclei in an element of volume surrounding the point r. 
At the frequencies used in these experiments (10° 
cps) the rf field can also be considered quasi-static in 
computing its penetration into the superconductor.” 
Irrespective of the (not very well known) form of the 
equations describing the penetration of the magnetic 
field, one can profitably make a few general qualitative 
statements about the resonance line to be expected from 
the nuclei in the superconducting sphere. Since the 
sphere acts like a diamagnetic body and tends to expel 
magnetic flux from its inside, there is a shape effect 


which should cause B# to attain its maximum value Bo, 


2 Relaxation 
become important at frequencies less than 107 eps [see reference 
23; also A. B. Pippard, Proc. Roy. Soc. (London) A203, 215 
(1950) |. Note, incidentally, that all the particles in the sample 
are much smaller than the skin depth in the normal metal 


effects in superconductors do certainly not 
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somewhat greater than the external field Ho, at the 
equator of the sphere. (For perfect diamagnetism, or 
when a>, B,= 4H.) Similarly, since B tends to fall 
off in the interior of a superconductor, B should attain 
its minimum value B,; (<Ho) at the center of the sphere. 
(For a>,d, B,-»0.) Hence the resonance line should 
extend from a highest frequency v.>v, corresponding 
to nuclei at the equator io a lowest frequency v,<», 
corresponding to nuclei at the center of the sphere. 
Since, as a result of the limited field penetration, most 
nuclei in the sphere find themselves in fields less than 
Mo, the maximum of the resonance absorption line 
can also be expected to occur at a frequency vo< y,. 
In the limit a—0, one gets By, B;—>0 and hence 1, v4, vo 
all approach v, to give a resonance line of negligible 
width. On the other hand, if a is comparable to \, »; 
and vo should decrease and vy. should increase as a 
increases ; 1.e., one predicts that, as the sphere becomes 
larger, the resonance line becomes wider and the posi 
tion of its maximum shifts to lower frequency as 
compared to v,. Furthermore, since B anywhere inside 
the sphere can be expected to be proportional to Ho, 
the width of the resonance line should be proportional 
to the external field. 

It is instructive to calculate explicitly the resonance 
line shape to be expected if the London equations” are 
assumed to be valid. Then B inside the superconductor 
satisfies the equation V’7B—) *B=0. The solution of 
this equation for a sphere in a uniform field is well 
known.” In the case a), a condition which is satisfied 
by most of the drops in our samples and which simplifies 
the analysis considerably, this solution can be written 
in the form: 


B,= Col 14-45 (14+ sin’) (r/d)? |, 


B, fyCo sind cosé(r/d)?, 
where 


Co Hj 1 . ha” |, a’ a/x. 


Here B, is the component of B perpendicular to the 
z axis and pointing radially outward from it, while @ is 
the angle between r and the z axis. 

Nuclei in the volume element dv surrounding the 
point r have a resonance frequency v= gum(1+K,) 
<|B(r)| at which they contribute to the nuclear 
resonance power absorption an amount” @(r)~dov’B,” 
where B,'(r) is the component of the rf field B’(r) 
perpendicular to the static field B(r). In the case a), 
Eq. (2) shows, however, that v differs from y, and B’ 
from the applied rf field H’ only by terms of order 
(a/d)*. ‘Thus in first approximation @(r) can be taken 
as independent of r and as simply proportional to d2, 
i.e., to the number of nuclei lying in this element of 
volume. Also, since B, is of order yya’’B,, |B) ~B, and 

8. London, Superfluids (John Wiley and Sons, Inc., New 
York, 1950), Vol. 1 

™ Reference 23, p. 34 

% See, for example, Eq. (6) in Bloembergen, Purcell, and 
Pound, Phys. Rev. 73, 679 (1948). 
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B is always very nearly orthogonal to the rf field B’. 
Hence the problem of computing the line shape is 
reduced simply to ascertaining the volume of the 
sphere contained between two neighboring (ellipsoidal) 
contours 8,=constant. In symbols, the intensity 
I (v)dv of the resonance line lying in the range (v, v+dy) 
is then, neglecting terms of order (a/A)*, given by 


I( rdw fr sin@drd6, (5) 


where the integration is extended over the range of r 
and 6 for which 


v=gun(1+K,)B, (6) 


as given by Eq. (2), lies in the range (v, v+dyv). The 
integration over the infinitesimal range dr consistent 
with the restriction (6) is immediate, and Eq. (5) then 
becomes 


w/2 Op 1 
r sind —| | , (7) 
Or |g rer (0, ¥) 


I(vy)~ d6 


9min 


where, in choosing the upper limit of 6, we have made 
use of the fact that B,(6) = B,(4r—6). Equation (2) shows 
that /(v)=0 unless yp lies in the range v,(1—a’?/6) <p 
<v,(1+a"?/30). The lower limit 6,,j, is zero for v in the 
range v,(1—a"/6)<v<y,(1—a/15) when the contours 
B,= constant are closed surfaces lying entirely within 
the sphere. For values of vin the range v,(1—a’?/15) <p 
<v,(1+<a’’/30), only nuclei in the equatorial region of 
the sphere contribute and @,,i. is determined by Eqs. 
(6) and (2) with r put equal to a. The integrals (7) are 
readily evaluated and the result is most conveniently 
expressed in terms of the function f(x) defined by 


for O0< |x| <1 


f(x)=(1—|x|)4 


=Q otherwise. 


Equation (7) then yields, apart from irrelevant normal- 
izing constants, the line shape due to a single sphere: 


T(v) ~*a’ fL(30n +2a”)/3a’?)], ; 
(9 
n= (v—v,)/V%. 


This line shape is shown in Fig. 2 and exhibits all the 
features which our general qualitative discussion led us 
to expect. Note that the width of the line is propor- 
tional to a? while its peak intensity is proportional to a. 
The integrated intensity under the curve is thus 
properly proportional to a’, i.e., to the volume of the 
sphere. The rather slow dependence of peak intensity 
on radius is helpful since it implies that in the resonance 
experiments (unlike the situation encountered in 
measuring the total diamagnetic moments of colloidal 
samples’) the number of small drops present is much 
more important than their rather small contribution 
to the mass might indicate. 
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Fic. 2. The nuclear resonance line shape /(m) calculated for a 
superconducting spherical particle of radius a by means of the 
London equations. Here is the superconducting penetration 
depth and a’=a/X. v, is the frequency at which the resonance line 
would occur if there were complete penetration of the magnetic 
field (a/A—90). 1 (n) is shown plotted as a function of the dimension 


less frequency parameter 1 = (v—v,)/vs. 


(b) Line Shape due to a Distribution of Spheres 


If n(a) denotes the relative number of spheres in 
the sample with radii in the range (a, a+-da), then the 
intensity w(v) of the nuclear resonance due to all these 
particles is given by 


x 


(10) 


w(v) f I(v,a)n(a)da, 


where /(v,a) is the intensity due to a sphere of radius a. 
Using an experimentally determined size distribution 
and expression (9) for /(v,a) with an assumed value 
of A, one can compute the expected line shape w(y). 
The result is a curve of the type shown in Fig. 3 of R.® 
Since the position of the maximum of /(v,a) shifts to 
lower frequencies as a increases, w(v) has a long tail 
on its low-frequency side and a more sharply defined 
slope on its high-frequency side. This is the kind of 
asymmetry which is experimentally observed for the 
superconducting line. 

The experimental data present one with the problem 
of determining from the resultant nuclear resonance line 
w(v) the frequency v, which determines the Knight 
shift A, in the superconductor. Curves constructed like 
that of Fig. 3 in R® by using Eq. (9) and representative 
size distributions suggest strongly that, while the 
maximum of w(y) lies at a frequency less than », 
because of the limited field penetration, the point of 
minimum slope (i.e., maximum negative slope) of the 
curve w(v) occurs very nearly at the frequency »,. We 
should like to give a simple argument showing how this 
comes about. 

It is convenient to with the 
frequency parameter »=(v—v,)/v,; the frequency »v, 
0. Since our argument concerns 


work dimensionless 
then corresponds to 
the slope or derivative of w, we get by Eq. (10), denoting 
differentiation with respect to v(or n) by a prime, 

6 


w’(n) Jf ream (aaa. (11) 
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The essence of the argument becomes clearer by 
phrasing it in rather general terms transcending the 
special assumptions involved in the use of the London 
equations and in the approximations leading to the 
shape function of Eq. (9). Consider, therefore, the shape 
function /(n,a) due to a single sphere to have the 
following properties. /(,a@) vanishes outside the range 
m<n<ne and has its maximum at 7 no. We can 
represent it schematically by a triangle [ see Fig. 3(A) | 
s;(a)>0 for m<n<—n and 
n<mo.® The essential charac 
teristic of J is that, because of the finite field penetration, 


with slope 


-~so(a) <0 for nNo« 


slope 


each of the three parameters n, (k=0,1,2) is a positive 
monotonically increasing function of a; also m->0 as 
a—0 [see Fig. 3(B) |. Conversely, therefore, given a 
particular n,, a is determined; i.e., there is a functional 
relation a= y(n), where Fy is a monotonically in 
creasing function of its argument with /,(0)=0. Then 
Eq (11) becomes (the integration over a is indicated 
by the dashed lines in Fig. 3B): 


x 


w'(n) J sg(a)n(a)da, (12a) 
Fal) 


Fol) 
for <0: w'(n) J s;(a)n(a)da 
Fi(-) 


Z 


f so(a)n(a)da. (12b) 
Fo(-n 


0 


for n>O: 














hic. 3. (A) Schematic representation by a triangle of a general 
resonance line shape /(y) due to a single superconducting sphere 
n is the dimensionless frequency = (v (8) Behavior of 
the frequencies no, m1, n2, Shown in Fig. 3(A), as a function of the 
sphere radius a. (C) Derivative line shapes /'(y) obtained from 
I(n) of Fig. 3(A) for a small sphere (solid curve) and a larger 
sphere (dashed curve). Note that the two curves, when added, 
tend to give 4 minimum at 7»=0 


/ 
Ve) /We 


26 In the particular case of the shape /(v) obtained in Eq. (9) 
from the London equations this means approximating the shape 
of Fig. 2 by an isosceles triangle with slopes s,(a) = s,(a)~a ', 
i.¢., putting f(x) =1 r| in Eq. (8). 
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Both of these expressions yield, as they should, the 
same value w’(O) as n-»0. Since the integrands are all 
positive, (12a) shows that w’(0,)>w’(O) and (12b) 
shows similarly that w’(0_)>w’(0). Hence n=0 corre- 
sponds to the minimum on the derivative curve w’(n). 

This mathematical argument is more transparent 
when looked upon geometrically. Figure 3(C) indicates 
how derivative curves due to individual spheres are 
superposed to yield w’(n). The frequency »=0 is 
distinguished by the fact that there all drops, no matter 
how small, contribute to the intensity w. One sees that, 
for »>O, the smaller drops no longer contribute to 
w'(n) so that w’(m) increases. On the other hand, for 
n<0, the smaller drops begin to contribute to w’(n) 
with opposite sign so that w’(n) again increases. Hence 
n=O determines the minimum of w’(n).”7 

Hence curves like that in Fig. 3 of R® and also these 
more general arguments both suggest a “minimum slope 
criterion”; this states that the frequency at which the 
derivative w’(v) of the superconducting line has its 
minimum corresponds to the frequency v, of interest. 
Since experimentally we measure directly the derivative 
of the resonance line, this criterion is also very con 
venient to apply. The criterion ought to be particularly 
well applicable to particles with a<4\ for which our 
discussion on the basis of the London equations leads 
one to expect, by Eq. (9), fractional line widths due to 
incomplete field penetration of less than 5%. The 
experimental size distributions indicate that in our 
samples about 75°) or more of the number of drops 
of Sec. IIc) have radii 
a<4v.** At higher fields or temperatures, where only 
the smaller drops are superconducting and where the 
penetration depth A is larger, this statement about the 
superconducting particles ought to be true a fortiori, 
The larger drops, on the other hand, will give rise to 
rather widely smeared out resonance lines the contri 
bution of which is unlikely to affect appreciably the 


(see comments at the end 


position of the fairly sharply defined point of minimum 
slope of the line due to the many smaller drops. Finally, 
the considerable degree of generality of the properties 
of /(v,a) assumed in our discussion of the minimum 
slope criterion suggests that this criterion may well 
be valid even if the London equations do not describe 
adequately the penetration of the magnetic field and 
even if the drops have radii of the order of X. 


7 In the general case the sides of the line /(n,a) are not straight 
as in the triangle approximation of Fig. 3(A), but are curved 
[ so that s; and sy become functions of n in Eqs. (12) ]. It is unlikely 
that these curvatures will cause the minimum slope of w to occur 
at a frequency differing appreciably from »=0. Exceptions might 
occur if the magnitude of the slope of /(y,a) for the particles 
contributing most to the intensity is very significantly larger for 
n>0 than for 7 <0. For example, if instead of using a triangle, one 
approximates the line by a trapezoid with slope s,(a) for 

m<n<—mo, zero slope for —nio<n<—n2, and slope —s2(a) 
for —ne<n<mn, then »=0 still corresponds to the minimum 
slope of w provided that n»>0 

#*#QOn the basis of the evidence mentioned in footnote 20, the 
number of drops with a <4 may be closer to 90%, 
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(c) Corrections for Microscopic Broadening 


Up to now we have neglected the fact that microscopic 
interactions similar to those present in the normal 
metal give the resonance line in the superconductor 
a shape g(v—v,) with a finite width 20 (measured 
between points of maximum and minimum. slope) 
even in a case where there would be complete pene- 
tration of the field Ho in the superconductor. If this 
microscopic broadening is taken into account, the 
resonance line shape due to all the drops becomes 


W(v) f rou f g(v—vo)I(v,a)dvo 


s 


f gly - vo) w(vo)d V9. 


x 


(13) 


W(v) corresponds to the experimentally observed line, 
while the minimum slope criterion applies only to 
w(v). If, as is the case at low temperatures and fields, 
the width of w(v) is large compared to 20, then W does 
not differ appreciably from w and the point of minimum 
slope of W will correspond very nearly to »,. In the 
other limit, when 20 is much larger than the width of 
w due to the limited field penetration, it is physically 
clear that it is the maximum of W(v) which will occur 
close to the frequency v,. In the general case, v, will lie 
somewhere between the frequencies where the experi- 
mentally observed derivative W’(v) vanishes and where 
it has its minimum. If, however, g is known one can, in 
principle, deduce w'(v) from the measured derivative 
curve W’(v) and the minimum slope criterion can then 
be applied to w’(v) to yield the frequency »,. 

‘The mathematical procedure is as follows. By (13) 
one obtains for the derivative curve of interest 


W'(v) f [ dg(v— v9)/dv |w(vo)dvo 


L 


f g\ Vv vo) w’ ( vo)dvo, ( 14) 


where the last integral follows from the first as a result 
of integration by parts. One now can take Fourier 
transforms of all the functions. We denote the Fourier 
transform of g(x) by g(k) and use similar notation for 
the transforms of the other functions; thus 


an 


g(x) { g(kje**dk, 


x 


g(k) = (2r) f g(x)e~**dx, (15) 


The faliung theorem for Fourier transforms” applied to 


2# See, for example, P. M. Morse and H. Feshbach, Methods of 
Theoretical Physics (John Wiley and Sons, Inc., New York, 1953), 
p. 464. 
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(14) then yields immediately the algebraic equation 


W’ (k) = 2g (hk) w’ (k) (16) 


and w’(v) can then be obtained from w’(k) by taking 
the Fourier transform of the latter. If g is approximated 
by a Gaussian shape, then 

(2a?) 4 exp(—x?/20”), 


g(k) 


g(x) 
(17) 


(24)! exp(—4o7k*), 


and one gets simply 


w’ (v) f W’(k) exp(jo°k?+-ikv)dk. (18) 


In practice we are only interested in the case when 
microscopic broadening constitutes a relatively minor 
correction, i.e., when 20 is small compared to the 
observed width of W (vy). Approximations are then 
possible which allow one to exploit the Fourier trans 
form procedure outlined above in a simple way (see 
appendix). For the width 20 of g we have used the 
width of the resonance line in the normal metal.” In 
estimating the frequency v, the microscopic broadening 
corrections are in our experiments essentially negligible 
at 1.2°K and become of some importance only at higher 
temperatures where the line is 
narrower. 


superconducting 


(d) Bulk Diamagnetic Moment of Sample 


The field 7) in which a given drop in the sample finds 
itself is not quite equal to the externally applied field 
H, since the sample as a whole is slightly diamagnetic 
if some of the drops are superconducting. If the field 
and temperature are such that an appreciable fraction 
of the drops remain normal so that both a normal and a 
superconducting line are observed under the same 
conditions, the superconducting Knight shift A, can be 
directly compared with the normal shift A, since it is 
reasonable to assume that //y is the same at the position 
of a normal or superconducting drop. In other cases it 
may be of interest to estimate the correction needed 
to relate Hy) to H,. If the sample is looked upon as a 
diamagnetic medium with bulk diamagnetic moment 
per unit volume M (M<0O), 
made. One has 


the correction is readily 


Ho=H,.—2xM+4nM, (19) 
where the first term in M represents the demagnetizing 
correction for the sample regarded as a long cylinder 


perpendicular to H, and where the second term in M 


” Tt should be pointed out, however, that, since the width of the 
normal line appears to be due predominantly to electron-coupled 
nuclear exchange interaction, it is hard to estimate the validity 
of the assumption that the microscopic broadening in the normal 
and superconducting states is the same. In view of this un 
certainty and the fact that the microscopic broadening is itself 
only a correction, the assumption of a Gaussian shape for g ought 
to be quiet adequate. 
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represents the Lorentz local field correction.*' Hence 


(Ho—H.)/H,. §m(M/H,). (20) 


The question of determining M as a function of H, 
(.e., the magnetization curve of the colloid) is interest 
ing in its own right since it represents precisely the 
type of experiment carried out by Shoenberg ef al.®!° 
to study the superconducting penetration depth and 
since it also provides an independent indication of the 
particle size distribution in the colloid. It is therefore 
useful to point out that the nuclear resonance equip 
ment is capable of measuring simultaneously, and 
without any modifications, the magnetization curve of 
the colloid sample. It is only necessary to measure the 
change in the frequency of the rf oscillator as a function 
of the external field H/,. 

To make these remarks more precise, we recall that 
the rf coil surrounding the sample produces a rf field 
H, along its axis in the x direction which is perpen 
dicular to the external field 7, in the z direction. The 
inductance L of the coil, together with an external 
capacitor C, determine the oscillator frequency 


v=[2n(LO)} 4. (21) 


At high fields all of the sample is in the normal state 
The inductance / then has a certain value Lo and the 
But in lower 
magnetic fields, where the sample is partially super 


corresponding oscillator frequency is v, 


conducting, the rf field 7, gives rise to a component 
M, of the colloid diamagnetic moment. As a result the 
the Lo(1+4arfy,), 
M ,/H, is an effective diamagnetic suscepti 


inductance of coil becomes L 
where x, 
bility and where [is the fraction of coil volume occ upied 
by the colloid. The 


is v(H7,) and, using (21) and y,<1, 


| v(H,) 


corresponding oscillator frequency 
is related to Vy by 


Veo |/ Vex 2rfx2>. (22) 


Now the magnetic moment M(H) in any field H points 
this that M(H)= M(IDH/I, where 
M(H) is the magnetization curve relating the magni 
tude of M to that of 7. The rf field can be regarded as 
quasi-static” and H,<<H,. Hence, in the presence of 
the rf field, H=H,+H, and W=(//24+-H)) He: 


thus the vector M is simply rotated without change of 


along field so 


magnitude through the small angle /,///, with respect 
to its original direction along H,. As a result there arises 
an x component of M given by M,=M(H)H,/H,, 
so that 

X= M,/H, 


M(H,)/H, (23) 


Combination of this relation with Eq. (22) shows 


immediately how knowledge of the external field H, 
together with the oscillator frequency shift [v(//,)—v,, | 
permits one to find M(//,) and thence also to compute 
(20) and (22) yield 


the correction (20). Indeed, qs 


similar to those en 


work 


* The corrections made in Eq. (19) are 
countered in high-resolution nuclear magnetic 
See reference 1, p. 78 


resonance 








hic. 4. Dashed curve: variation of oscillator frequency v as a 
function of the external field 7, at 1.20°K. As H, becomes very 
large, the superconducting properties of the colloid are destroyed 
and vy reaches a limiting value v,. The actual ordinate for this 
curve is the dimensionless oscillator frequency A’ (v—v.)/v.. 
Solid curves: magnetization curves showing the magnetic moment 
per unit volume of a colloid sample vs external field H, at two 
different temperatures. These curves were obtained by measuring 
the change of oscillator frequency as a function of H/, 


the simple relation 


(Ho—H,)/H.= hf To) (24) 


|e 


Figure 4 shows how the oscillator frequency changes 
as a function of field in one of our samples at 1.20°K. 
(No such frequency shift of the oscillator is, of course, 
observed at 4.2°K which is above the transition tem 
perature.) Also shown are magnetization curves ob 
tained by this method at two different temperatures. 
‘These curves are similar to those studied by Shoenberg.® 
If the proportion of small particles in the sample is 
larger, the maximum of the magnetization curve should 
shift to higher fields. Indeed we observed this for a 
different sample which had a slightly better size distri 
bution and which showed, at a given field and tempera- 
ture, a somewhat smaller relative intensity of normal 
to superconducting resonance lines, The maximum 
oscillator frequency change in going from large fields 
to zero field is of the order of 0.39%). Frequency changes 
of one part in 10° are readily measurable. The maximum 
field correction (20) in our experiments amounts to 
about 0.06% which is quite small compared to the 
Knight shift.” 


IV. EXPERIMENTAL RESULTS 


After this lengthy discussion dealing with the 
analysis of the data the experimental results can now 
be summarized rather briefly. Some representative 
observed resonance lines are illustrated in R.° Experi 
ments were performed at our lowest attainable tem 
perature of 1.20°K over a range of magnetic fields 
such as 750, 970, 1530, and 2300 gauss. The observed 


superconducting line has the expected asymmetry 
and a width proportional to the field; i.e., its fractional 


#11 is possible that the inhomogeneous nature of the sample 
may give rise to slightly different fields 179 acting on different 
drops. This could lead to an additional resonance line broadening 
which, however, should not exceed in relative magnitude the field 
correction (20) and should thus be negligible compared to the 
microscopic broadening effects. 
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width (measured between points of maximum and 
minimum slope) is field independent and amounts to 
about 1.6%. This behavior of the width is as expected 
since the discussion in Secs. IIIa and IIIb involves 
only the fractional frequency y. The observed width is 
also of the anticipated order of magnitude; e.g., the 
calculated Fig. 3 of R® leads to a width of 2%. Applying 
the minimum slope criterion and some of the other 
minor corrections, the Knight shift A, in the super- 
conducting state can be deduced from these data. One 
finds that, at 1.20°K, the results in this range of fields 
(750 to 2300 gauss) are all consistent with a value 


K,= (1.640.1)%; (25) 
i.e., as compared with the Knight shift K,, in the normal 
state, K,/K,=0.65. 

It would thus appear that, at least in this range 
of fields, K, is independent of magnetic field just as 
is the case of the Knight shift in a normal metal. This 
is, of course, the behavior which one should expect, by 
Eq. (1), if the net spin paramegnetic moment SM of the 
conduction electrons is proportional to the applied field 
which gives rise to it. It should be pointed out, however, 
that near the upper end of this range of fields the super- 
conducting line has become much less intense than the 
normal one and, since the two lines overlap slightly, 
reliable measurements on the superconducting line 
become increasingly difficult. It does not, therefore, 
seem possible to extend our measurements profitably 
to higher fields with our present samples. This is 
unfortunate in view of the recent result of Knight 
el al.™ who, using a Hg colloid which presumably 
contains a larger proportion of very small particles 
than our samples do, find in experiments in fields of 
the order of 5000 gauss a Knight shift K,< 0.5%. Their 
method of analysis of the data appears to be essentially 
the same as ours so that, if one excludes the possibility 
of major systematic errors in either our own experi- 
ments or theirs, this decrease of K, in high fields might 
be a real effect. It should be mentioned, in this connec- 
tion, that for 17=5000 gauss the interaction energy 
uH of the electron magnetic moment pw with the mag- 
netic field begins to become more nearly comparable 
with the characteristic energy kT, of the superconduct- 
ing interaction (wH/kT.=8°%) and it is perhaps 
conceivable that peculiar effects might then set in. 
At the present time, however, the experimental situation 
on this point is very much in need of clarification. 

We turn next to the experimental evidence on the 
temperature dependence of the Knight shift in the 
superconducting state. (It should be recalled that in a 
normal meta! the Knight shift is, like the Pauli spin 
paramagnetism,‘ essentially temperature-independent.* 
Experimental results as a function of temperature in a 
fixed field of 967 gauss are shown in Fig. 5. Each 
experimental curve is, as is indicated in Fig. 6, a 


*% Knight, Androis, and Hammond, Phys. Rev. 104, 852 (1956). 
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superposition of a normal line due to the particles 
large enough still to be norma] at the particular tem- 
perature and of a superconducting line due to the rest 
of the particles. Though it is qualitatively apparent 
that the superconducting line shifts to lower frequency 
as the temperature is decreased, it is rather more 
difficult to obtain quantitative information about the 
behavior of the Knight shift from these data. From 
each experimental curve it is first necessary to subtract 
off the normal line whose shape and position in 
frequency are well known but whose amplitude (propor- 
tional to the number of normal! drops in the sample) is 
not known. Hence this subtraction procedure, illus 
trated in Fig. 6, can be carried out only within certain 
limits of possible ambiguity and becomes the less 
reliable the larger the normal line, i.e., the higher the 
temperature. After this subtraction, one is left with the 
superconducting line from which the Knight shift K, 
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Fic. 5. Observed derivative plots of the nuclear resonance 
absorption line at different temperatures in a field of 967 gauss. 
The top curve at 4.20°K, above the transition temperature 7,, 
is simply the normal line; the bottom curve at 1.20°K is almost 
entirely due to superconducting particles. v, and » indicate 
respectively the frequencies at which the Hg line should occur 
in normal Hg metal and in an insulator containing Hg. The 
ordinate for each curve (scale indicated on the left) is the product 
of intensity and temperature, a quantity which remains constant 
for a resonance line if its shape and width do not change. The 
little wiggle showing up in some of these plots near the frequency 
v; is presumably due to a small quantity of Hg salt present in the 
sample. 
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Fic. 6. Illustration showing how any plot in Fig. 5 (one of 
which is here reproduced at the top of the figure) can be de 
composed into: (1) a normal line due to large drops which occurs 
at the frequency v, and has the shape of the normal line at 4.2°K 
(bottom), and (2) a remaining superconducting line (middle) 


can be deduced, as usual, by means of the minimum 
slope criterion. Increasing difficulty is, however, again 
encountered at the higher temperatures where the 
superconducting line becomes narrower so that the 
necessary microscopic broadening corrections of Sec. 


Ik 


Figure 7 shows the behavior of A, as a function of tem 


become increasingly important and uncertain. 


perature as obtained from these data. The foregoing 
comments should make it apparent that no excessive 
quantitative significance ought to be ascribed to the 
points of this plot, especially near the high temperature 
end. One can expect, however, that at least the general 
trend of the temperature dependence of the Knight 
should be correctly indicated by the curve of Fig. 7. 


V. COMMENTS ON INTERPRETATION 


In view of the lack of any satisfactory theoretical 
framework describing the superconducting state, any 
attempt at interpretation of the experimental results 
must be somewhat speculative in nature. A few minor 
comments might, however, not be out of place. 

Since the energy involved in the superconducting 
transition is small, it is unlikely that the value y(O) 
of the wave function of a conduction electron at the 
position of a nucleus is apprec iably affected when the 
Hence, by hq (1), 
we are led to attribute most of the change in the Knight 


metal becomes superconducting. 


shift AK to a change in the spin paramagnetism of the 
conduction electrons. Since reliable micros¢ Opl models 
for the superconducting state are lacking, it is helpful 
to consider the problem of calculating the electron 
paramagnetism of a metal (whether normal or super 
conducting) from a general. quasi-thermodynamic point 
of view. Let N be the total 
electrons, Ny = 4N-+ p of which have their spin pointing 
up and N_=4N—p of which have their spin pointing 
down. Consider the situation when any effects connected 


number of conduction 


with the electron spin magnetic can be 
neglected, i.e. w=O. Then it 


state of the system is one where N,= No 


moment jy 
the stable 
l . 
aN, 1. ’ 


is clear that 
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hic. 7. Knight shift K as a function of temperature derived 
from measurements in a field of 967 gauss. In the normal state, 
above 7,=4.15°K, the Knight shift can be taken as temperature 
independent at its value A, measured at 4.20°K. In the super 
conducting state the values K, derived from experiment (open 
circles) become increasingly less reliable as 7-+7,. The triangles 
denote points computed from the interpolation formula A,(7) 
=K,(0)(1—cT*)"', where K,(O) is the value of K, as T->0 and « 
is chosen so that K,(7)=K, at T=T, 


p=0. Nevertheless one can meaningfully ask for the 
free energy I'(p,H) of the metal in a given field H/ for 
any number p of reversed spins, p being considered 
as an assumed parameter. Given any specific model 
of the metal (normal or superconducting), P(p,H) can 
in the case under consideration (u=0) be calculated 
by a slight extension of the ordinary, computation 
yielding the free energy F(0,1). A knowledge of F 
for small values of p (p<4N) is quite sufficient for 
our purposes since the paramagnetism of ultimate 
interest to us is known to be small. Any possible 
dependence of F on / in this case can arise only through 
diamagnetic effects connected with the electron orbital 
motion; its dependence on p, since there is no direct 
dynamic interaction of the spin for 7=0, can arise only 
through the kinematic consequences of the exclusion 
principle. Once F(p,f) is known, one can compute 
the spin paramagnetism in the case of nonvanishing 
uw if (as is customarily done in computing this quantity 
for a normal metal) one effectively neglects electron 
spin-orbit and spin-spin interactions. The energy due 
to the interaction of the magnetic moment yu is then 
purely additive, so that one gets for the total free energy 

I= F (pM) — 2pyll. (26) 
Minimizing this expression with respect to p, Le., 
setting df’ /dp=90, yields the equilibrium value p= p(/) 
in the presence of the field /7. ‘The electron spin para 
magnetic moment is then given by I= 2py. Also, by 
Kg. (1), it follows that the Knight shift is charac- 
terized by the proportionality 

K ~p(H) H; (dF Op)5=0. 

We now proceed to apply these general considerations 
to the Knight shift A, at absolute zero and at finite 
temperatures. 


(a) Knight Shift K, at Absolute Zero 


Denoting the ground state energy of the super- 
conducting metal by EZ, and that of the normal metal 
be £,, one can write 


E,=E,—E., (28) 


where E.>0 is the “condensation energy” representing 
the effective interaction between electrons and_re- 
sponsible for making the superconducting state the 
one at T=O0°K. Disregarding entirely the 
existence of the electron spin magnetic moment yu, one 
may inquire how £, would change if a small number p 
of electron spins were reversed so as to cause a departure 
from the usual situation N,=N_=3.V. For a normal 
metal, i.c., for £,, this question is readily answered 
since the one-electron approximation is then quite 
satisfactory. One has simply £,= £,+&_, where Ey is 
the energy of the Ny=4N+ electrons with spin up 
and £_ is the energy of the VN.=4N—p electrons with 
spin down. Expanding /, in a Taylor series in p about 
N,=4N, one gets Ey (p)= E,(0)+erpt+ hor 'p’, where 
pr is the density of one-electron translational states 
evaluated at the Fermi energy er. Combining this with 
a similar expression for E 


stable 


one obtains 


E,(p) E,(0)4 Qnf+°:*, Aa=@pr™. (29) 


Similarly for a superconducting metal the energy E, 
must be, in our case when w=0, an even function of p 
since it should be immaterial] whether the number p of 
reversed spins points up or down. We shall assume that, 


for small p, &, can also be expanded in a power series: 


.e., 


E,(p)=E,(0)+a.p"+ (30) 


Equation (26) then gives for the total energy £E,’ 
if wu xO: 
Ey’ (p) (31) 


i,(O)4 ap 2pull. 


Minimizing this with respect to p, one obtains 


p=pl /a,. (32) 


In the limiting case of a normal metal, a,=a, and Eq. 
(32) reduces simply to /H= 2py= 2yu*pr, the ordinary 
Pauli spin paramagnetic susceptibility. Equation (27) 
then yields for the Knight shift A, the relation 


K,=K,(a,/a,). (33) 


The experimental evidence shows that the Knight 
shift is less in the superconducting than in the normal 
state so that a,>a,. Equations (28) through (30) then 
imply that the condensation energy E, has an expansion 
of the form 


E.(p) E,(O) —aep’-+ 29s) Ac=a,—An> 0. (34) 


It should be pointed out that, though the interaction 
energy E, between conduction electrons in the super- 
conducting state involves most probably only lattice 
vibrations and the translational degrees of freedom of 





SLUDY OF 
the electrons, it can nevertheless markedly affect the 
electron spin paramagnetism indirectly through the 
Pauli exclusion principle.** Equation (34) shows that, 
in the absence of effects involving the spin magnetic 
moment yw, £, is a maximum for the equilibrium case 
N,=N_. This situation is one which would ensue if 
the interactions responsible for superconductivity were 
particularly effective between electrons in_ similar 
translational states, e.g., between electrons within the 
same shell in k space. For then, if some of the electron 
spins are reversed so that V,#\_, the Pauli exclusion 
principle will demand that these electrons be put into 
different translational there are fewer 
electrons to interact with, and hence the total inter 
action energy E, will decrease. It is apparent that if the 
interaction £, thus favors keeping as many electrons as 
possible pointing up as are pointing down, the electronic 


states where 


paramagnetism, and thus the Knight shift, will be 
reduced as compared to what it would be in the absence 
of E.. 

Using the value (25) for K,, Eq. (33) gives a,/an= 1.5. 
The value of pr, and hence that of a, can be roughly 
estimated from data on the electronic specific heat of 
normal Hg*® (pr=1.310"% erg"! cm’). It can be 
verified that, in Eq. (34), a-p*<<,(0) for all fields H of 
interest, as it should be for this expansion to be valid. 
[One has £,(0)=H, /8m per unit volume, where //, is 
the critical field of the bulk metal at 7=0°K.] In 
addition, to the extent that the data give evidence for a 
field independent Knight shift, they verify that the 
correction term in Eq. (34) [or Eq. (30) | is quadratic 
in p with a constant @ independent of H. If the next 
higher correction term —{p* were to become important 
in Eq. (34) it would lead, for 6>0, to a saturation of 
the electronic paramagnetism, and consequent reduc 
tion of the Knight shift, in sufficiently high magnetic 
fields. It is uncertain whether this comment is pertinent 
to the small value of A, observed by Knight ef al. 
IV). 


(see Sec. 


(b) Generalization to Finite Temperatures 


One can attempt to generalize these comments to 
finite temperatures by means of the two-fluid model of 
superconductivity.*® In the usual case where V,=N\_, 
the free energy of the normal metal is given by 

Fr=En—}yol™, Yo (35) 


2 2 2 
40 k PF. 


Introducing an order parameter w such that wl for 


% The manner in which such purely orbital effects can influence 
the electronic spin paramagnetism is quite similar to the way in 
which correlation and exchange effects between electrons lead to 
corrections to the electron spin paramagnetism in a normal metal 
See D. Pines in Solid State Physics (Academic Press, Inc., New 
York, 1955), Vol. 1, p. 416. Incidentally these corrections for the 
normal metal can be considered included in a, without affecting 
the discussion 

36) Maxwell and O. S. Lutes, National Bureau of Standards 
Report NBS-3146, February, 1954 (unpublished) 

36 P.M. Marcus and E. Maxwell, Phys. Rev. 91, 1035 (1953) 
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T—0 and w—0 for TT, when F,= F,, one then writes 


the free energy of the superconductor in the form 
I s Ba Ew 
Here K(1)=0 and K(O0) 


properly in the limiting cases to Eqs. (35) and (28) 
The specific form of K(w) is chosen so as to achieve the 


Syo1?K (w). (36) 


1 so that Eq. (36) reduces 


best agreement with the heat capacity and critical 
field data and characterizes the particular kind of 
two-fluid model which is used. 

We now generalize to the situation when p is con 
sidered a fixed parameter, p #0. The free energy of the 
normal metal is readily computed in terms of the density 
of states p and its derivatives evaluated at the Fermi 
energy er. One obtains 


I .(p) 


E,(p)—4 (vot rip?)T?, (37) 
where 


1 tak’ pp '(d? Inp/dé) p. (38) 


Equation (28), where all energies are functions of p, is 
valid at 7=O°K. The two-fluid model then suggests 
as a generalization of Eq. (36) to the case p#0 the 
expression 


F,(p)=E,(p) 


The condition or, Ow 


E.(p)w—4 (vot vip”) T?K (w) (39) 


Q determines the equilibrium 
value w of w. Here w is a function of p and can be written 
wot wip’, where wo is the value of o for 
the usual case p=0. Substituting Eqs. (29) and (34) in 
Ky. (39), one finds that 


in the form 


F ,(p) = F (0) +[antacco— yyiT?* (ao) |p’, (40) 
where the terms in a; have canceled. If one now takes 
into account the existence of the magnetic moment yh, 


Kqs. (26) and (27) yield 


K,=K,(1+pra-ay)'. (41) 
Here we have omitted the term in y; since y;77/a, is 
negligibly small of order (k7'/e”)*; it is this term which 
gives rise to the negligible temperature dependence of 
the Pauli paramagnetism in a normal metal. Equation 


(41) becomes, of course, identical with Eq. (33) for 


Wi 1. 
If one uses the simple Casimir-Gorter form [K(w) 


(1—w)!| of the two-fluid model,** one has*? ay=1—¢ 


where (= 7/7. Equation (41) then suggests that 


K,(T)=K,(0)(1-—cT‘)“, (42) 


with the constant ¢ chosen so that A,(7.) = A,, should 
be a suitable interpolation formula representing the 


temperature dependence of the Knight shift in the 


47 Simple thermodynamic arguments applied to a small particle 
Le g., see A. B. Pippard, Phil. Mag. 43, 273 (1952) | lead to 
w = 1—gt*, where q is a function of H and of the penetration depth 
Agat 7 =0°K, but Eq. (42) is unaffected by this. Since the critical 
field curve of Hg is quite accurately parabolic, the Casimir 
Gorter model ought to describe its thermodynamic properties 
particularly well 
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superconducting state. Points calculated by Eq. (42) 
are shown indicated in Fig. 7. Remembering the 
experimental uncertainties inherent in the experimental 
points of this figure, it is seen that the points obtained 
from Eq. (42) are not inconsistent with the general 
trend of the experimental results. 


VI. CONCLUDING REMARKS 


It would be desirable to perform these nuclear 
resonance experiments on superconducting particles of 
smaller size. This would facilitate the measurements 
and interpretation by reducing the width of the super 
conducting line; it would also allow one to extend these 
measurements to higher magnetic fields and thus to 
check the question of any possible field dependence of 
the Knight shift. Experiments on different metals, 
e.g., Pb, would also be worth while since they would 
show to what extent the results obtained are charac 
teristic of all superconductors. The preparation of 
colloidal samples with sufficiently good size distri- 
butions constitutes, of course, the major difficulty in 
such experiments. The use of multiple thin films may, 
as suggested by Knight,” represent an alternative 
possibility of obtaining suitable samples for these 
nuclear resonance studies. If the films are all of uniform 
thickness, study of the resonance line shape might also 
yield information about the law governing the pene- 
tration of the magnetic field into the superconductor. 
On the theoretical side, it would be valuable to try to 
make some at least qualitative statements about the 
electrons spin paramagnetism [or £,(p)| from the 
point of view of proposed microscopic models of super 
conductivity. Finally, though some preliminary experi- 
ments bearing on the nuclear relaxation time 7); in the 
superconducting state were made in R,® systematic 
studies of this quantity have yet to be carried out and 
should be of considerable interest. 
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-APPENDIX 


We want to estimate approximately, using the 
general discussion of Sec. IIIc, the correction due to 
microscopic broadening in the case that the latter is 
small, i.e., when 2¢ is smal] compared to the width of 
W(v). For any frequency vo the value of w(vo) is 
determined by the behavior of W(v) in a range of order 
\v—vo\ S20 while the behavior of W(v) far away from 
vo is of no consequence. Since 2a is relatively small, one 
can approximate W(y) in the range of interest by a 
Taylor series 

2 
W'v)=> 


mA) 


(1/m!)W'™ (v9)(v—vo)™,  (A-1) 


where 


W'™) = d™W' /dv™. 


One can write the Fourier transform of W’(v) in the 
form 


W'(k) =e >, 
and Eq. (18) then yields 


dm (1/m!)W! 2” (v9) (— 40?)™. 


(i™/m!)W'™ (vo) (d/dk)™5(k), (A-2) 


(A-3) 


/ 
Ww (Vo) 


In particular, one can approximate the observed 
derivative curve W’(v) near the frequency » of its 
minimum by 


5 


> a,x", «=y-yn, 


n—2 


W'(v) —W’(»,) (A-4) 


where the four coefficients a, can be obtained, for 
example, by fitting this polynomial to W’(v) for 
x=+o0, +20. Using (A-4) in (A-3) and setting the 
derivative of the resulting expression to zero yields the 
approximate equation 


6a40")x 
+ 3 (dg - 10da50° x? == () 


3a°( ay + 5as0°) + 2(a2 


(A-5) 


the solution of which determines the value x for which 
w’(v) has its minimum, i.e., the desired frequency »,. 
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Precipitation of Cu in Ge 


A. G. TWEET 
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The kinetics of precipitation of Cu from supersaturated solid solution in Ge have been studied as a function 
of temperature and dislocation density in the samples. The results can be expressed as an exponential decay 
with time of the unprecipitated fraction of Cu. We find that for a given dislocation density the time constant 
for the precipitation has a different temperature-dependence at high temperatures from its temperature 
dependence at lower temperatures, and that the temperature of the break in the curve is a function of 
dislocation density. It is proposed that the high-temperature precipitation is limited by the diffusion of Cu to 
dislocations by the dissociative mechanism described by Frank and Turnbull. At lower temperatures the 
rate-limiting step is believed to be the actual process of dissociation of a substitutional Cu into a vacancy and 
an interstitial Cu atom, The measurements permit an estimate of the vacancy concentration in Ge at 
~715°C 


I. INTRODUCTION of 3 10"/em* and 10!/cem*, respectively. Initial ac 
ceptor concentration in these samples was ~ 10!®/cmé 


OGAN! has shown that the rate of precipitation of — | : sails 
Phe data fall quite well on a curve whose equation is 


Cu from supersaturated solid solution in Ge is 
greatly accelerated at 500°C if the Ge has been de- ae lt, (1) 
formed plastically. This paper presents a more complete 
and quantitative picture of the process, together with a 
proposed mechanism to explain the results. 


where N,(t) is the number of acceptors due to Cu 
present after precipitation time ¢. Na; is the acceptor 
concentration before precipitation, 7, is ~ 50 minutes 


II. EXPERIMENTAL 


Bars of p-type Ge, 1 mm X3 mm X2 cm, with initial 
hole concentrations of ~ 10'*/cm*, were twisted various oO P-430-3 
amounts about (110) axes? and then twisted back flat, in O P-43C-4 
order to facilitate electrical measurement. The deforma 4 P-43C-7 
tion was performed in an atmosphere of Ny at ~ 520°C. No, » 10cm 
A Cu(NOs)2 solution was applied and the samples were 
heated in H, to temperatures from 700°C to 850°C for 
periods of one hour and more to produce a solid solution 
of electrically active Cu. The samples were cooled in a 
few seconds to room temperature. After grinding and 
etching, carrier concentration was measured by the Hall 
effect, at a field strength of ~ 1600 gauss. The samples 
were reheated for various lengths of time, at tempera 
tures below those used to dissolve the Cu, in order to 
precipitate a fraction of the Cu acceptors. Carrier 
density was again measured and this procedure con 
tinued until the acceptor concentration was between 1% 
and 10% of its original value. Typical data for several 
samples which were twisted +90° are shown in Fig. 1. 
The ordinate represents the percentage of N qi, the initial 
number of electrically active (unprecipitated) acceptors, 
remaining after precipitation at 450°C; the time of 
precipitation, /, is the abscissa. If one assumes a single 
acceptor per Cu atom, this figure represents the per 
centage of unprecipitated Cu atoms. Cu introduces ac 
ceptor levels into Ge at 0.04 ev and 0.33 ev from the 
valence band and at 0.26 ev from the conduction band.* 
Neglect of the upper Cu acceptor levels results in errors 
in concentration of 30° and 15° at Cu concentration —— 
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Time-dependence of the precipitation of Cu from 

supersaturated solid solution in heavily deformed (dislocation 
1R. A. Logan, Phys. Rev. 100, 615 (1955 density ~107/cm?) Ge at 450°C. Ordinate is percent Nai, the 
? Sample twisted about (111) axes behaved in the same way initial number of acceptors due to Cu. Abscissa is time of precipita 
4H. H. Woodbury and W. W. Tyler, Phys. Rev. 105, 84 (1957), tion. Initial Cu concentration was ~10!*/em*, 
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ric. 2. Time-dependence of the precipitation of Cu in Ge with 
dislocation density ~10'/cm? at 450°C. Ordinate is percent Nai; 


abscissa is time of precipitation. Initial Cu concentration 


10'*/em# 


Figure 2 shows similar data on undeformed samples of 
Ge (dislocation density ~10*/cm?), which were also 
precipitated at 450°C. Note the large differences in 
time scales and the scatter of the data for a single 
sample. ‘This spread is probably related to variation in 
dislocation geometry from sample to sample. The aver- 
age behavior of the collection of samples satisfies Eq. (1) 
fairly well, however, with a 7, of ~95 hours. 

A program was carried out to determine the depend 
ence of the time constant, r,, for the precipitation 
process upon temperature and dislocation density, 1p, 
in the sample. The results are shown on Fig. 3 where we 
have plotted 7, os 1/7°K. The numbers attached to the 
different curves refer to dislocation densities in the 
samples. ‘The numbers in parentheses are estimated on 
the basis of the amount of twist. The others refer to 
densities known from etch pit counts on crystals pur- 
posely slipped during growth. (We estimate that a twist 
of +5° yields a dislocation density of ~ 10°/cm? over a 
length of 1 cm in our samples, but it should be empha- 
sized that the estimate is very crude.) The steeply 
sloped part of the r, curves labeled 1/g is given by 


T, 3.0% 10 16642.7 ev kT sec, (2) 
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while the activation energy for the curves with smaller 
slope is ~ 1.3 ev. Note that at sufficiently low tempera- 
tures, the r, vs 1/7 curves for all samples with disloca- 
tion densities, np, of 10°/cm? and higher merge with the 
curve labeled 1/g. The temperature of the break in each 
curve depends upon 1p. 

The quality of the data is markedly better on the 
portions of the time constant curve with the steep slope 
than on the sections with a smaller temperature depend- 
ence. On the samples with etch pit densities of 10*/cm? 
especially, there was difficulty in getting samples to 
behave consistently upon precipitating at a particular 
temperature, redissolving the Cu, and reprecipitating at 
a lower temperature. It proved expedient to carry 
precipitation part way to completion in a sample, then 
continue the process at a lower temperature in the same 
sample. By interleaving the temperatures of a number 
of such two-stage precipitations, we obtained a more 
reliable temperature dependence of 7,. (We tentatively 
attribute these difficulties to the occurrence of spontane- 
ous nucleation of precipitates independent of the dis- 
locations at supersaturation of = 100 times the solubility. 
Thus it is possible actually to increase the rate of 
precipitation by lowering the temperature, perhaps 
because such a procedure will satisfy the conditions for 
spontaneous nucleation.) 

In collecting the data for Fig. 3, we also ascertained a 
number of other facts. 


1. r, is independent of initial Cu concentration when 
rT, is on the steep part of the curve in Fig. 3. 

2. A heavily deformed sample may be run through 
several cycles of solution and precipitation with no 
changes in T». 

3. It is immaterial in which order deformation and 
saturation with Cu are carried out. 

4, Cu requires <2 minutes to redissolve at high tem- 
perature in heavily deformed samples. 

5. We found that the role of the dislocations is to 
provide nuclei for precipitation, not diffusion short 
circuits for diffusion of the Cu to the surface of the 
samples. This was shown by grinding heavily on the 
surface of a deformed sample in which Cu had been 
precipitated. It was then cleaned carefully in KCN and 
heated to the temperature at which the Cu had origi- 
nally been dissolved. ‘The Cu concentration came up to 
nearly its original value. A control sample changed very 
little upon being given the same treatment.‘ 


III. DISCUSSION 


Turnbull® has pointed out that the precipitation 
kinetics epitomized in Eq. (1) are consistent with a 
diffusion-limited precipitation in which the Cu diffuses 
to dislocations® which serve as nuclei for the precipita- 

‘The work of Dash [W. C. Dash, J. Appl. Phys. 27, 1193 
(1956) ] has made this particular experiment unnecessary 

®* PD. Turnbull (private communication). The author is indebted 


to Dr. Turnbull for stimulating conversations about this work. 
*C. Zener, J. Appl. Phys. 20, 950 (1949). 
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tion. If one assumes that 


Dr,=L?=1/np, (3) 


where D is the Cu diffusion coefficient, L the spacing 
between dislocations, and mp the dislocation density, 
then the low-activation energy portions of the time- 
constant curves in Fig. 3 are consistent both in magni- 
tude and temperature-dependence with D=D,, where 
D, is the coefficient given by Frank and Turnbull’ for 
the mechanism of dissociative diffusion of Cu in Ge. The 
dissociative mechanism had been verified experi- 
mentally, by Fuller and Ditzenberger’ and by the 
author. Thus we believe that portions of the +, curves 
with a 1.3-ev activation energy correspond to dis- 
sociative diffusion of Cu to dislocations. 

However, an attempt to fit the high-activation 
energy portion of the r, curve with an equation such as 
(2) leads to a diffusion coefficient with the impossibly 
high Do of 10° cm*/sec for samples with an np of 
~107/cm*. Moreover, it is difficult to see why D,, if 
operative at low temperatures, would not short-circuit 
any other, slower diffusion process. 


IV. PROPOSED MECHANISM 


In the dissociative mechanism of Cu diffusion, ac- 
count is taken of the fact that Cu can be present in Ge 
in both the interstitial and substitutional positions. D,, 
the interstitial diffusion coefficient, is ~ 10-4 cm?/sec at 
700°C and presumably very insensitive to temperature, 
while the substitutional Cu probably diffuses with ap 


proximately the self-diffusion coefficient of Ge. How- 
ever, there is an equilibrium mass action principle 
relating m, and n,, the number of substitutional and 
interstitial Cu atoms, respectively, to ,, the number of 


vacancies: 
n,=Knn,, (4) 
where 


/ 


nN, 1 a 
K 
/ / / 

nN nN, nN, 


Primes indicate thermal equilibrium values. We have 
measuredaat 715°C and find that it is ~ 6+ 2. Thus, sub- 
stitutional Cu dissociates into vacancies and interstitials 
which diffuse separately until trapped again. The rate of 
advance of substitutional Cu into initially Cu-free Ge, 
then, is limited by the dissociative diffusion coefficient 
D, which is equal to D,, the diffusion coefficient of 
vacancies, multiplied by the fraction of the time the 
vacancy spends free, i.e., untrapped by an interstitial 
Cu. 

If the dissociation is a temperature-activated process, 
with an activation energy greater than that for D,, at 
sufficiently low temperatures dissociation of vacancies 
and interstitials could become the rate-limiting step in 


7F. C. Frank and D. Turnbull, Phys. Rev. 104, 617 (1956). 
®C. S. Fuller and J. A. Ditzenberger, J. Appl. Phys. 28, 40 
(1957). 
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Fic. 3. Plot of r,, the time constant Tfor Cu precipitation in 
Eq. (1), vs 1/7°K. Curves are labeled with dislocation densities 
Smaller densities were measured from etch pit counts. Larger 
densities (numbers in parentheses) were estimated crudely from 

amount of deformation 


the prec ipitation process, This will occur whenever the 
vacancy concentration is low enough so that the free 
path against trapping of an interstitial by a vacancy is 
comparable with the spacing between dislocations 
Greater spacing between dislocations will require smaller 
vacancy concentrations and hence lower temperatures 
to satisfy this criterion for the breakdown of the 
dissociative diffusion mechanism. We see that this con 
clusion is consistent with the fact that the breaks in the 
curves on Fig. 3 take place at lower temperatures for 
smaller dislocation densities. 

The foregoing proposal leads to the conclusion that 
Eq. (2), which describes the part of the 7, vs 1/7 curve 
at temperatures below the break, should be interpreted 
as the reciprocal of the vacancy-interstitial generation 
rate, g. This interpretation is supported by the following 
that AG is the energy 
barrier for dissociation of vacancies and interstitials 


Then 


consideration.’ Assume free 


1/t y= g= ve 49/87 


yoe*® Ry Al RT 


where vo~ 10'*/sec, the reststrahlen frequency of the 
Ge lattice. Comparing Eqs. (2) and (5), we find that 


AS= 11.2 calories/mole°K. This is in reasonable agree 


® The author is indebted to W. T 
sion of this point. 


Read, Jr., for helpful discus 
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ment with the value of 9.0 calories/mole°K given by the 
Zener theory,” in which AS AK(d \np/dT), where pu 
is the shear modulus of Ge." 

If the interpretation of 7, given in Eq. (5) is correct, 
we can calculate the vacancy concentration in a certain 
concentration range by the following argument."” 

In equilibrium, 


Ge=n,'g= ni v(pe,’)=R. (6) 


That is, the total generation rate, G, is equal to the total 
recombination rate, R. R is equal to the number of 
interstitial atoms times the number, v, of jumps each 
makes per second times the probability that any jump 
ends in a vacancy, This latter quantity will be pro 
portional to the equilibrium fraction, c,’, of the lattice 
sites which is occupied by vacancies. The proportionality 
constant, p, will be related to the effective cross section 
for recombination, and will be close to unity if there are 
no attractive forces between vacancies and interstitials, 
We can set 

v= D,/b', (7) 


where D, is the interstitial diffusion coefficient, and 6 is 
the jump distance, which we take to be ~310~* cm. 
‘Then, letting p= 1, which gives an upper limit on ¢,’ 


Nn,’ b? ab? 
-C)E)-% 

n,’ dD, Dy, 
extrapolating the experimental data for 7, to 715°C, 
the temperature at which a and D, are known, yields 
c,~ 10°". (All estimates in this paragraph are to be 
considered as good only in order of magnitude.) This 
that 


satisiies the condition for dissociative diffusion 


Assuming 


, , 


Ny <n, 


/ 
Cy =e Belk? (9) 


we get /,=1.8 ev. Since no pre-exponential entropy 
term has been used in this calculation, 1.8 ev is a lower 
limit on /:,. From knowledge of the self-diffusion coeffi 
cient of Ge,” Dees Re * &/*", we get the vacancy diffu 
sion coeflicient D, : 


D.= Dae/c,' = 8e7*? &!**. (10) 


The ambiguity in the correct division of the entropy 
term in the Ge self-diffusion coefficient between D, and 
» must be emphasized. In addition, the arbitrary 
selection of p= 1 in Eq. (6), reflecting our ignorance of 
the vacancy-interstitial recombination cross section, is a 


( 


troublesome point, 


"(, Zener, J. Appl. Phys. 22, 372 (1951 

"HJ. McSkimin, J. Appl. Phys. 24, 988 (1953). 

” The author is indebted to J. Bardeen for pointing out this 
argument 


48 Letaw, Portnoy, and Slifkin, Phys. Rev. 102, 636 (1956). 


TWEET 


It might prove possible to evaluate the cross section 
by a treatment which can be given crudely as follows. 
The interstitial mean free path against capture by a 
vacancy, Aj, is given by 


\i= ON 5= Dyryz'/b, (11) 
where b is the jump distance, VN; the number of jumps, 
D, the interstitial diffusion coefficient, and r,/‘ the mean 
free time between successive captures. Now o, the 
capture cross section, is given by 


o=1/n,X;. (12) 


Hence, if a theory giving n, and 7,‘ were available, o 
could be calculated. Note that m, is not necessarily the 
thermal equilibrium value of the vacancy density. At 
temperatures well below the breakpoint in the r, 
curves, the vacancy-interstitial dissociation rate is small 


enough and the vacancy diffusion coefficient large 
enough, so that vacancy equilibrium with the lattice can 
be maintained by unhindered vacancy diffusion to the 
dislocations. But at temperatures above the breakpoint, 
the dissociation rate is rapid enough so that Eq. (4) 
applies. The interstitial and vacancy densities are then 
above the thermal equilibrium values. 


V. SUMMARY 


In the foregoing sections, we have described the de- 
pendence of 7,, the time constant for precipitation of 
Cu in Ge, upon temperature and dislocation density in 
the samples. For a given dislocation density, the time- 
constant curve exhibits a high-temperature range, where 
the temperature dependence has an activation energy of 
~1.3 ev, and a low-temperature range where the 
activation energy is 2.7 ev. We attribute the high- 
temperature behavior to a diffusion-limited migration of 
Cu atoms to dislocations, in which the diffusion coeffi- 
cient is that for dissociative diffusion’ of the Cu. We 
believe that on the low-temperature part of the curve 
the rate-limiting step is the dissociation rate of vacancies 
and Cu atoms. 

Some speculation as to the equilibrium vacancy 
concentration and the creation energy for vacancies are 
made on the basis of this model. 
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Neutron Diffraction Study of the Magnetic Structures for the Perovskite-Type 
Mixed Oxides La(Mn,Cr)O,}* 
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A neutron diffraction study has been made of the magnetic properties of the series of perovskite-like 
compounds La[(1—x)Mn, xCrJO;. This series exhibits ferromagnetic and antiferromagnetic properties 
which depend on the composition of the sample. The antiferromagnetic structure of pure LaMnOy persists 
only for very small concentrations of Cr**; the antiferromagnetic structure characteristic of pure LaCrO, 
is found over a large composition range. For samples of intermediate composition a ferromagnetic moment 


is observed, the maximum occurring at about 20% Cr**. In contrast to the mixed oxides [ (1 


r)La, rCa ] 


MnO, which for certain compositions were truly ferromagnetic, the maximum ferromagnetic moment in 
this series is very much less than that expected if all the spins were contributing to the moments. A complex 
ferrimagnetic structure is suggested for the intermediate composition range 


INTRODUCTION 


HE techniques of neutron diffraction have pre- 
viously been applied by Wollan and Koehler! to 
the study of the magnetic structure properties of the 
perovskite-type mixed oxide system (La, Ca)MnQsy. In 
addition to the ferromagnetic ordering which had 


previously been observed over part of the range of 
composition by Jonker and Van Santen?’ on the basis 
of macroscopic magnetic measurements, a variety of 
antiferromagnetic structures was observed, the amount 
and type of which depended upon the relative content 


of trivalent and tetravalent manganese and on their 
ordering on lattice sites. 

The present investigation is concerned with the 
similar series of perovskite-type mixed compounds 
La[aMn, (1—)Cr ]O3. This series, which for con- 
venience will be referred to as the (Mn, Cr) series, 
starts with the same compound LaMnQ, as the pre- 
viously studied one which will be referred to as the 
(Mn) series and ends with the compound LaCrQy, in 
which the Cr** ions have the same number of 3d elec- 
trons as the Mn** ions in the compound Cat?MntO, at 
the end of the (Mn) series. It is also known from the 
work of Koehler and Wollan’ that the magnetic struc- 
ture of LaCrQ; is identical to that of CaMnOy. The two 
series do, however, have one distinct difference which 
is associated with the possibility of ion ordering. In the 
(Mn) series, ordering of the Mn*t* and Mn* ions may 
occur merely by electron transfer, the conductivity 
being relatively high, and there was evidence that such 
ordering did take place. In the (Mn, Cr) system on the 


t Presented in partial fulfillment of the requirements for the 
doctoral degree at the Texas Agricultural and Mechanical College 
of Texas, 

* Presented in part at the Thirteenth 
Diffraction Conference, November 4, 1955. 

t This work was performed while the author was a Graduate 
Fellow of the Oak Ridge Institute of Nuclear Studies. 

§ Now at the University of Arizona, Tucson, Arizona 

' FE. O. Wollan and W. C. Koehler, Phys, Rev. 100, 545 (1955). 

2G. H. Jonker and J. H. Van Santen, Physica 16, 337 (1950). 

3W. C. Koehler and E. O. Wollan, J. Phys. and Chem. Solids 
(to be published). 
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other hand, the Mnt* and Cr?* ions, being of different 
atomic types, are fixed to lattice sites at the time of 
sample preparation, and the compounds have a rela 
tively low conductivity. It was hoped that the study 
of the effect of this difference in these otherwise similar 
series of compounds might lead to a better understand 
ing of the magnetic interactions between these ions. 


SAMPLE PREPARATION 


The method of preparing the mixed oxides has been 
outlined by Jonker and Van Santen? and was essen- 
tially the same as that used in the production of the 
(Mn) series. For the (Mn, Cr) mixtures, where it was 
desired to keep the Mn** content at a minimum, an 
atmosphere of pure nitrogen was used in the pro 
duction, Because the valence state of the sample is 
partially determined by the maximum temperature, 
a final temperature of 1400°C was used for low tetra 
valent ion Wollan and Koehler found that 
quenching had no apparent effect on the structure of 


content, 


the maganites; however, since a magnetic field study 
requiring the briquet form was to be made on some of 
the samples, they were cooled slowly to prevent possible 
cracking. 

In order to check the purity and determine the 
valence state of the metallic ions, a chemical analysis 
was made® of all samples. X-ray powder diffraction 
studies were made® to check the homogeneity of the 
samples, to determine the lattice parameters and to 
ascertain the distortions from cubic symmetry. Crys 
tallographically, all compounds were some modification 
of the perovskite structure which is ideally cubic, 
Samples which showed the presence of unfused starting 
chemicals or crystallographic inhomogeneity were not 


used for magnetic analysis. 


4G. H. Jonker and J. H. Van Santen, Physica 19, 129 (1954 

* These analyses were made by A. D. Horton of the Analytical 
Chemistry Division 

*H. L. Yakel and R. M. Steele of the Metallurgy Division 


produced the x-ray diffraction patterns and aided in the analyses 
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APPARATUS AND PROCEDURE 


The neutron spectrometer with cryostat and magnet 
developed by Wollan and Koehler! during the course of 
their investigations and described in their report was 
used for this entire series, Diffraction patterns were 
obtained at room temperature or above the critical 
temperature and at one or more temperatures below 
the critical temperature at which diffraction peaks 
characteristic of the magnetic ordering were observed. 
Curves presented here are point by point difference 
curves for data taken above the critical temperature 
and well below the critical temperature. These curves 
display only the scattering resulting from temperature- 
dependent phenomena. The nuclear contributions to the 
scattering are subtracted out, by this procedure, leaving 
only temperature-dependent phenomena of which the 
magnetic scattering is the most important. Corrections 
can be made for the Debye temperature effect on the 
nuclear scattering. If crystallographic changes occur, 
there may also result shifts of position and changes of 
intensity of some diffraction peaks. Since magnetic 
coupling is largely determined by atomic arrangement, 
the difficulty of separating the effect of crystallographic 
changes and true magnetic effects limit the utility of 
the difference curves. 

Since the intensity of the Bragg peaks resulting from 
coherent magnetic scattering depends upon the degree 
of temperature saturation, it was desirable to obtain 
data at more than one temperature below the critical 
point. By fitting the data to an appropriate Brillouin 
curve, the ordering temperatures for the samples were 
determined. When two magnetic phases are present, the 
transition temperatures are generally not equal. 


CRYSTALLOGRAPHIC DATA 


The room temperature x-ray diffraction data obtained 
for samples of the (Mn, Cr) series are given in ‘Table | 
and in Fig. 1(a). The apparent symmetries of these 
compounds, as determined from x-ray powder data are 
represented as monoclinic to display the distortions of 
these structures from ideal culac symmetry in a con- 
venient manner. It is obviou#that an orthorhombi 
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description could equally well have been given, and in 
fact such a description correctly characterizes many of 
the compounds of this series. From the recent work of 
Geller,’ Geller and Wood,* and Gilleo’ it is known that 
many perovskite-like compounds including LaCrO,; and 
the mixed oxides La[ (1—x)Mn, xCr JO; for 0.33<x <1 
are isostructural with orthorhombic GdFeO; with vary- 
ing degrees of distortion. It is highly possible that 
except for compositions close to LaMnQOs, for which 
the correct structure has still not been definitely 
established that all the compounds of the series are 
GdFeQO;-type perovskites. 

lor these compounds the (Mn, Cr) ions are in special 
positions of the space group and hence the interpreta- 
tion of the magnetic scattering is not complicated by 
unknown magnetic ion parameters and the difference 
pattern technique eliminates to a great extent uncer- 
tainties introduced by the lack of a precise knowledge 
of the lanthanum and oxygen parameters. 

The data shown in Fig. 1(a) are similar to those 
obtained for the (Mn) series for which apparent cubic 
symmetry was attained with about 25% Mn‘; in this 
case the apparent monoclinic splitting comes up to a 
minimum value at about 20% Cr. The magnitude of 
the average lattice parameter changes only slightly 
with increasing Crt* content in contrast with the 
behavior of the lattice parameters in the (Mn) series. 


A- AND G-TYPE MAGNETIC STRUCTURES 


The terminology used here is the same as that intro- 
duced for the magnetic structures in the paper on the 
(Mn) series.' The A-type structure for pure LaMnO ; 
has been described previously. In this structure the 
direction of the antiferromagnetic coupling is presumed 
to be that of the unique shorter axis represented in 
Fig. 1(a). The G-type structure, which represents the 
magnetic moment arrangement of the Cr*® ions in 
LaCrO;, is an antiferromagnetic one in which each 
metallic ion is antiferromagnetically coupled (via the 
oxygen ions) with all six nearest neighbors. 

The A- and G-type magnetic structures characteristic 
of the pure Mn and Cr compounds persist into the 


TABLE I. Summary of sample data. 


Sample ‘% of ions with 


Composition spin 3/2 


LaCrOys 100 
La(0.2 Mn, 0.8 Cr)O; 80 
La(O.4 Mn, 0.6 CrjO, oO 
La(0.6 Mn, 0.4 Cr)O, 44 
La(O.8 Mn, 0.2 Cr)Os 33 
La(0.9 Mn, 0.1 CrjyOy 12 
La(0.95 Mn, 0.05 CrjQOy, 69 
LaMnQ, 2.0 


7S. Geller, J. Chem. Phys. 24, 1236 (1956). 
*S. Geller and E. Wood, Acta Cryst. (to be published). 
*M. A. Gilleo, Acta Cryst. (to be published). 
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region of the mixed (Mn, Cr) compounds. The A-type 
structure [ which is characterized by an (010) reflection | 
disappears rapidly with increase of chromium content 
as shown by the line connecting solid circles in Fig. 1(c). 
This phase disappears completely at about 15% 
chromium content; this roughly corresponds to the 
destruction of the A phase by an average replacement 
of one of the six nearest Mn neighbors of each Mn ion 
by a Cr ion. The rate of destruction of the A phase by 
the introduction of Cr** ions in the (Mn, Cr) system is 
quite comparable to that observed in the (Mn) system 
when Mn** ions are replaced by Mn* ions. 

On the chromium side of the (Mn, Cr) system, the 
G-type magnetic structure [as measured by its charac- 
teristic (111) reflection | persists over a large composi 
tion range; the apparent destruction of this magnetic 
phase requires the addition of about 60% Mn** ions 
[ Fig. 1(c) ]. This contrasts with the results obtained on 
the calcium rich side of the (Mn) system. One must, 
however, recognize that the (111) reflection does not 
necessarily identify a discrete G phase but does never 
theless characterize the type of antiferromagneti« 
coupling associated with this structure. 


INTERMEDIATE COMPOSITIONS 


In the (Mn) system, the disappearance of one mag 
netic phase was accompanied by the simultaneous 


growth of other phases to the extent that essentially all 
of the ions were ordered in one or another structure 


below a critical temperature. In the (Mn, Cr) system 
also, there is evidence for a more or less supplementary 
growth of other magnetic structures but these are of 
entirely different character than those exhibited by the 
related (Mn) system. In order to discuss these phases 
it is convenient to refer to the g® curve supplementary 
to that associated with the A and G structures. The 
theory? — (ia*+ fig?) values are indicated by the light 
line in Fig. 1(c). An uncertainty in the presentation of 
the data for sample No. 7 (20% Cr) is to be noted. 
We were unable to produce a stoichiometric sample for 
this composition; chemical analysis indicated the pres 
ence of Mn** ions which have spin 3/2 as do the Cr ions. 
Whether the sensitive parameter in this composition 
region of the (Mn, Cr) series is the ionic spin or the 
atomic species cannot be determined and hence the 
values for this sample represented in Fig. 1 could be 
shifted to the right as indicated by the arrows. The 
dotted alternate sections of the curve in Fig. 1(c) 
indicate this indeterminacy. 

In the next paragraphs the magnetic structure 
properties of the intermediate region will be discussed. 


a. Antiferromagnetic Properties 


In addition to the antiferromagnetic A and G struc- 
tures characteristic of the pure compounds, still other 
magnetic structures are indicated for intermediate com- 
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positions. Figure 2 shows temperature difference diffrac 
tion patterns for samples having 59%, 10°), and 20°; 
chromium content, respectively. They show the de 
crease of the intensity of the (O10) line characteristic 
of the A-type structure and the development of a 
prominent temperature dependent superlattice line at 
20~ 12°. This line can be accounted for on the basis of 
a magnetic structure consisting of antiferromagnet 
layers of the type shown in Fig. 3 with ferromagnetic 
coupling between layers, The 12° line corresponds lo 
the planes shown. They are indexed in Fig. 2 on a cubic 
cell having edges twice that of the chemical cell as 
C5e 20 


the figure is twice that required for this structure; it is 


2, 0). The basal plane of the unit cell shown in 


chosen this way, however, for convenience in latep 
cell a=b 


where do is the edge of the ideal chemical cell. The 12 


considerations. For this 2V2dao and c= ap, 


superlattice line is found to persist for this (Mn, Cr) 


system for a large range of composition. For con 


venience, the structure characterized by this line will 


be designated as the X-type. 
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PER CENT OF CHROMIUM IONS 
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hic. 2. Soller-slit temperature-difference patterns for samples of 
intermediate composition, showing presence of X-type structure. 


Indices on basis of simplest cubic magnetic cell whose dimensions 
are double that of chemical unit cell 


b. Ferromagnetic Properties 


It is to be noted from Fig. 2 that the difference pat 
terns involve, in addition to the superlattice line at 12”, 
an appreciable temperature dependent intensity for the 
(200) reflection. ‘These lines indicate that there is also a 
ferromagnetic contribution to the scattering. The ferro 
magnetic aspect of all the samples was studied by 
observing the (200) line intensities and the results are 
represented by the open triangles in Fig. 1(b). The 
saturation magnetization was also measured for some 
samples by the induced magnetization method de 
scribed in the paper on the (Mn) series. These results 
are represented in the figure by the solid triangles. 
Measurements of this latter type have also been made 
for the (Mn, Cr) system by Jonker’ whose results are 
given in the same figure by the dotted line. Although 
the quantitative agreement is not good and some 
ambiguity is apparent in the interpretation of the 
magnetic moment as determined by the intensity of 
the (200) line, the curves do agree in character. 


” G. H. Jonker, Physica (to be published) 
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c. Ferrimagnetic Properties 


The data discussed thus far have shown that samples 
in the region of intermediate composition possess both 
ferromagnetic and antiferromagnetic properties. In 
order to determine whether these properties are to be 
associated with separate magnetic phases or are to be 
associated with a ferrimagnetic structure, a study of 
the field sensitivity of the 12° superlattice line was 
made. The results for the (0.4 Mn, 0.6 Cr) sample are 
shown in Fig. 4. Curve (a) shows the low-temperature 
pattern, curve (b) shows the temperature difference 
pattern and curve (c) shows the magnetic field differ- 
ence pattern. Curves (a) and (b) show that for this 
composition not all of the 12° line is temperature 
dependent. This line must have some nuclear contribu- 
tion since the Néel point is well below room temperature 
(180°K). Curves (b) and (c) show that the temperature 
dependent part of this 12° reflection is, within experi- 
mental error, entirely erased by a magnetic field. The 
(111) line, which is identified with the G structure, is 
seen to be essentially unaffected by the field and hence 
not related to the new phase. There is, however, a small 
negative field effect on the (111) line which cannot 
easily be accounted for. 

It appears then that the intermediate compositions 
possess, in addition to the A- and G-type structures, 
a ferrimaynetic phase in which the ferromagnetic mo- 
ment and the intensity of the most prominent superlat- 
tice retlection (26= 12”) vary with sample composition. 
‘The similarity between the ferromagnetic properties as 
represented in Fig. 1(b), and the supplementary curve 
in Fig. 1(c) and also the fact that the 12° superlattice 
line persists throughout the entire intermediate region 
suggests a common type ferrimagnetic structure for 
this region. The structure must basically have the unit 
cell characteristics shown in Fig. 3 in order to account 
for the 12° superlattice line and yet have more spins 
oriented in one direction than in the opposite direction 
to produce the ferromagnetic moment. Moreover, this 
unbalance of spins must change with composition to 
account for the changing ferromagnetic moment. In 
addition there are some additional weak retlections 


present in some patterns indicating particular geo- 


4 


oo 


Fic. 3. A single layer of the X-type antiferromagnetic structure. 
One set of the 120 planes are indicated. On the basis of the simplest 
cubic cell these are the j, 4, 0 planes. 
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metrical arrangements of moments which must be 
accounted for in developing a satisfactory scheme for 
the intermediate phase region. 

Some success was achieved in accounting for these 
data on the basis of ferrimagnetic modifications of the 
antiferromagnetic structure shown in Fig. 3 for which 
different moment arrangements are introduced into 
successive layers of the basal cell shown. A four-layered 
cell is necessary to allow indexing of all observed peaks. 
A characteristic feature of a given structure is the 
direction of the spin relative to a crystallographic axis. 
For the proposed ferrimagnetic structures the best 
correlation is found when the direction chosen is parallel] 
to the unique axis; for some samples a direction per 
pendicular to the unique axis allows better correlation 
with observed intensities. In no case were structures 
found which satisfactorily correlated the ferromagnetic 
moments and all superlattice line intensities; a qualita 
tive accounting of the general trend of the data can, 
however, be given. Values of jf? for the samples of the 
intermediate region determined on the basis of the anti- 
ferromagnetic cell of Fig. 3 and the observed intensity 
of the 12° line are entered in Fig. 1(c) as the numbered 
open squares. Modifying the X structure to include the 
unbalanced moments of a ferrimagnetic cell has the 
effect of raising the f? values. This results from the 
fact that the intensity of the 12° reflections is then 
lower for the same total spin moment of the sample. 


As an example, the value of f calculated for sample 
No. 8 (10% Cr) with the ferromagnetic moment pro 
duced by randomly flipping the proper number of spins 
of the X structure leads to the f® value represented by 
the numbered open circle in the figure. The agreement 
with the supplementary curve is thus seen to be 


improved. 
DISCUSSION 


The magnetic properties of the (Mn, Cr) systems 
described here and the previously reported (Mn) system 
have several features in common, and several distinct 
differences. In each case the magnetic ions for the end 
point compositions have the same electronic configura- 
tions and LaCrO; and CaMnOy, have the same anti- 
ferromagnetic spin configuration. Both systems involve 
mixtures of 3d? and 3d‘ ions but the magnetic structures 
of the intermediate compositions in the two cases are 
entirely different. These differences are undoubtedly to 
some extent associated with the fact that the Crt* ions 
take their positions, presumably at random, at the 
time the compound is formed. In the (Mn) series only 
electron transfers are necessary to produce ordering of 
Mn** and Mn*# ions. 

For both systems there is a rapid destruction of the 
antiferromagnetic A-type structure with increasing 
Mn* or Mn*# concentration, and this is accompanied 
by the buildup of a ferromagnetic or ferrimagnetic 
phase. Observations in the (Mn) series are consistent 
with the assumption of a strong positive Mn**— Mnt4 
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exchange, which because of the ease of ordering, leads 
to a clustering of the Mn** ions in a localized ferro 
magnetic region within a given crystallite. A similar 
also be operative in the (Mn, Cr) 


mechanism may 


series as indicated by the coexistence of antiferro 


magnetic and ferrimagnetic phases, but to a lesser 
extent. 

Qualitatively one may argue that the ferrimagnetic 
properties of the series for low Cr*® (e.g., up to about 
20%) 


interaction 


are consistent with a strong positive Mnt*—(Crt8 
For in such a case the introduction of an 
occasional Cr** jon into the A type antiferromagnetic 
structure could cause a spin reversal of one or more of 
its nearest Mnt* neighbors leading to a ferromagnetic 
moment. This can neither be a completely random nor 
completely ordered process, however, and be consistent 
with the data. 

On the high-Cr**-content side of the present series, 
the G-type structure is seen to fall off less rapidly with 
composition change than was the case in the (Mn) 
system. ‘This may be related in part to the small change 
in spacing value in the high-Cr-content range of this 
series. In any case one must conclude that the intro 
duction of Mnt4 
tendency to alter the type of coupling and hence the 


into LaCrO, does not have a strong 
Mn-O-Cr neighbor relations are compatible with anti 
ferromagnetic exchange in this composition range. 
Crystallographically the two systems are very similar 
Soth systems develop cubic symmetry in the same 


composition range and the ferromagnetic properties, 
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although developing differently in the two systems, 
do reach a maximum at this point. Jonker has shown 
that the Curie temperatures for the two systems have 
maxima for similar ranges of composition, with the 
maximum corresponding to the composition with highest 
ferromagnetic moment. 
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The temperature variation of the thermal inelastic scattering cross section of cold neutrons in graphite, 
calculated on the assumption of a Debye frequency spectrum, is in disagreement with experiments. This is 
not surprising in view of the highly anisotropic nature of its lattice. In this paper we have modified the 
formulas of the scattering cross section obtained earlier by us, for the case of an anisotropic layer lattice. 
Using the Krumhans! and Brooks model of graphite with the values of the parameters occurring in their 
theory as fixed by Keesom and Pearlman on the basis of their specific heat measurements at low tempera 
tures, we have calculated the inelastic scattering cross section for 10 A neutrons as a function of temperature 
The calculated values are in reasonably good agreement with the experimental results of the Brookhaven 
group. For room temperature we have also cal ulated the variation of the scattering cross section with 
neutron wavelength, and we find that it is in disagreement with the observed variation, This discrepancy 
may partly be due to small-angle scattering arising from the finite grain size of carbon. 


I. INTRODUCTION 


ECENT attempts to explain the observed tempera- 
ture dependence of the thermal inelastic scattering 

cross section of cold' neutrons in solids characterized 
by high lattice symmetry have been fairly successful.? * 
These attempts are based on the assumption of a Debye 
frequency spectrum for the lattice vibrations. Assuming 
a similar lattice spectrum for graphite, Kleinman® 
(quoted by Hughes*) has calculated the scattering 
cross section for 7 A neutrons, as a function of tempera 
ture. His calculations are in complete disagreement 
with the observed values. This is not surprising in 


' The word “cold” is used here to denote neutrons which have 
wavelength greater than that corresponding to the Bragg cutoff 
7G. L Squires Proc. Roy. Soc. (London) A212, 192 (1952) 
4G. Placzek, Phys. Rev. 93, 895 (1954) 
‘LL. S. Kothari and K. S. Singwi, Proc 
A231, 293 (1955), hereafter referred to as I 

®*]). A. Kleinman, Phys. Rev. 81, 326(A) (1951) 
*D. J. Hughes, Pile Neutron Physics (Addison-Wesley Pub 
lishing Company, Cambridge, 1953), p. 251. 


Roy. Soc. (London) 


view of the highly anisotropic nature of the graphite 
lattice. As is well known, the anomalous behavior of the 
specific heat of graphite is also a consequence of this 
anisotropy. 

Recently Krumhans] and Brooks’ have made a theo- 
retical analysis of the normal modes of graphite. ‘They 
divide the lattice vibrations into two types: (i) modes 
with atomic displacements normal to the layer planes, 
and characterized by a Debye temperature ©,, and 
(ii) modes with atomic displacements in the layer 
planes, and characterized by a Debye temperature 
©,,. Their theory involves certain parameters the 
values of which can now be fixed with a fair degree of 
certainty from the more recent experimental data of 
Keesom and Pearlman® on the specific heat of graphite 
between 1° and 20°K. With the parameters so chosen, 
the theory of Krumhansl and Brooks is able to explain 
the variation of the specific heat from 1° to 1000°K. 


? J. Krumhansl and H. Brooks, J. Chem. Phys. 21, 1663 (1953), 
* P. H. Keesom and N. Pearlman, Phys. Rev. 99, 1119 (1955). 
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One, therefore, expects that this model of graphite, 
with appropriately chosen constants, would also ac- 
count satisfactorily for the temperature variation of the 
cold neutron scattering cross section. In the present 
paper, using the above model and the incoherent 
approximation of Placzek,’ we have calculated the 
scattering cross section for 10 A neutrons as a function 
of graphite temperature. The calculated values are in 
reasonably good agreement with the experimental re- 
sults of the Brookhaven group.’ For room temperature 
we have also calculated the variation of the scattering 
cross section with neutron wavelength, and we find that 
it is in disagreement with the observed variation. This 
discrepancy may partly be due to the small-angle 
scattering arising from the finite grain size of carbon. 

The present paper is divided into three main sections. 
In Sec. II, after brietly discussing the vibrational spec- 
trum of graphite, we consider the modification of the 
formulas obtained earlier by us in I, for the case of an 
anisotropic layer lattice like graphite. In the third 
section numerical results are discussed. 


II. INELASTIC SCATTERING CROSS SECTION 


We briefly summarize here the main results of 
Krumhansl and Brooks” analysis of the normal modes 
of graphite. For details one should refer to their original 
paper. 

The density of z modes, for frequencies less than a 
certain vo, is taken to be proportional to v’, and for 
frequencies greater that vo, but less than a certain 
maximum /v,»., it is taken proportional to v. In other 


words 
Oe 
const. f vdv=n,N, 
0 


const. f vdv=(1—n,)N, 


"08 


(la) 


and 


(1b) 


N being the total number of particles in a given volume 
and m, the fraction of the normal modes which have 
frequencies below vo,. We can now define the two Debye 
temperatures as follows: 


ROo,=hyo, and kO,=himz, (2) 


where k is the Boltzmann constant and h is Planck’s 
constant The xy modes can be similarly treated. In 
conformity with the work of Keesom and Pearlman,’ 
we have chosen the following values for the various 
constants: 


n.=19X10°*, ©@),=7°K, 90, 
Nzy= 10X10 6 © 7°K, @ 


Ory 


1000°K , 
2500°K. 


ty 


It may be mentioned here that the scattering cross 
section is not very sensitive to small variations in n,, 
Ney, oz, and Oozy. 


*H. Palevsky (private communication) 
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In I we have derived expressions for the inelastic 
scattering cross section of cold neutrons in polycrystals. 
‘There it was implied that the microcrystals comprising 
the solid were isotropic. For anisotropic crystals like 
those of graphite the final formulas given in I are no 
longer true and have to be suitably modified. Since in 
the present model of graphite the atomic displacements 
perpendicular and parallel to the basal plane are as 
sumed to be independent, we treat the z and xy modes 
separately. In other words, the total scattering cross 
section is the sum of two cross sections, one ¢ orrespond 
ing to the z modes and the other corresponding to the 
xy modes. Further, in what use the in 
coherent and Debye approximations. Under the former 
approximation the average value of the square of the 
transition matrix element for an /-phonon process due 
to xy modes is 


follows we 


4m (S+-5) 
[ (ky V ki)! 2? Jay {(k, k») 17)! 
M(MN)* 


t 


Wi ILé 


Kexp( 


where 


W = 
u\ 


(k, ko) 2,’ (k, 


E(k, k»),,? coth(é 5); 


(4b) 


k»)?4 (ky k»),?, 

and various other symbols have the same meaning as 
in I. In particular, the initial and the final neutron 
momenta k; and ky, respectively, the phonon energy &, 
and the temperature 7 are all expressed in terms of @s, 
so as to make them dimensionless quantities. The vibra 
tional spectrum for the xy modes is assumed to be 
similar to that for the z modes given by (1). If we 
make use of this spectrum and the Debye approxima 
tion, we can write (4b) as 


W = (2K \/M)(ki— kz),,’, 


27 sinh(@/27) 

{ nf 
(-)2 sinh(€/27) 

(-) (-) (-) 


Ory z a 


where 


e= & 


The average value of the square of the matrix 
ment for an /-phonon process due to z modes is 
dr (.S +5) 
(k, k»),?! exp/ Wy 
M(MN)* 


da 


l 
XII Ei "(eb 
j=! 


where 


W= (2K ,/M)(k,— ky), 


3n,1 sinh(1/27) 
Fy, +27 nf ) 
é sinh(€/27) 
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The differential scattering cross section for a phonon 
process of any order is obtained by multiplying the 
average value of the square of the corresponding matrix 
element by k2/(16m’Nk,), and integrating over the 
various phonon energies. In the low-temperature range, 
7<0.5, it is enough to consider only the one-phonon 
process since the contribution from higher phonon 
processes is small. However, for temperatures 7>0.5 
the two-phonon process also makes an appreciable con 
tribution. We have, therefore, treated the two tempera- 
ture regions 7<0.5 and 7>0.5 separately. 

Case (1): T<O.5, 
tering cross section arising from the xy modes is given by 


The one-phonon differential scat- 


(S+5) 
dag,7" 


4 
J (e&/7 1) i(k, k»),,/¢ Widt (7) 
2rki Md, 


where om, denotes the cross section corresponding to 
the emission of m and absorption of m phonons. Con- 
tribution to the cross section from modes in the fre 
quency range 0<£<e is small and has been neglected. 

The total cross section is obtained by averaging over 
the directions of ky and summing over the directions of 
k». Further, in this temperature range if we expand the 
exponential e ™!, and retain terms up to W,’, we obtain 


4(S+5) fe 
ao"? f (et/T —1)—“"(ky?+-£)! 
Iki MPS, 


t)§— #(2k,?+-&))} le (8) 


The corresponding contribution to the cross section 
from the z modes can be similarly derived. The final] 


result is 


2(S+s) ¢' 
[ce 1) (ki2+8)! 
3kiM J, 


ay," 


oF, 
| (2(2k,? + §)8— # (2k? + £)} ls (9) 
7M 


where I; rhe integrals over & in (8) 
and (9) have to be evaluated numerically. 

Case (11): T>0.5.--In this temperature range it is not 
possible to expand the Debye-Waller factor, since the 
values of /'; and /*, tend to become rather large. Never 
theless, if we replace the square of each of the x, y, and 
z components of the vector (k,—k») by their average 
value 4(k,;—k.)’, the averaging over the direction of k, 


is given by (6c). 
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and the summation over the direction of k» can easily 
be carried out. The above assumption, to some extent, 
implies an isotropic structure for graphite so far as 
angle integrations are concerned but the essential fea- 
tures of the anisotropy of the lattice are still maintained. 
To test the validity of this assumption, calculations 
were carried out for T7=0 5 as in case (i)—where exact 
angle integrations are possible and compared with the 
result obtained using the above approximation. It was 
found that the difference between the two values of 
ao, was almost negligible. 

For the xy modes, the Debye-Waller factor in this 
approximation is 
4K 
(10) 


exp(— W) exp| = (ky hs), 


3M 


where F is defined as before by (5b). The one-phonon 
contribution of the wy modes in this temperature range 


3(S+5)M re 
f (ef — 1) 
1LOkeh YOY, 


4h, 7 4h, 
|] (ko—k,)? exp —- (ts b)*] 
3M ; _ 3M 


1S 


r 4K 





"y 
(ke + ky)? | ae, 
3M 


where 


ky =ky2-+&. 


Similarly, for the z modes 


3(S+5)M f' 
f (¢&/7 1) | 
8k hk? 


€ 
exp 


2F 


“bet "| [ae (13) 
/ 





2F, 
1 | (ksh) exp - 
3M L 3h 
We now consider the contribution of the two-phonon 
process. From physical considerations one knows that 
in the temperature region 0.5<7<1 an appreciable 
contribution to the two-phonon process will come from 
the process in which no phonon is emitted and two 
phonons are absorbed. It can be shown that 


3(S+s5)M pe pe 
{ i [coth(§,/27)—1 ] 
4k YO". 2 


 Lcoth (£:, 2a) 1 \P dé dbo, 
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where 
4F 


(ke 
3M 


P, 1 + k)*+ 


4h 
xexs| - (ko 
3M 


1/4F,\? 4h 
+ ( ) (kot ha exp . (bat h)'], (15) 
2\3M 3M 


ke=kyPt+b)4+ bo. (16) 
To simplify further, we put 
v f1- fo, p fy + £>. 


(17) 


Since ®, is a function of p only, and since we can expand 
the coth terms in (14) in the region 7 > 1.0, integration 
over J can be carried out. Provided terms up to (J /47T)* 
are retained in the coth expansion, the final result is 


3(S+5)MT 
16k7F FO" 


O+e 20 
x| f ni(piipde+ f oi(pra(pap, (18) 
2e bd 


re 


where 


p< p —2¢ 
T\(p) ain( )+0( ) 
€ , 


1/47 27 ~p\ &/p 
( p ) Ar, moe 
1 2/p 19/7 p\? 
3 5 rol es Fed 


20) 


ry (2) 
135\47/ | 
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Fic. 1. Cross section plotted against neutron wavelength for 
graphite temperature of 300°K. Curve A, scattering cross section 
Curve B, total cross section. O experimental points (Palevsky) 
o,=0.0025 barn/A 


Similarly, for the z modes one gets 
3(S+5) MT 
Sky h 3 


lt+e 
x f Dol p)lo(p)d ps J 
ve 1 


where , is obtained from #, by replacing everywhere 
2F, by Fy in (15). Further J2=/; and J» 
from J, by putting O=1 in (19). The integrations ovei 


Dol p)Io(p)dp } (21) 


te 


is obtained 


p in (18) and (21) have to be carried out numerically. 
It is important to note here that (21) is valid to within 
1%, for temperatures T>0.5, whereas (18) can be 
used with the same accuracy only for 7 > 1.0 


II. DISCUSSION 


In making the numerical calculations, we have used 
the following values of the constants: 


S+s5=5.50 barns, M=11.908, and a,=0.0025 b/A 


(o, as used by Palevsky® for his graphite sample). The 
values used for other constants are given in (3 

In Fig. 1, curve A represents the inelastic scattering 
cross section as a function of neutron wavelength for 
graphite temperature of 300°K. Curve B includes the 
absorption cross section. In making this calculation we 
have used Eqs. (8) and (9) since 7.0.5 (T= 300/1000), 
The experimental results for the total cross section ob 
tained at the Brookhaven National Laboratory for 
graphite at a temperature of 296°K are also shown in 
the same figure. It will be seen that there is a rather 
large discrepancy between the observed and the calcu 
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ric, 2. Cross section plotted against graphite temperature (in 
units of @,=1000°K) for neutrons of wavelength 10 A. Curves 
oo”) and ao" represent, respectively, the contribution of ay 
and g modes to oo. Curve ag", calculated ao” contribution 
Curve A, total calculated cross section. O, calculated value of 
oo”) for T=1, A experimental points (Palevsky) ; 7a=0.025 b 


lated values, and that this discrepancy increases with 


increasing wavelength. The calculated values of o; 
vary linearly with wavelength, whereas the observed 
values show a much stronger dependence on wave 
length. A part of this discrepancy may be due to small 
angle scattering from graphite grains. For 10 A neu- 
trons Palevsky® puts an upper limit of 0.1 barn for the 
contribution of the small-angle scattering to the total 
scattering cross section. Because of the strong depend- 
ence (for grain size much smaller than 10 000 A) of the 
differential small-angle scattering cross section on wave- 
' this contribution for wavelengths longer than 
10 A is expected to be much larger. Since this contribu 
tion depends upon the grain size and geometry of the 


length, 


"G. E. Bacon, Neutron Diffraction (Clarendon Press, Oxford 
1955), p. 270 
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experiment, it is not possible for us to estimate it. A 
more reliable test of the theory is, however, provided 
by studying the variation of the cross section, for a 
given wavelength of neutrons, with graphite tempera- 
ture. As small-angle scattering is independent of tem- 
perature, it contributes only a constant correction 
factor. 

} The calculated values of the inelastic scattering 
cross section for 10 A neutrons as a function of graphite 
temperature are plotted in Fig. 2. The contributions 
om and ao; of the z and xy modes, respectively, 
to oo, have also been plotted to give an idea of their 
relative importance at different temperatures. For 
temperature T7>0.5 both oo, and oo: are important. 
The contribution of z modes to oy. is also shown in the 
figure. The total calculated scattering cross section plus 
the absorption cross section is indicated as curve A. 
The experimental results of the Brookhaven group* 
are also shown. 

In the temperature range considered, the contribu- 
tion of the xy modes to a2 is expected to be smaller 
than the corresponding contribution from the z modes 
because of the large value of ©,, as compared to ©,. 
Further, since it is difficult to estimate its contribution 
for 7<1, we have calculated oo” only for T7=1, and 
the result is marked by a circle in Fig. 2. This point 
has not been included in curve A. 

It will be seen from Fig. 2 that the agreement be- 
tween the calculated and the experimental values of 
the cross section is reasonably good. It may, however, 
be mentioned here that if we subtract 0.1 barn from the 
experimental values (Palevsky attributes a maximum 
contribution of 0.1 barn from small-angle scattering) 
and note that the theoretical values will be slightly 
increased in the high-temperature range on account of 
the contribution coming from ao2"%”, the agreement is 
further improved. The discrepancy then is not more 
than about 10°. Considering that we have used the 
incoherent approximation, one does not expect a better 
agreement. 

In view of the above results and its success in explain- 
ing the specific heat at low temperatures, the model of 
graphite used here appears to be a reasonably good 
working model. 

We are grateful to Dr. H. Palevsky for communicat- 
ing to us, prior to publication, the experimental results 
quoted in this paper. 
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A long-standing question in the theory of photoconductivity in semiconductor films is whether the change 
in conductivity can be attributed completely to a change in carrier density, or whether current amplification 
occurs through modulation of barrier potentials. This question is studied in chemically deposited films of 
lead sulfide by measuring the fractional change in Hall coefficient, ARw/Ryw, and the fractional change in 


resistivity, Ap/p, under illumination. The measurements were made over the temperature range 


41°C to 


+31°C. It was found that ARy/Ri = (Ap/p) (140.06) in this temperature range. Expressed in terms of the 


Hall mobility, w1=Rav/p, the result is that Auy/un =0+4-0.06A0/a 


\ model of photoconductivity is con 


sidered, which assumes that the primary photoeffect is a change in the density of majority carriers in the 
PbS crystallites and that secondary barrier amplification effects can occur by trapping of minority carriers 


at the intercrystalline barriers. Application of our result, Aun /un 


0, to this model leads to the conclusion 


that photoconductivity in chemically deposited lead sulfide films can be accounted for by changes in majority 


carrier concentration in the PbS crystallites; no barrier amplification occurs 


I. INTRODUCTION 


HE lead sulfide photoconductive film is composed 
of a system of PbS crystallites, separated by 
intercrystalline barriers which are probably an oxide 
of Pb or PbS. The crystallites are about 10° to 10! 
angstroms on a side and the width of the intercrystalline 
barrier is much smaller than this.' Space charge regions 
probably are present at the surfaces of the crystallites, 
particularly in evaporated films where the oxygen 
sensitization converts a film from n- to p-type? 
In such a complex system it is clear that resistance 
measurements by themselves cannot be interpreted 
unambiguously, since resistance is strongly affected by 
barriers of any kind. The Hall effect, on the other hand, 
has been shown to be a function of the carrier densities 
in the crystallites when the intercrystalline barriers 
are of high resistance compared to the crystallites.‘ 
A long-standing question in the theory of photo- 
conductivity® in semiconductor films is whether the 
change in resistance can be attributed entirely to a 


* A dissertation presented to the faculty of the Graduate School 
of the Catholic University of America in partial fulfillment of the 
requirements for the Degree of Doctor of Philosophy. 
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change in carrier density,® or whether current amplifi- 
cation occurs through some kind of barrier modu 
lation.?* This problem can be studied by obtaining 
measurements of the change in resistivity and Hall 
coefficient (carrier density) under illumination, 

This type of measurement requires much greater 
film stability than do ordinary Hall measurements since 
one is now interested in small changes. Previous efforts 
to make such measurements® on evaporated films have 
not led to conclusive results because of instability, 
noise, and nonuniformity of the films. They have, 
however, indicated that under strong illumination the 
fractional change in Hall coefficient is roughly equal to 
the fractional change in resistivity. 

The chemically deposited PbS cells manufactured 
by Eastman Kodak Company should be more satis 
factory than evaporated films for this type of measure 
ment. Lummis and Petritz'® found them sufficiently 
free from 1/f noise to permit the observation of semi 
conductor generation-recombination noise. They are 
quite stable and relatively reproducible in sensitivity, 
time constant, and responsivity. The photoconductive 
response is macroscopically uniform over the surface 
of a film although optical scanning with beams of the 
order of a few microns in diameter" has shown a fine 
structure, 
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In this paper we report measurements of the change 
in the Hall coefficient and resistivity on these films 
under illumination.” The results are used to discuss 
the relative importance of changes in carrier concen- 
tration as compared to barrier modulation in the 


photoconductive process, 


II. APPARATUS AND PROCEDURE 


The films were deposited on glass slides with sensitive 
areas 2.6X%1 cm*. Electrical contacts were evaporated 
gold. The current leads extended the full width (1 em) 
of the film, and the Hall and resistivity electrodes were 
dots 0.17 cm in diameter. The two Hall electrodes were 
centered on the long sides of the sensitive area and the 
four resistivity electrodes were equidistant between 
the Hall the The 


configuration is shown in Fig The films were 


current contacts. 
I (a). 
enclosed in a dry nitrogen atmosphere in order to 


The brass 


electrodes and 


minimize the effects of ambient changes 
container is shown in Fig. 1(b). 

In order to verify that the films were uniform, the 
photoconductive changes in various portions of the 
film were compared to the total photoconductive change 
of the film. Under uniform illumination the fractional 
resistance change of the whole film measured 
between the current electrodes and compared with the 


was 


change measured (1) between the Hall electrodes and 
(2) between each of the four resistivity electrodes and 
the adjacent Hall electrode [pairs AB, BC, DE, EF in 
Vig. 1(a) |. All values agreed within 6°. It 
cluded that the cells were sufficiently uniform for the 


was con 


purposes of this study. 

Hall measurements were made from 31°C to —78°C. 
Due to noise and thermal drift, however, few measure 
ments were made at temperatures below —40°C. The 
illumination was varied by controlling the current 
through a tungsten filament lamp. At room tempera 
ture a system of lenses and mirrors furnished a high 
level of illumination which was quite uniform over the 
film area, When the cell was mounted in a Dewar flask 
for cooling, illumination was somewhat nonuniform 
over the area of the film. The effect of the nonuniformity 
was determined by observing the difference between 
room temperature measurements made with the cell 
Panre I, Typical measurements on a PbS chemical cell in the dark 


at various temperatures (thickness0.5 micron). 


18 
0.47 


oltage (volts 
current, 7 (micro 
jtage, Vw (microvolts 540 
coefficient, Ra (om*/coulomb 1440 
ohm-cm 2s 723 
em? voltsec 4 3.24 


imperes 


ity, p 


l mobility, aw 


” Preliminary reports are: J. F. Woods, in Proceedings of the 
Conference on Photoconductivity, Atlantic City, 1954 (John Wiley 
and Sons, Inc., New York, 1956), p. 636; and Phys. Rev. 99, 
658(A) (1955) 
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mounted for cooling and those made with uniform 
illumination on the same film. 

The Hall voltage was compared with a calibration 
voltage applied in series with the Hall electrodes. 
Figure 1(c) shows the circuit used when the film 
resistance was expected to exceed 20 megohms during 
a series of measurements. Both the Hall voltage and 
the calibration voltage were amplified by an Applied 
Physics Corporation Model 30 Vibrating Reed Elec- 
trometer (D in figure) and recorded on a Brown 
strip-chart 5-millivolt recorder (£). This combination 
had a sensitivity of about 5 microvolts per chart 
division (1.4 mm) for film resistances up to 10" ohms. 
The film resistance was measured with a Wheatstone 
Bridge circuit using a Leeds and Northrup Model 
9836 indicating dc amplifier () as null detector. 

When the film resistance was less than 20 megohms 
the Wheatstone Bridge circuit was not used; the film 
resistance was computed from the dc current-voltage 
relation. The Leeds and Northrup amplifier was used 
as the signal amplifier, with a capacitor and resistor in 
series with the input to filter out the probe unbalance 
and slow drift, thus making it unnecessary to make a dc 
balance. A time constant FC of about 20 seconds was 
used, This circuit had a higher voltage sensitivity than 
that of Fig. 1(c) for film resistances less than 7X 10° 
ohms and was quicker and simpler to use. However, 
the sensitivity dropped sharply at film resistances 
above 20 megohms. Measurements made with the two 
circuits agreed within the accuracy of the experiment. 

The magnetic field was uniform within one percent 
over the area of the film. The magnet current was 
monitored throughout the measurements to about one 
percent. The Hall coefficient was constant for a current 
range of 0.5 to 50 microamperes and for field strengths 
from 500 to 4500 gauss. 

In the presence of noise and drift it was found 
possible to improve the accuracy of measurement by 
using a 0.05-cps square wave magnetic field and 
calibration signal. The magnet used had an inductance 
of about 0.5 henry and a resistance of about 10 ohms, 
giving a time constant much shorter than the period of 
the wave. The response times of the amplifiers and 
recorder were such that the amplitude of the recorder 
trace was reduced about five percent by switching. 
However, the proportionality between Hall voltage and 
calibration voltage was not affected. 

With current flowing in the film a calibration signal 
was recorded for 3 to 6 cycles. The magnetic field was 
then applied and the Hall voltage recorded for 6 cycles 
or more as needed. When noise was appreciable, a 
greater number of cycles improved the accuracy of the 
averages. A sample recorder trace of calibration signal 
and Hall voltage is shown in Fig. 1(d). 

—-— —— 

The film current or resistance was read before and 
after the Hall voltage was recorded, and the film and 
magnet currents were monitored during the recording 
of the calibration and Hall signals. This procedure 





PHOTOCONDUCTIVE 





EFFECT 


IN LEAD SULFIDE FILMS 


t———— 2.6 Cw —————__44 





if 











— 


MICROAMMETER 1CM 





HUH 





0-108 


r 


VA PbS 











INU 











3 Evaporated GOLD 





WHE ATS TONE 
BRIDGE 


] 

















Bn 








ZERO FIELD 


0404n. PROBE BALANCE 


.5,3,6V 
1.5 Xi0°N 








} 


te] 
then AAT 


CALIBRATION 
CIRCUIT 


























(c) 


Fic. 1. (a) PbS cell showing electrode geometry. (b) Air-tight cell container with window to admit radiation. (¢ 
for cell impedances exceeding 20 megohms. Capital letters identify instruments as follows: B 
vibrating reed electrometer (10'? ohms input resistance) 
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Circuit diagram 
Leeds and Northrup indicating d¢ 


as Hall voltage detector, / elf 


balancing potentiometer recorder. (d) Sample trace of Hall voltage and calibration signal 


was then repeated with the film current reversed. 
The total time required was about 10 minutes. 
III. RESULTS 

A set of typical values observed in these measure- 
ments is given in Table I. The values of the Hall 
coefficient obtained from various films are in substantial 
agreement, using the value 0.5 micron for the thickness 
in each case. This value was measured on one film by 
means of a Michelson interferometer. Since the films 


are produced by a closely controlled .procedure, this 
thickness was assumed for all the cells. The equilibrium 
dark Hall (Ry), resistivity (p), 
and Hall mobility” (ua = Ry/p) for 4 cells are listed in 
Table IT 

In the 

Tt should be noted that, since p is determined largely by 
intercrystalline barriers and Ry by the properties of the crystal 


lites, wy is not a true mobility. This may be seen from kx (15) 
b : ; ! 
and (17 The point is discussed in reference %. 
/ 


values of coeflicient 


course of continuous measurements using 
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TABLE IT. Properties of PbS chemical cells at 
room temperature in the dark 


Rulem'*/ 


coulomb )* 


+121 
+148 
+146 
+695 
+133 


wn =Ru/p 
(cm?/volt-sec) 


Cell 


1A 
2A 
1B 
1B 
2B 


Ambient pfohm-cm) 


38.3 
31.3 
28.3 
66.5 
25.9 


air 
air 
air 
N,b 
Nz 


*W. W. Lawrence, formerly of U. S. Naval Ordnance Test Station 


China Lake, California, has found dark values of R of +130 and +160 
em'/coulomb on two Eastman films, (Private communication.) His meas 
urements were made on an ac Hall effect system operating at 30 cp 

» Cell 1B was changed, apparently by a combination of heating and 
pumping, while being sealed in Ne atmosphere 


illumination and cooling, the dark values of Ry and p 
changed slowly (sometimes increasing and sometimes 
decreasing) over the course of days, returning to the 
values listed in Table II as equilibrium values. The 
Hall mobility did not change appreciably, nor was the 
relation between the fractional changes of R and p 
under illumination affected by this slow variation in 
the dark values. 

ligure 2 is a plot of the fractional change of the Hall 
coeflicient, ARy/Ry, versus the fractional change in 
resistivity, Ap/p. The data were obtained over a period 
of nine months on two cells; one at room temperature, 
the other at temperatures between +31°C and — 41°C. 
The data were obtained with various degrees of uni- 
formity of illumination. This figure illustrates both 
the trend of data and the deviations caused by lack of 
uniformity in the illumination, 

We want to determine the functional relation between 
ARi/Ry and Ap/p. From Fig. 2 
write as a first approximation to this relation, 


ARy ‘Ry 


we see that we can 


mAp/p, m=1, (1) 





* 2i<T<27 CElL#iB 
© 2i<T<3i CELL #28 
e -9<T<8 CELL#2B 
© -23<T<-+3 CELL #2B 
* -41<T<-26 CELL #28 
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Fic, 2. Compilation of all observations of ARy/Ry vs Ap/p 
under illumination taken over a nine-month period at various 
temperatures and with varying degrees of uniformity of illumi 
nation. Cell Nos, 1B and 2B. 
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where the factor m must be more precisely determined. 
In order to do this we examine data obtained on a 
single cell under well-defined conditions of illumination. 

Figure 3 is a plot of m= (ARy/Ry)/(Ap/p) at room 
temperature, obtained on one cell with low noise and 
uniform illumination. The position of the light source 
was not changed during the course of the measure- 
ments. For values of Ag/o<1.0, the error limits 
indicated are of a statistical origin and will be discussed 
in the next section, For Ag/o>1, the indicated limits 
are due to heating of the film. Observations of Ry 
and p (without illumination) as a function of tempera- 
ture (Table I and the paper of Petritz et al.) showed 
that the ratio Ry/p decreased as T decreased. That is, 
Ap/p due to heating is greater in absolute value than 
ARy/Ry due to heating. Therefore, illumination of 
sufficient intensity to cause heating will lead to values 
of (ARy/Ru)/(Ap/p) less than the value due to the 
photoconductive process alone. Illumination which 
increased o by a factor of 3 at room temperature 
caused a temperature increase of several degrees in the 
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Fic. 3. (ARy/Ry)/(Ap/p) vs Ao/o under conditions of uniform 


illumination and low noise at room temperature. Cell No, 2B. 


course of a measurement. For this reason, measure- 
ments with Ao/o>2 are not presented. 

The data of Fig. 4 were obtained on the same cell as 
those of Fig. 3 over a range of temperatures. Because 
of the Dewar flask, the position of the light was neces- 
sarily different from that in Fig. 3, and the illumination 
was nonuniform. This position was roughly the same 
for all points of Fig. 4. The mean value of (ARw/Ru)/ 
(Ap/p) is 0.9 at all temperatures. From Fig. 4 we 
conclude that the relationship which holds between 
ARn/Ry and Ap/p at room temperature also holds at 
low temperatures. Furthermore the only difference 
between the experimental conditions of the room 
temperature curves of Fig. 3 and those of Fig. 4 is the 
uniformity of illumination. We therefore conclude that 
under illumination, Eq. (1) holds over the range of 
illumination and temperature studied. 

Another way of expressing this result is in terms of 
the Hall mobility, wy, defined as 


bn =Ru/p. (2) 

4 Petritz, Lummis, Sorrows, and Woods, in Semiconductor 

Surface Physics (University of Pennsylvania Press, Philadelphia, 
1957), p. 229. 
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From Eq. (2) we find 


Aun (ARn/Ru)—Ap/p 


Ku 1+ Ap/p 
Substituting Eq. (1) into Eq. (3), we find 
Aun MnO; (4) 


Le., the Hall remains constant under 


illumination. 


mobility 


IV. ACCURACY AND RELIABILITY OF RESULTS 


The large chart of the recorder makes it easy to 
read Vy to 0.5% since the small divisions are 0.50% 
of the full scale [see Fig. 1(c) ]. This was approximately 
equal to the over-all resolution of the apparatus. 
However, the current noise was usually at least 1 to 
3% of the Hall signal voltage. Therefore, to obtain 
the 0.50% accuracy, one would have to average many 
reversals of magnetic field. For low noise situations it 
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Fic. 4. (ARw/Ry)/(Ap/p) vs So/o under slightly nonuniform 
illumination. Cell No. 2B, The illumination geometry is the same 
for all three temperature ranges 


was found that six cycles were sufficient to obtain 
about 1% accuracy [see Fig. 1(c)]. When the noise 
was higher a larger number of cycles was necessary. 
The conductivity and bias current were also measured 
to better than 1% accuracy. 

We can thus evaluate the errors in the parameters of 
interest, namely dm/m, Ry, p, and wy. It can be shown 
that under the conditions of the experiment the 
measured values of ARy/Ry, Ap/p, and Auy/uy are 
accurate to within +0.02, nearly independent of the 
The error in m, however, is 


level of illumination. 


given by 


dm/m (2dV 4 V 1)/(Aa/e). (5) 


This relation, together with the voltage accuracy 


dV y/Vy=0.01, (6) 


establishes the lower limit of Ag/a which will yield 
any given degree of accuracy in m. For example, to 
obtain dm/m accurate to 5% one needs illumination 


sufficient to yield Ao/a=0.4. The data of Fig. 4 show 
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Fic. 5. Cell response Ao/o vs radiation intensity 


Cell Nos. 1B and 2B. 


that dm/m increases with decreasing values of Ao/o, 
as predicted by Eq. (5). It would be desirable to make 


observations at much smaller values of Ao/o, since 
PbS photocells are often used with Ao/o as small as 
10°* to 10°°. However, dm/m would then be 20 to 2000. 

In order to determine whether the results can be 
applied to the region of very small changes, Ao/o<0.2, 
where direct measurements of ARy/Ry are not possible, 
the dependence of Ag/o on illumination intensity was 
measured over a range which overlapped the region of 
low-level illumination and the levels used in the Hall 
effect measurements. A point-source lamp at a variable 
distance from the cell was used; the intensity was 
calculated by using the inverse square law. The results 
are shown in Fig. 5 for two cells. Since there is no 
deviation from a straight line in either plot over the 
range of observation, one may conclude that there is no 
change in the photoconductive mechanism in this 
range and that the observed relation between ARy/Ry 
and Ap/p will hold in the region of small changes, 1.e., 
that m does not change over the region 10 °< Aa/a< 2. 
Therefore, we can evaluate m at an optimum condi 
errors 
0.35. 


tion, considering statistical and systemati« 
(nonuniform illumination and heating). At Ao/o 


we find from Fig. 3 that 
m=1 (7) 
Equation (5) indicates that at this point 


dm/m=0.00. (8) 


Higher values of Ag/o could be used to reduce the 

statistical error in m, but would begin to introduce a 

systematic heating error. 
Substituting Eqs. (7), (8), and (3) into Eq. (1), 


’ 


we find 


ARun, Ru (Ap p)(1 t 0.06), 


Apun/pu=0+0.0640/e. 
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V. APPLICATION OF RESULTS TO THEORETICAL 
MODELS OF PHOTOCONDUCTIVITY 


To discuss the above results [ Eqs. (9) and (10) | in 


terms of a given model, one must derive expressions for 
Ri, p, and wy, and for changes in these quantities under 
We this 


systematically for all models in the literature, but 


illumination. shall not attempt to do 
shall discuss only a single model*® which has been 
successful in correlating experimental measurements of 
noise,” responsivity, and sensitivity’® with theoretical 
values. We shall require the following properties of 
the model; (1) the crystallites are assumed to be 
ufficiently homogeneous and similar that an average 
carrier density, p, is representative of the whole film; 
(2) the intercrystalline barrier regions are thin and of 
(3) the 
primary photoeffect, a change in the majority carrier 


density, results from absorption of light in the PbS 


high resistivity compared to the crystallites 


’ 


crystallites, creating hole-electron pairs; (4) secondary 
amplification effects can result from lowering inter 
crystalline barriers by trapping minority carriers; and 
(5) space charge effects within the crystallites are 
neglected, 

The 


given by 


current density across a single barrier is 


16 


j pM gb/kT ( epGhVo/kT i}: (11) 


where p is the density of holes in the crystallites 
adjacent to the barrier, g is the electronic charge, @ is 
the potential (height) of the barrier, AV, is the voltage 
across the barrier, and M depends on the particular 
barrier theory used and is independent of p and @¢. 
Because of the many barriers in the film, gAV,/kT<1 
for normally applied voltages and the barrier is ohmic; 


thus 


(12) 


] pMe a ATOAI r/ kT. 


From Eq. (12) and properties 1, 2, and 5 one can 
show that the Hall coefficient,* macroscopic resistivity,® 
effective mobility,® and barrier modulation factor® B 


of the polycrystalline film are, respectively, 


Ri Sqr Sap, 


Pp l qu* p, 
u*=(M/nkT )e %!*", 


B= (Ap*/u*)/(Ap/p), 


where is the average number of crystallites per 
centimeter of length of the film. Therefore, from Eqs. 
(13) and (14) the Hall mobility is directly related to 
* } , 
a” DY 


wn=Ru/p=}rp*, (17) 
RK. L. Petritz and F. L. Lummis (to be published 
H.C. Torrey and C. A. Whitmer, Crystal Rectifiers (McGraw 
Hill Book Company, Inc., New York, 1948), pp. 77-82. 
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and includes the effect of the barrier potential [Eq. 
(15) }. 
When light is absorbed, we have from Eqs. (13)-(17): 


Ap (—Ap/p)—(Au*/u*)(1+4p/p) 
p (14+ Ay*/y*)(1+-Ap/p) 
ARy/Ru -~Ap/Lp(1+Ap/p) l, 


e gholkT 1 


(19) 


Au*/u* Aun/un. (20) 
Our experimental result, Eq. (9), requires the right- 
hand side of Eq. (18) to equal that of Eq. (19) for 
arbitrary levels of illumination. For this to be the case, 
Au*/u* must be zero within experimental error. This 
result can also be derived by substituting the experi- 
mental result of Eq. (10) into Eq. (20). 

We therefore conclude that in this model there can 
be no large change in barrier potential under illumi- 
nation, that the barrier modulation factor, B, is zero, 
and that the photoconductive effect must be due 
entirely to an increase in the density of majority 
carriers in the PbS crystallites. 


VI. SUMMARY 


From measurements of the change in resistivity and 
Hall coefficient under illumination it is found that in 
chemically deposited lead sulfide films, 


ARy/Ru= (Ap/p) (1+0.06), 


Aun ‘un 0+0.06Aa/c, 


over the temperature range +31° to —41°C, and for 
illumination that 10° °<Ao/a<2. The 
establishment of these relations provides an experi- 
mental criterion for the selection of an adequate 
theory of photoconductivity in lead salt semiconducting 
films. 


levels such 


The relations were used to evaluate the relative 
amount of barrier amplification occurring in PbS 
films on the basis of a recently published theory of 
photoconductivity®; it was concluded that no significant 
barrier amplification can occur. Therefore, the photo- 
conductive effect is entirely due to an increase in the 
density of majority carriers in the lead sulfide 
crystallites. 
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The absorption spectra of silver chloride and silver bromide films have been extended to 
lengths than in previous studies, in order to locate the maxima and any ass 


magnitude of the absorption coefficient 


Measurements in the region 800-1600 A were 
grazing-incidence vacuum spectrograph with a Lyman discharge tube as 


horter 
1 to tind the 


vave 
ociated structure anc 
made by using a 


source, Overlapping of orders was 


avoided by using the noble gases as filters. Sample films of the order of 100 A thick were vacuum evaporated 


onto very thin (100-150 A) celluloid supports. The silver halide film thick nesse 
spectra. Silver chloride shows its greatest absorption in the re 
bromide has a broad absorption maximum about 1500 A 


With the 
106 cm™ 


films used, 


I. INTRODUCTION 


HE absorption spectrum of a crystalline sub 

stance reveals data on the relative positions and 
structure of the bands of initial states and excited 
states. In the soft x-ray and extreme ultraviolet region 
initial states are narrow! enough so that 
structure structure of the 
excited states. 


observed 
can be associated with 

The absorption spectra of the silver halides have been 
studied in the near and far ultraviolet by Fesefeldt,’ 
Fesefeldt and Gyulai,’ Schneider and O’Bryan,* and 
Milliman.’ For. silver the 
absorption coefficient which generally increases with 


chloride curves show an 
decreasing wavelength and has a small bump at 2600 A, 
Schneider and O'Bryan observed the absorption from 
2000 A down to 1050 A of silver chloride films evapo 
rated onto lithium fluoride. The absorption was ob 
served to rise as wavelength decreased, but no maximum 
was reached. 

The silver bromide absorption measured by lesefeldt 
and Gyulai also showed a general increase with de 
creasing wavelength with a bump at 3150 A. 

The purpose of the work reported here was to extend 
the absorption measurements on silver chloride and 
silver bromide to shorter wavelengths, to locate the 
absorption maxima in each material along with any 
associated structure, and to find the magnitude of the 
absorption coefficients in the regions ol strong ab 


sorption. 


* The project was supported at first by the Office of Naval 
Research and more recently by the National Science Foundation 
t Now at American Optical Company, Southbridge, Massa 
chusetts 
1H. W. B. Skinner, in Reports on Progress in 
Physical Society, London, 1938), Vol. 5, p. 257 
7H. Fesefeldt, Z. Physik 64, 741 (1930 
*H. Fesefeldt and Z. Gyulai, Nachr 
Math physik KI., p 226 (1929 
‘—E. G. Schneider and H. M 
(1937 
YD 
lished) 


Physics (The 


Gess. Wiss. Gottingen 


O'Bryan, Phys. Rev. 51, 293 


Milliman, thesis, Cornell University, 1953 (unpub 
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; were measured by channeled 
gion 900-1200 A 


£ vith some structure. Silver 


with some structure at shorter wavelengths 


both compounds showed absorption coefficients at maxima of approximately 1.5 


Il. EXPERIMENT 


A description of the grazing-incidence spectrograph 
used in this research was given by Givens and Sieg 
mund.® It is fashioned after one described by Skinner 
and Johnston’; the source was a Ly man discharge tube 
similar to that described by Rathenau.* 

Samples were thin films vacuum evaporated rapidly 
The 
different thicknesses of silver halide were compared so 
that 
reflection and high absorption’ at the interfaces. Film 


onto celluloid supports transmissions ol two 


the calculated absorption was independent of 


thicknesses were measured by utilizing fringes of equal 
chromatic order,'” 

An attempt was made to study with an electron 
microscope the physical structure of the evaporated 
thin halide films. In particular it was desired to learn 
whether or not the films were continuous, and if not, 
what was the percentage of open area Phe attempt was 
unsuccessful for, even with low beam intensity, the film 
quickly sublimed and agglomerated 

After a 


(Kodak SWR) were developed and then microphotom 


eries ol exposures the per tro COpl plates 


etered on a radiometer-type instrument described 
by Leighton, Smith, and Henson.'! Irom the micro 
photometer traces a plate characteristic curve was 
Woodruff Givens 
the | Oe 


through the thick film, were read from the curve and 


| 


constructed as described by and 


The exposures, /,, through thin film, and 


the approximate ab orption coethicient, a, was com 
puted from the relation RE,/k, e7? where 7 is the 


difference in average thickness of the pair of films, and 


®°M. P. Giv 
(1952 

7H. W. B. Skinner ar Johnston 

London) A161, 420 (1937 

*(;. Rathenau, Z. Physik $7, 32 (1933 

‘DD. H. Tomboulian and | Pell, Phy Rev. 83 
(1951 

! Polansky, 
hilm xford { 


' Leighton, Smith 


and W. P 


Siegmund, Phys 


d J. 1 


1196 


Wiultiple-beam Interferometry of Surfaces and 
Press, New York, 1944), Chaps. % and 9 
and Henson, Rev. Sci. Instr. 5, 431 (1934 


niversity 


Rk. W. Woodrulf and M. P. Givens, Phys. Rev. 97, 52 (19 
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R is the ratio of number of sparks in the thick-film 
exposure to the number in the thin-film exposure. 

It was necessary to take into account effects due to 
reciprocity failure, change in characteristic curve with 
wavelength, and scattered light. The steps are described 
elsewhere.’ ‘The corrected exposure values, ¢, and é,, 
were used to compute the absorption coefficient, yp, 


Act ording to the equation Re,/e=e". 


Ill. THEORY 


In the silver halides there are several possible elec- 
tronic transitions which could result in strong absorp- 
tion in the region 500-1500 A. Allen'* studied theo- 
retically the absorption of silver bromide using a model 
consisting of a bromide ion in a cavity in a uniform 
dielectric, The predicted absorption due to excitation 
of a bromide 4p electron shows a gradual increase with 
increasing energy from the edge (estimated at 6.25 ev) 
to the maximum value of 1.4%10® per cm at about 
14.6 ev 
energy. Presumably, the principal results would be 
similar for silver chloride, that is, a rather diffuse 
absorption with the maximum value the order of 10° per 


(850 A), with a gradual decrease at higher 


cm occurring at an energy well above that at the edge 

Another process to be considered is excitation of a 
bromide 4s or chloride 3s electron. The energies of these 
levels are not directly available. However, the energy 
difference between the isolated chloride ion levels 3p 
and 3s can be estimated as follows. Consider two 
different excitations of an isolated chloride ion, 3s* 3p*—> 
35° 3p°+e, and 3s? 3p°—»+35' 3p°+-e, where the electron 
The difference in energy 
required is obviously equal to the energy of the atomic 
transition 35? 3p*—+3s! 3p*. This in 
mated from the screening doublet law!® for the iso 
electronic sequence Cli, Atl, K m1, Catv, Sev, T v1, 
Vvu. A plot of term values for the 3s 3p° states vs 
atomic number for Am through V vit gives a straight 
line. Extrapolated to atomic number 17 the line yields 
10.7 ev for the energy difference between Cl1 3s 3p° 
and 3s* 3p*. Therefore, if in the solid there are states to 
which either a chloride 3p or 3s electron can be excited 


in each case is just free. 


turn can be esti 


(such as ionization states), then the transition from 3s 
would be expected at an energy the order of 11 ev 
greater than that of the 3p transition. The correspond 
ing transitions for the 
involve less energy, but quantitative information is 


bromide 4s electron should 


not available. 
In silver chloride there are some states beginning 


about 3 ev above the Cl- 3p band and strong absorp- 
tion, possibly due to the formation of excitons, at about 


C.J. Koester, thesis, University of Rochester Library, 1955 
(unpublished) 

4 J. RK. Allen, Can. J. Phys. 31, 218 (1953) 

H. BE. White, /ntroduction to Atomic Spectra (McGraw-Hill 
Book Company, Inc., New York, 1934), pp. 316, 337, 348; 
G. Herzberg, Atomic Spectra and Atomic Structure (Dover Publica- 
tions, Inc., New York, 1944), second edition, p. 63 


AND M. P. 


GIVENS 


5 ev. If 3s electrons can be excited to these states or 
states with nearly the same energy, then we would 
expect absorption structure to occur in the region 13 
to 16 ev. 

A third process to be considered is excitation of a 
silver ion 4d electron. In the isolated ion there are 
three 5p states to which transitions are permitted by 
the selection rule, (AJ=+1, 0, but not J/=0-J=0). 
They are: 


*P;, 10.32 ev above ground state; 
1p, 
"P,, 


11.10 ev above ground state; 


11.14 ev above ground state. 


Of these, only the 'P; state also satisfies the rules 
(AS=0) and (AL= +1, 0). 

In the solid there are undoubtedly available to a 
silver ion 4d electron, states whose wave functions, y;, 
near the silver ion are made up in part of 5p wave 
functions of an isolated ion. It is to be expected, then, 
that transitions from the 4d levels to states y, will occur 
and that the excited levels will be broadened by overlap 
of the wave functions. The energy associated with 
these transitions is expected to be lower than that for 
the corresponding transitions in the isolated ion, for as 


2.0-10° = 


Silver Chioride 


5 


cm 
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Fic. 1. Absorption spectra of silver chloride and silver bromide 
film. Each circled point is the average over a 25 A interval of 
two independent determinations. Other points are averages over 
25 A intervals of absorption measured in one run only. 


Thin film Thick film 


Silver chloride sample A 149 A 186A 
Silver chloride sample B 7A 63. A 
Silver bromide sample A 43 A 128 A 85 A 
Silver bromide sample B 130A 207 A 77A 


Probable error of the mean for the difference was 6 A, 


Difference 
37 A 
56A 


Average film thicknesses 





ABSORPTION SPECTRA OF 


Seitz points out,'® an excited electron can take advan- 
tage of the lattice fields to reduce its energy. 

The ground state of a halogen atom is a doublet, the 
separation for chlorine and bromine being 0.11 and 
0.45 ev, respectively. In the alkali bromides the doublet 
structure shows clearly in absorption!” except in lithium 
bromide. In the chlorides this structure is not resolved. 
O’Bryan and Skinner'’ have shown by soft x-ray 
emission studies that in silver bromide the bromide 4p 
band is wider than the corresponding bands in all the 
alkali bromides except lithium bromide. ‘Therefore, the 
wide 4p band may hide the doublet structure in silver 
bromide. 


IV. RESULTS 


Curves of absorption coefficient, u, vs wavelength for 
silver chloride films and silver bromide films are given 
in Fig. 1. Each is the average of two independent 
determinations. The shapes of the curves are more 
certain than the absolute magnitude of the absorption 
which could be in error by as much as 30%. 

For silver chloride the general features are the 
gradual rise with decreasing wavelength at long wave 
length, punctuated by a relatively narrow absorption 
peak at 1165 A. There are broader maxima at about 
1120 and 950 A. 

For silver bromide the absorption has a_ broad 
maximum centered at about 1470 A with two narrower 
bands at 1260 and 1170 A. The absorption coefficient 
remains high to about 1000 A. There was some evidence 
for narrow peaks at 1035 and 975 A, but the scatter of 
experimental points was too great to permit confidence 
in their reality. 


V. INTERPRETATION 


It seems likely that the peaks at about 1170 A which 
appear in both the silver chloride and silver bromide 
absorption curves, result from excitation of the silver 
ion. ‘Table I gives a summary of the pertinent data. 


Without 


the relatively narrow peaks the curves 
16 F. Seitz, Revs. Modern Phys. 23, 330 (1951) 
TR. Hilsch and R. W. Pohl, Z. Physik 59, 812 (1930 


‘SH. M. O’Bryan and H. W. B. Skinner, Proc. Roy. Soc 
(London) A176, 229 (1940 
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TABLE I. Observed peaks in silver halide absorption curves 
compared to silver ion levels 


a Photon energy Photon energy 
A 


( ) (ev) A) (ev) 


10.6 
10.6 98 


1165 
1170 


AgCl 
AgBr 
Average 10.6 

Isolated Ag* G@DIP) 11.1 @P)10.3 
Difference 0.5 0.5 


suggest the type of absorption predicted by Allen for 
silver bromide. The agreement is not complete, how 
ever, for Allen’s calculation predict a maximum absorp 
tion at 850A for silver bromide, whereas the present 
work shows it to be about 1470 A. 

The strong absorption at shorter wavelengths, around 
950 A in silver chloride and between 950 and 1150 A in 
silver bromide may be due in part to excitation of the 
chloride 3s and bromide 4s electrons, respectively 

The measurements on 
Schneider and O’Bryan’s curvet to the extent that the 


silver chloride agree with 


absorption generally rises with decreasing wavelength 
down to their limit of 1100 A. However, the sharp rise 
at 1200 A which they report is not observed in the 


present data 
VI. CONCLUSIONS 


The experimental procedure yielded results which 
were largely reproducible and which showed a definite 
difference between the absorption of silver chloride and 
that of silver bromide. Some of the structure is of the 
type expected for excitation of the halide valence 
electrons, and some of the structure appears to be 
related to the excitation of the silver ion 4d electrons 

More information about the location of the con 
ducting states relative to the silver ion levels can 
probably be obtained by absorption measurements in 
the region 100-170 A, since the silver atom Nyupin 
edge is at about 158 A and the Vy edge, about 133 A. 
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Stark Effects in Line Broadening 
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Karlier calculations, based on customary radiation theory, fail to yield a meaningful finite answer for the 
second-order Stark effect upon line broadening. The reason for this occurrence is found in the assumption 


that, at some definite time, the radiating atom as well as the perturbing electron is in a precise energy state. 
When the electron is represented in a suitable way by a wave packet a finite line width results, and this 
answer agrees within reasonable limits with that of the classical impact theory provided certain enumerated 


conditions are satisfied 


N classical impact theories,’ the effect of ions on the 

width of spectral lines is calculated by supposing 
that an ion produces a Stark field at the place of the 
radiating atom, and that the time variation of this 
field, as the ion moves, spreads the radiated frequencies 
into a small continuum. On the other hand, quantum 
mechanical calculations based on the customary for 
mulas of the theory of radiation yield line widths which 
seem to ignore the Stark effect. This was evident in the 
Kivel, Bloom, Margenau,’? where the 
“universal” effect contained no evidence of second 
order Stark contributions but included only scattering 
by Hartree potentials between atom and electron, as 


work of and 


was shown by Meyerott and Margenau.’ On the other 
hand, first-order Stark effects, called polarization, were 
present in the results of reference 2; they arise from 
the combination of degenerate states which were 
included in the calculation, 

Higher excited states were ignored, and the impres 
sion might arise that their inclusion in the ordinary 
formalism would automatically yield the quantum 
analog of the second-order Stark effect obtained by 
impact theories. This is not the case. Higher atomic 
states make contributions to the line width only if they 
can actually be excited, i.e., if the impinging ions are 
sufficiently energetic or the temperature is high. The 
effect is then one of quenching the optically active state 
rather than of Stark perturbations. The reason for this 
strange result lies in the fact that radiation theory makes 


‘sudden approxi 


use of what is sometimes called the ‘ 
mation”: it assumes none of the upper states to be 


excited at time /=0 and switches on the perturbation 


abruptly at that instant. Under these conditions, it may 


be recalled, ordinary perturbation theory likewise 


falsifies the second-order Stark effect. 
Part I of this note exhibits the difheulty; part II 
shows how it can be removed by the use of wave 


packets for the perturbing ions 


* Supported by the Rand Corporation, Santa Monica, California 

t Supported by the Air Force Office of Scientific Research 

‘Por a review see A, Unsdld, Phystk der Sternatmospharen 
(Springer-Verlag, Berlin, 1955), second edition 

? Kivel, Bloom, and Margenau, Phys. Rev. 98, 495 (1955 

+R. E. Meyerott and H. Margenau, Phys. Rev. 99, 1851 (1955) 


I 


The procedure to be employed is similar to that of 
reference 2, Sec. IV. We wish to describe a system 
composed of an atom and one external electron or ion 
(henceforth we speak of an electron), and states desig- 
nated by capital letters are states of this combined 
system. Among them we distinguish the upper radiative 
state A in which the atom is excited (state 1) and the 
electron is in state a, which forms part of a continuum. 
‘There are higher atomic states 7 to which the electron- 
atom interaction can transfer the system; associated 
with r are electron states p, and the full state, (7,p) will 
be labeled R, Finally, there is the ground state of the 
atom, 0, which is accompanied by electron states a. 
The assumption is that it can be reached only by radia- 
tion from A, and that during this transition the electron 
remains in the same state a. 

We denote “dark” amplitudes (no photons present) 
by d, bright ones (one photon of frequency wo is 
present) by 6. The atom-electron perturbation is C, 
hwarn=Ea— En. In are 
taken to be composed additively of atom and electron 


and Furthermore, /¢, and 
energies; the interaction is neglected in w. Thus L/L, 
hi+E,. One then obtains the following equations 


for the amplitudes*: 


(Kat Egtheot)t/h 


thd ic Eatin > ib, oJ i. Loe 


t Der ApCa pe ERA 


iEeRtK 


> s dsCrse #3, 


da Jy nye EY Bo hen in, 


thd pe 
thh, 0 


The J term in the first equation gives rise to the 
natural line width which is not of interest in the present 
context. Putting it equal to zero has no other effect 
than to ignore the natural width. In the last equation, 
Ji, is the radiation matrix element for the transition 
from atomic state 1 to 0 with generation of one photon 
of frequency w,, henceforth simply written as w. With 


‘See, for example, D. Bohm, Quantum Theory (Prentice-Hall, 
Inc., New York, 1951), Chap. 18. 
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this understanding, the basic equations are 
thd 4 


thd x aS. s ds( "pge erst 


cs 


r 4 ,iwARt 
Dr drapes", 


thho(w) daJ oe" woitw) b 


From Eq. (3) we obtain at once the line shape in 


Joy f duet #10) (dt= J (w), (4) 


and the intensity distribution is 
I (w) 


It will be noticed that J(w) is the Fourier transform 
‘wot’ In using Eq. (5) 


emission: 


lim bo(w) 


te 


| J (w) |?. (5) 


of the initial amplitude dye 
certain averages over directions of polarization must be 
performed by which | Jo:|? is converted into (| Jo1\*)av. 
This is not explicitly indicated and will not concern us 
in the present investigation. 

Let the initial state decay exponentially, 


dy, é v8 (0) 


’ 


which means that a single state A= (1,a) was surely 


present at /=0. Equation (1) then states 
-_ 
D Cape’iesety dp, (/) 
h Re 


We now solve (2) by successive approximations. If 


dr dp + dp” +d p"? for R#¥A, 


then 
dp ‘ 
and 
; 
[d iC pre’! 
h 


dp 


But all ds occurring in the sum are zero; hence 
1 e\eRA~ 7) J 
Cra— 
h WHA 7 


d Rk I 


we retain terms with dg” in >> sv 


In computing dz’, 
and find that 


Cas (iwe eiwnst— | 
dp” h > p 7 
© WSA WHS 


Hence, from (7), 


ett iCasi* 
Rk 


e! eAkt Y 


IWRA 


7 CarCrsCs 
tih *>- 


RS lu SA 
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The first line of y represents the first approximation, 
the next the second 

the first Clearly So, 
the sum over electron states, and this can 


Consider approximation, 


contains + 


Py 


be replaced by an integral 


| 
z. f x 2rk,2dk, sind,do,, 
p (2r)* 


where V is the volume, and @, is the angle between the 
wave number vector k, and the polar axis. Also, 


WAR=W1ItWa—Wr—,, 
and 
(h/2m)k,?. 


m 
f sinddé f ke, 
Vm 
f inddé 

tor’h 
. exp 1(WiptWa 
xf Cra\*k, 

WwW, Wir 


‘Therefore 


At this point we use the formula 
byt 1 


U(wy—w) + 
which is formally true for sufficiently small y and large 
!. Hence the last integration with respect to w, vanishes 
if the only value which contributes to it, namely 
W,=Wiptwe, 1s smaller than zero. A finite result occurs 
when wa2,1, that is, then the perturbing electron ha 
enough energy to excite the rth stat 

In the first approximation, then, y receives contri 


butions only from matrix element Cra between 


states Rk and ‘The result 
similar to the formula for quenching in reference 


Is very 
2 


1 with equal energy 


but contains a summation over all accessible atomic 


states. Explicitly, 


Vm 


: bf sind,d6,|C" na |’, 
drh® rs 


2m 
es 
h 


where 


and the prime on C indicates that the states (rp) and 
(la) must have the time energy. Notice that C’ xa is 
a function of 6,. 

We now study the second approximation in Eq. (%) 
It consists of three terms which will be labeled A, B, 
and C’,, so that 


a, (2) 


y th* > rs(A+ B-( 
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The sum }°, A is subject to resonance at the same value 


k,, and we find 
Vm Car’ nsCaa 
k, | sin6,d6, 


oh wsga—-Y 


DA 


the primes having the same meaning as before. If y is 
neglected against twg,, one can define a second-order 
matrix element 

_C'nsCsa 


Des ——, 
8 Kk,-—Es 


(10) 
and write 


ih*>' A 
KS 


Vm _ 
3 kf sin0,d6,C' arD' ra, (11) 
4rh® + 


which looks very much like (9). 

When > xs B is treated in a similar way, it is seen 
to add to (11) the complex conjugate of that expression. 
Up to this point, then, 


Vm _ 
ef sind, |Csu 


4n h* + 
+2 Re(C’arD' ra) |, (12) 
where Re means the real part. 

Finally, it can be shown that }°xs C vanishes for 
sufficiently small y as the ratio of y to the mean atomic 
frequency. 

In the second approximation, Eq. (12) is the relevant 
expression for the line width, and if it is to be finite the 
resonances indicated by the primes must occur, since 
otherwise the matrix elements are to be omitted from 
the summation over r. The foregoing treatment produces 
no line width at all when the electrons do not have 
enough energy to excite the higher atomic states. The 
reason for this defect lies in the use of an improper 
approximation for de“ and dy», which implies that 
these amplitudes are exactly zero at /=0. In the fol- 
lowing section, the smooth diffusion of wave packets 
representing the electron will be seen to remove this 
lack of realism, and with it the difficulty. 


II 


Classically, the line width arises from the fact that 
the perturber moves past the radiating atom. But in the 
stationary electron state employed in I. there is no 
motion. It is clear, therefore, that a quantum calculation 
which is to be the analog of an impact theory must 
operate with initial perturber states that are super- 
positions of stationary states, ie., diffusing wave 
packets. ‘The subsequent analysis will bear this out. 

As to the initial state, suppose that the atom has a 
sharp energy /,, whereas the electron has a distribu- 
tion of energies /,. ‘The initial amplitude dy, will 
therefore be of the form af,, and a is time-dependent. 
For f, we choose a ‘‘thermal” wave packet as proposed 


AND M. B. 


LEWIS 


in a previous paper’ : 


h? t7dy\- Wk 

2amxT 2nr 4mxT 
Xexp(—ika-t) (13) 
where, aside from obvious symbols, x is the Boltzmann 
constant, 7 the temperature, k the wave number, and 
d the side of a cube in which the wave function is nor- 

malized, 
We note that 


Zoal tal** i, 


where | f,|* is the probability that the electron is in a 
state a, 

Our failure to write the initial amplitudes in the form 
daf a implies that the state function for the excited atom 
and perturber system is separable despite the C per- 
turbation. So long as the interaction is weak, this is a 
good approximation. The wave packet describing the 
perturbing electron is, according to (13): 


y=d 4). fa exp(ika-1r—iwal), 


where wa=(h/2m)k,’, and ro is the “condensation 
point” of the wave packet. After conversion of the sum 
to an integration over k,, we have 


h? i | h? thi 
( ) exp —(r—- ro? /4( + ) 
SamkT | 4mxT 2m 


h? tht) 
eartae! 
4mxT 2m 


This represents a Gaussian wave function, spherically 
symmetric about the point ro; it is not a stationary 
distribution, but one which diffuses in accordance with 
the Schrédinger equation for a free particle. It has its 
minimum spread at /=0 and is contracting when ¢ is 
less than zero, expanding for / greater than zero. 

In the following calculation, the adiabatic approxi- 
mation is made because we include only the atomic 
state 1 in our consideration. This procedure parallels the 
classical calculation, which also assumes adiabaticity. 


First-Order Theory 


For the change in the initial amplitude d4 we have 
from Eq. (1): 
tha(t) fa Ds ahs exp[i(wa —we)l Cia, 19. (14) 

The index 8 sums over (perturber) electron states, and 

wa= (h/2m)kg?. We shall here assume Cja,1g to be a 

slowly varying function of kg and replace it by its value 


6H. Margenau and B. Kivel, Phys. Rev. 98, 1822 (1955). Here, 
however, we treat the electron motion in three dimensions. 
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at kg=0, where fs has a maximum. Now 


> 6 fs exp(—twgl) = wb? (1+ict)3 


rob 
xexp| _ “Pr, 
(1+101)8r 


with the abbreviations 


w=d/2n, b- Sam, h?, o=2QT/h. (16) 


If Eq. (14) is multiplied by f.* and summed over a, the 

left side becomes iha, while the right side acquires a 

factor which is the complex conjugate of (15), provided 

we again ignore the dependence of C on ka. Hence, 
a(t)Co, w*b'(1+07f)-3 


rob 
xexp/ : ), 
(1+ ol") 4a 


ig(t,fo 
’ 


tha(t) 


a (t) e 


1 t 
f Cio rowh4(1 +o?) j 
h 
rob 


xexp( ) (17) 
4 (1+-07f*) 


We shall write ¢(@ ,ro) = ¢(fo); it represents the total 
phase change resulting from one impact. In cases of 
practical interest, C10, 19 is zero, or else there is degener 
acy. In the latter case certain modifications of the 
present formulas are necessary. When made they lead 
to the first-order Stark effect for which an adequate 
theory already exists. We therefore turn to the next 
approximation. 


og(t,ro) 


Second-Order Theory 


Equation (2), when written in explicit form, is 


ihd,, > 2 Af pC rp, 18 EXP{1 (Wri +w, —wa)l}. 


This by virtue of (15), becomes 


ihd,, =a exp[i(writw,)t |Crp, owtb'(1+-iat) 4 


ro’b 
xerp| . | 
8r(1+-t01) 


When the time integration is performed and the result 
is put into Eq. (1), we have 


—Wafa=> wib'C,,, Cia, rp EXPL (wir twa 


rp 


ro’b 
(1+10t') 8x 


t 
xf - 
“ (1+ iat’)! 


Wy )t 


a(t’) exp[t(wyitw,)l' |dt’. 
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Again, we multiply by /,.* and sum over a. The result is 


: exp[1(wir—w,)t | 
e ha oe |¢ — 10| yp! 


rp (1 -tat)! 


rob ‘ 
If a(t')\(1+10t')~$ 
(1 iat)Sar e x 


ro'b 
Kexp[i(w@ri+w,)’] exp| dt’ 
(1+-t0t')8m 


xexp| 


A partial integration yields 


e ie’ exp 
t 


rob | 
(1+iot')8x 
J a dt’ 
™ (1 { iat’)! 
a(tye™ exp| 


12.(1+-i0t)! 


rob 


(1 { tol) Sar 


rob | 
(1+-t0t')8r 


a(t) ex 


(1+i01’)! 


roth | 
| dt’, 
2(1+10l') &r(14 iat’)? | 


where 


The approximation made here lies in neglecting a 
against a, which limits the analysis to (physically 
interesting) times during which a has not markedly 
changed from its initial value. If ¢<Q= |w),—w,| only 
the first term on the right is important, and we find 


4 « . Cr 10 : 
tu'bih ? 
rp (Wy, W,) 


exp 


This result is wholly analogous to Eq. (17), except 
that Cyo,10 is now replaced by its second-order equiv- 


rob | a(t) 
(1 


4r(1+-0°f) +-o?f*)8 


alent: 
Cy 10 , 
AC=y 


ap h(wi, 


(18) 


W,) 


Line Width 


In Eqs. (17) and (18) we have recovered the starting 
point of all classical impact theories. Each impact 
produces a phase change g(ro) which depends on the 
point of condensation of the wave packet. If the free 
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time between collisions (condensation of the packets) 
is large compared to the interaction time, the impacts 
may be treated as sudden changes of phase and the 
following analysis may be employed. 

We assume that the initial state decays by radiation 
exponentially. We then have 


S(t) yt 
’ 


a(t) é 


where S(t) is the negative of the sum of all the phase 
changes that have occurred from (=0 [.S(0)=0]. We 


then have, using Eq. (5), 


s 


Ha) «auto f eile’t+8(O)~ rtd 
( 


) 


This can be written as 


s 


Y raf gil +7 )] 2ytd (20) 


0 
We now average over an ensemble of atoms: 


I(w) r((A +-(A*)) 


’ 


s s 


| { e*** rar f (eit SCT Ole 2rd] (21) 


0 0 


We suppose first that all phase changes are of the 
same magnitude, which is that of the average phase 
change ¢. We also assume equal probability for the 
packet to condense in equal volumes within the sphere 
4rk® where 

trR=n""', 
and 


n=number of perturbers/cc., 


Then the probability that the condensation takes place 
atris 
R*® dr. 


W (n)dr= (39 


Phe average phase change is 
R 
? i) W(r) g(r)dr. 


0 


This integral is evaluated in Appendix I and leads to 
the result 


w*®b*?AC n?!s 
? ( Jie §3) 342 »( ), (22) 
ho b 


AND 
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where AC = Co, 10 in the first order, AxC [see Eq. (18) ] 
in the second-order Stark effect. 

Under the specified condition, the probability for K 
collisions (condensations) in a time interval 7 is given 
by 
(23) 


W7(K)=(Tv)*e7/K}, 


v being the mean collision frequency. Then 


S Wr(K) exp(—ik 9) 
Ke 
exp{v7TLexp(—ig)—1]}}, (24) 


t 


fess (0) e 21td 1 = exp{ vT Lexp(—ig¢)—1 ]}/2y. 


0 
In view of Eq. (21), we thus obtain 
1 


2y{iw’ —y+vLexp(—ig) 
whence 
2(y+U,) 
I(w) « 


+U,)? 


U S’+(y 
with the definitions 


U,=v(1—cos¢g), U;=vsing. 


In a more exact theory, one would write 


+e 


herr f ee Wr(S)ds, 


Dh 


where W7(S) is the probability of a phase shift S in the 
time interval 7. 


£ K 
> Hu AK) ff TW rdar 
Ke pv i=l 


‘ 
> ¢(r;) }, 
pl 


Wert) 


6[.S4 (28) 


where W7(K) is the same as in the simple theory and 
W(r,) is the probability that the condensation takes 
place at r;; W(r;)=3r°/R®, R being defined as before. 
Using the integral representation for the Dirac 6 
function, 


K 
5(S+>- ¢(r;)) 
j=l 
K 
dy exp{iyLS } 8 
5 ed | 


¢(r;) }}, 
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we find 
a T 


€ o (Ty)* 7K 
zs feJ I] Wirddr; 
2 K=@ K! R i=l 


+s K 
x | dy exp{iyLS+S. ¢(r;) ]} 
l 


W7(S) 


—£ d 


+e J (Tv)* 
f ewsdy> 
k= K! 


. 
K 
x] fv onarevee | 
, R 
por 
£ 


aly) [ Wordre ve. 


Rk 


Pat. pa pa 
J esas | elve)+wSdy 
Qn L L 


vT +2 +e 


e 
errecdy f eS(ltw ds 
2m « 


t s 


where 


eF@W5(1+y)dy 


(31) 


This result is identical with that of the simple theory, 
except for the replacement of exp(—1¢) by a(—1). 
Hence we obtain again Eq. 26, 


2(¥ t U,) 
I(w) « 


but with the new definitions: 


U,=Re o[1—a(—1)], Uy=ImvL—a(—1)]. (27a) 
We have not carried out the rather complicated evalu 
ation of a(—1) and therefore return to Eqs. (27), which 
permit the connection with classical theory to be 


established. 


Reduction of Present Results to 
Classical Form 

Equations (26) and (27), rederived here (perhaps 

more succinctly than is customary) for the sake of com 


pleteness, are well-known classical results. Unfamiliar 
is the phase change ¢, given by Iq. (22). Its impact 
theory counterpart is the Weisskopf phase shift,’ 


¢(p)=4x(c/vh)p™, (32) 


* See E. Lindholm, Arkiv Mat. Astron. Fysik 28B, No. 3 (1941). 
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resulting from the passage of a perturber at the closest 
distance p from a radiating atom. In this formula, v is 
the electron speed and ¢ measures the strength of the 
second-order Stark perturbation, i.e 


the energy per 


turbation 
AE ( a (3.3) 
if r is the distance between the electron and the atom 
‘To obtain this simple form, it is necessary to approxi 


mate the perturbation 


C'(fq,r) 
Ig 


by its ordinary ‘Taylor expansion and retain only the 
dipole term: 


C(¥q,¥)= (67/97) Xe. (34) 


Here the coordinates rz and x, refer to the atomic 

electron, r to the perturber, and we restrict our analysis 

to one-electron atoms. Simple atomic perturbation 
theory then yields, for fixed r, 

Cu 

AE=>- yi 

« ho Ar « 


Comparison with (33) shows that 


(35) 


We now turn to the evaluation of the quantity A,’ 
given by Eq. (18). From (34), 


(e* r*) sol 


If we neglect w, relative to w,, 


Voi” a 
ac-E——¥|( 
‘ hw, p r’ 


because of (35). To calculate the average of r4, we 


introduce a small length 2 below which the interaction 
(33) vanishes and write 


a ln 
(og ed f tartare —, 
t lil* 


since l<d, Hence, 


Ax 4c /ld* (46) 


This must be inserted in Eq. (22) which reads, after 
simplification, 


P= 98w'btACn'/ho, 
b, and o given by (16). The result is 


conigmr) 
12.5 ( ) 
lh \«7 


with w 
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This must be compared with the classical ¢ computed 
from (32). Just what sort of average is appropriate for 
comparison with the quantum result is difficult to say; 
if we choose the simplest, namely a space average 
weighted in accordance with the target area of a speci- 
fied p, 2rpdp, and a Boltzmann velocity average, the 
numerical agreement need not be very significant. If 
this is done, however, one obtains a formula identical 
with (37) except for the constant: 


We 
o=—(p*v"), 
2h 


pm ys 4 m\! 
(p*u~') f a f duW (p)W (v)p tv ( ) : 
a 0 lpm? \2a«T 


where 


W (p) 


(2p,)?=n—", 


~~) 
xT) 


2p/ pm’, 


m \! 
W (v) in( ) tem 
Qa«T 
cniszm' 
¥~ 10 ( ) . 
lh \xT 


‘These results contribute, it is felt, to a fuller under 
standing of the manner in which quantum calculations 
of line widths approach the classical answers. Con- 
versely, they show under what conditions a classical 


then 


(38) 


answer should not be expected. These conditions arise 
when the following approximations, made in the fore 
going analysis, fail to be justified : 


(a) The idea of single impacts is meaningful. This is 
not true when the electron concentration if high. 

(b) The interactions are adiabatic: w,)>>o0= 2«7T/h. 
This restricts the analysis to low electron temperatures. 

(c) Cy.1g is a slowly varying function of kg. This 
assumption could in principle be avoided, since the 
C-matrix elements are well known. But we note that 
the function fg in Eq. (14), where the present approxi- 
mation occurs, contains the factor exp{const X kg*/7)}. 
Hence the limitation is again to low electron tempera 
tures. 


The average ¢ we have computed is not itself the 
quantity of interest in the theory of line broadening; 
what is needed there is, strictly speaking, a different 
sort of average, given by Eq. (27a). Lindholm’s® 
procedure represents a classical approach to the evalua 
ation of the correct average. What we have shown 
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here is that, within the uncertainties of our averaging 
processes, practical agreement exists with respect to 
the first moment of g when the wave packet method 
is used in the calculation. Unless this is an accident, 
which is very difficult to believe, the evidence at hand 
makes it unprofitable to pursue the problem into further 
details, suggesting that, under the restrictions cited, 
the classical treatment of second-order Stark effects on 
line widths is an appropriate procedure. 


APPENDIX 
On writing 0 =C jo, 10*b!/ho, we have 


3 rh 
g(r) 200 f (1+0°f) exp - a, 
0 


4m (1+0°f*) 
exp(—a’) 
g(r) =20 i) exp(.S*)dS, 
a 0 


where a?=9°b/4r. 

We assume equal probability for the packet to 
condense in equal volumes within the sphere 47°, 
where 47R?=n"'! and n is the number density of per- 
turbers. We then have that the probability W(r) of a 
condensation at a distance r from the atom is given by 


or 


W (r)dr = 39'dr/R® 


and 


R 

? f W (r) g(r)dr 
. —f 
gR* 0 


where g’?=b/4mr and x=gqr. 
integration and integrating over x, we have 


60 f 
2Riy! . 


For large R the second term of the integrand can be 


qk 


z 

xdx exp( ) f exp(.S*)dS, 
0 

Reversing the order of 


qk 


dS(1 q’?R? +S?) |. 


exp( 


neglected : 
%= 120nr/R’D, 
or, in terms of n, 


WIC io 10\ fn! 
Pra (ant ( )( ) 
ho b 
wd C10, 10 ni 
os( ) | 
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Excitation functions were measured for neutron-transfer reactions yielding N™ from the nitrogen bom 
bardment of Be, C, O, Na, Mg**, Mg”, and Mg**. At the maximum incident energy of 27.5 Mev, the cross 
section varies from 0.14 mb for oxygen to 2.8 mb for magnesium-25. Nitrogen-13 was separated chemically 
from the targets and counted as ammonium tetraphenylboron. The chemical method was checked by 
measuring yields of both reaction products, N and Mg’, in the reaction Mg®*(N',N") Mg??, By plotting 


the transfer cross sections as a function of E*= Eom. —Ebarriee + QV, & Systematic behavior of all the cross 


sections is displayed 


INTRODUCTION 


UCLEAR reactions induced by heavy ions in 

light nuclei give evidence of two major reaction 
mechanisms. One is the formation of a compound 
nucleus and its subsequent de-excitation by the evapo- 
ration of light particles. In activation experiments these 
reactions are easily identified by the presence of radio 
active residual nuclei a few mass units lighter than the 
compound nucleus.':? The second reaction mechanism, 
and the one with which the present paper is concerned, 
results in radioactive residual nuclei one mass unit 
lighter, or heavier, than either of the two nuclei involved 
in the reaction. Such residual nuclei can be formed by 
one of three mechanisms: (1) the transfer of a nucleon 
from one nucleus to the other in the course of a close 
collision, (2) the fission of a compound nucleus, and 
(3) a process in which a nucleon is emitted from one of 
the colliding nuclei and is not subsequently absorbed. 
The evaporation of enough particles from a compound 
nucleus to leave a residual N" is always energetically 
forbidden at bombarding energies available. Process 3 
is energetically forbidden in many cases where N* is 
observed after the bombardment of light nuclei by N“, 
and therefore is probably not an important one at 
incident nitrogen energies of 27 Mev or less. The fission 


process is also unlikely. It has not been observed in 
light nuclei by other processes of excitation such as 
light-particle-induced reactions’ or photoreactions. The 


nucleon transfer mechanism then remains the most 


probable method by which the second kind of heavy-ion 
nuclear reaction may proceed. 

Recently, Breit and Ebel* have published theoretical 
investigations concerning the nucleon transfer process 
in heavy-ion reactions. It seemed advisable, therefore, 
to examine systematically such reactions in light nuclei. 


* Permanent address: Department of Chemical Engineering, 
University of Missouri, School of Mines and Metallurgy, Rolla, 
Missouri. 
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*B. L. Cohen, Phys. Rev. 102, 453 (1956). 

4G. Breit and M. E. Ebel, Phys. Rev. 103, 679 (1956); G. Breit 
and M. E. Ebel, Phys. Rev. 104, 1030 (1956). 
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High-energy nitrogen ions are particularly well suited 
for such a study since the transfer of a neutron from 
the nitrogen to the target nucleus always results in the 
Nn, readily 
separated chemically and identified by its 10.1-min 
half-life. 

Excitation functions for transfer reactions in boron,® 


formation of radioactive which can be 


nitrogen,® and aluminum’ were measured previously. 
In the work the total 
determined as a function of nitrogen energy for the 


present cross sections were 


following reactions: 

Be’ (N'4,.N}?) Be’®, 

CHiN ae ye 

OF NA NO, 

Na”#(N'4N)Na%, 
M g**(N'4N4) Mg? 
Mg”*(N“.N*)Mg’s, 
Mg”*(N",N!9) Mg?? 


In each 
chemically and its yield measured by absolute beta 


case the radioactive N'™ was separated 


counting. In previous activation experiments®:*” on Be, 
C, and O, where no chemical separations were per 
formed, no N™ was found because its low yield was 
masked by other much more intense activities. Chemical! 
separation was required in the case of sodium and 
magnesium because of the presence of interfering 
activities. 

Separated isotopes of magnesium were obtained from 
the Stable Isotopes Division of this Laboratory. Other 
elements were bombarded in their naturally occurring 


isotopic abundances. 


EXPERIMENTAL METHOD 


Thick targets, described below, were bombarded for 
20 minutes with nitrogen ions in the deflected beam of 


6 Reynolds, Scott, and Zucker, Phys. Rev. 102, 237 (1956 
*H. L. Reynolds and A. Zucker, Phy Rev, LOL, 166 (1956) 
7TWebb, Reynolds, and Zucker, Phys. Rev. 102, 749 (1956 
*H. L. Reynolds and A. Zucker, Phys. Rev. 100, 226 (1955 
*H. L. Reynolds and A. Zucker, Phys. Kev. 101, 166 (1956 
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the ORNL 63-inch cyclotron. The incident energy, 
between 27 and 28 Mev during the course of the experi- 
ment, was measured as described elsewhere’ at the end 
of nearly every day on which bombardments were 
made, lor bombardments at lower energies thin nickel 
The 


measured with a vibrating reed electrometer; the details 


foils were inserted in the beam. current was 
of this procedure have been described before.® 

The chemical method used for the separation of 
nitrogen was similar for all targets. It consisted essen 
tially of converting the nitrogen to ammonia, distilling 
the ammonia from an alkaline solution, and precipi 
tating it with sodium tetraphenylboron. The ammonium 
tetraphenylboron was then thoroughly dried in a 
counting cup, leaving a smooth white precipitate. The 
cups were placed under shielded end-window Geiger 
counters which were calibrated periodically with a 
standard Rak: source. 
Disks of beryllium 0.01 in. thick were 
dissolved, after bombardment in 6N HCl containing 
1 my of NH,’ as carrier. Then, 5 cc of NaOH were 


added and the solution was heated; the evolved NH, 


seryllium, 


was distilled into a centrifuge tube containing 25 c 
of O.O5SN HeSO, cooled in an ice bath. Helium was 
bubbled through the distillation apparatus to speed up 
NH,! 


sodium tetraphenylboron solution; the ammonium tetra 


the process was precipitated by addition of 
phenylboron precipitate was centrifuged, washed, and 
dried in a counting dish, 

Carbon. Graphite buttons 0.01 in. thick were dis 
solved, after bombardment, in an oxidizing solution 
consisting of fuming sulfuric, phosphoric, and chromic 
acids. Sodium cyanide equivalent to 1 mg of NH4* was 
present as carrier. Then, 6N NaOH was carefully added 
to the solution, and NH 4 was separated by distillation 
as above. 

Oxygen. Zinc oxide was used as the target material. 
The Coulomb barrier of Zn is high enough to prevent 
nuclear 27-Mev_ nitrogen ions. After 


heating to 350°C to remove carbonates and moisture, 


reactions with 
ZnO was pressed into }-in. diameter brass molds under 
a pressure of about 30 tons/in.?. In this way a smooth 
hard target ~0O.1 in. thick was produced, After bom 
bardment the target was dissolved in 6N NaOH con 
taining 1 mg of NH, as carrier. Devarda’s alloy was 
added to reduce any oxygen compounds of nitrogen 
that may have been formed. Ammonia was distilled 
from solution as outlined above. 

Sodium. Sodium bromide targets were made in the 
same way as the ZnO targets. The bombarded target 
was dissolved in dilute HoSO, containing 1 mg of NH,* 
carrier. Ammonia was distilled as for the other targets 

Magnesium, —-\sotopically-enriched magnesium was 
used as target material. ‘The isotopic concentrations of 
the enriched material are shown in Table 1. The sepa 
rated isotopes in the form of magnesium metal were 


evaporated onto. silver backings. The thickness of 


magnesium was at least 6 mg/cm? in all cases, which 
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was sufficient to stop the beam as well as all N' atoms 
produced in the target. After bombardment, the target 
including the silver backing was dropped into a solution 
of dilute H»SO, to dissolve the magnesium. The acid 
solution contained as carrier 1 mg of NH,+. Ammonia 
was distilled and precipitated as for the other targets. 

The chemical separations took from ten to twenty 
minutes each, depending on the target. Efficiencies of 
the separations, determined by weighing the dried 
sample after counting, varied from 40% to 90°. The 
chemical methods employed here are based on the 
assumption that N'’, at the end of its passage through 
the target, forms a nitride with the metal in the lattice. 
The possibility of oxygen compounds in the ZnO was 
also taken into account. In the carbon targets, it was 
assumed that cyanide is formed. There is, however, no 
certainty that an unexpected nitrogen compound (2.e., 
one not converted to ammonia in the chemical pro- 
cessing) may not be formed in these reactions. ‘To 
check this possibility in magnesium the reaction 
Mg**(N“,N™) Mg?? was studied for yields of both the 
10.1-min N* and the 9.5-min Mg?’, 

The chemical procedure used for the separation of 
My?’ was as follows: The magnesium target was dis- 
solved in 50%, acetic acid, hold-back carriers for 
Na, Si, Cl, Al, K, S, P, and F were added. Boric acid 
was added to complex F~, and magnesium precipitated 
as the hydroxide with excess 6N NaOH. The precipitate 
was dissolved in a minimum amount of 12N HCl, hold- 
back carriers were added and Mg(OH)» precipitated 
twice more. Magnesium was finally precipitated as 
magnesium oxalate, MgC.O4-2H2O, washed with glacial 
acetic acid, transferred to a counting cup, dried, and 
counted. ‘The time required was about 30 min. The 
chemical yield was determined, after counting, by titra 
tion with disodium dihydrogen ethylenediamine tetra- 
acetate using Eriochrome Black-T as the indicator. 

An attempt to perform a similar check on the 
Na™(N'4N')Na* reaction was unsuccessful because 
Na™ is produced copiously by N‘* from small amounts 
of carbon contamination. 


RESULTS 
The nuclear reaction yields as functions of the inci 
dent beam energy are shown in Figs. 1 and 2. They 
were determined from the decay curves after corrections 


were made for the decay of N™ during bombardment ; 
corrections were also made for chemical efficiencies and 


TABLE I. Percent isotopic concentrations* of enriched 
magnesium targets 


Mg Mg Mg** 
0.14% 
1.0% 

98.90%, 


Enriched Mg™ 99 59% 0.301% 
Enriched Mg?® 1.5% 97.5% 
Enriched Mg?® 0.6% OAY 


oncentrations of the enriched magnesium were 


ision, Oak Ridge National Laboratory 


« The isot supplied 


by the Stable Isotopes Di 
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backscattering. In calculating the yields from Mg” 
targets, the N" produced from the 0.407, Mg®® present 
in the target was taken into account. This correction 
lowered the observed yield by as much as 20°, at some 
energies. Similar corrections for the other magnesium 
targets were negligible. 

The relative errors in any cross-section curve are 
about +15°7,, while the absolute errors in the cross 
section are about +20°, for the high-yield reactions, 
and about +30°%, for C, O, and Mg*® targets. The 
chief source of error in the yield measurements lay in 
the 
tributing sources of error may be attributed to uneven 
deposition of ammonium tetraphenylboron in the count 


calibration of the Geiger counters. Other con 


ing dish, the uncertainties in the backscattering corre: 
tion, source thickness, and small errors in measuring 
time and in calibration of the beam-current integrator. 
For low-yield points the errors due to counting statistics 
become appreciable (about 15, for yields near 10°"), 
The yields of 9.5-min Mg*’ from the 
Mg*®(N"™N'4)Mg*? are shown as crosses in 
These yields agree with the N“ 


reaction 
Fig. 2. 
yields from the same 
reaction and show that, at least for magnesium, the N' 
forms a metal nitride when it comes to rest, or that some 
other compound is formed which acts like the nitride 
insofar as the 
Mg?*’ yields obtained from natural magnesium and 


evolution of ammonia is concerned. 
enriched magnesium 26 targets agree with one another 


as well as with the N™ 


yield after the correction for 


isotopic abundance is applied. This shows that the 


double-neutron-transfer cross section for the reaction 


Fic. 1. Yield of N¥ per incident N“ ion from beryllium 


ygen, and sodium 


’ 


carbon, ox 


ANSFER REACT 


IONS 


4 


Mev 


ic. 2. Yield of N® per 
magnesium isotopes. The crosses are the 


reaction Mg**(N'4N') My? 


incident N!'* ion from the 
yield of Mg?? 


eparated 
from the 


mall the 


M g79(N“* N’*) Me?! 3 


neutron-transter 


compared to Ingle 


cross section. It also vives assurance 


that the 10-min activity assumed to be due to Mg?’ wa 
certainly not N'! 

The effect of impurities in the targets was generally 
not Important. Sur h common impurities as carbon and 
‘and could therefore 


oxyven have very low yields 


not seriously affect the results in targets where carbon 


or oxygen might be present to the order of even a 
much as a few percent. The presence of nitrogen im 
the yield of N“ from 


the impurity nitrogen, 


purity was ince (a 


N'* is 


contributing to the tetraphenylboron precipitate, intro 


more serious 


relatively high, and (b) 


duces an error into the measurement of the chemical 
separation efficiency. Since the 
the equivalent of 1 mg of NH4*, as 


one part in ten thousand of nitrogen in a target weighing 


total amount of carrier 
added wa little a 
one gram would create a serious error in the calculation 
of chemical yields. The nitrogen content of targets wa 


therefore determined chemically and found to be not 
hundredth 


This did not affect the reaction yields, but it did 


more than a few of a percent in the worst 


Case 
have to be taken into account in calculating chemical 


y ields 


Smooth lines drawn through the yield point were 


differentiated to obtain the cro ections as a function 


of incident energy shown in Figs. 3 and 4. To perform 


this calculation it was assumed that the ranye of 


nitrogen in any material may be calculated from the 
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lic. 3. Total cross sections as a function of incident energy for 
nitrogen-induced neutron transfer reactions yielding N"™ from 
beryllium, carbon, oxygen, and sodium 


known range of nitrogen in nickel and the relative 
stopping powers of nickel and of the material in question 
for protons of the same velocity as the nitrogen ions. 
This assumption had previously been verified for the 
range of nitrogen in aluminum.’ 

The presence of C® in the carbon, and O" and O'* in 
the oxygen was also considered. If it is assumed that 
the transfer cross sections for these isotopes behave 
normally (see discussion and Fig. 5), then the estimated 
contribution of O'7? and O'* amounts to only about 
0.003 mb and can be neglected. However, the C™ con 
tribution is estimated to be of the order of 0.03 mb. 
The cross section plotted in Figs. 4 and 5 incorporates 
this correction. 


DISCUSSION 


Irom the earliest experiments with nitrogen ions it 
has been observed that transfer cross sections are very 
Q-dependent. Even if enough energy is available in the 
center-of-mass system for the reaction to take place, 
a Q more negative than one or two Mev usually means 
that the cross section is very low.' This was made quite 
apparent when it was found that the transfer cross 
section for aluminum® was 1/40 that for nitrogen and 
boron. At that time it was thought that three factors 
might be important in lowering the aluminum transfer 
cross section: (1) the Coulomb barrier, (2) the Q of 
the reaction, and (3) that the stripped neutron makes a 
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transition from a p shell in nitrogen to a d shell in 
aluminum. To conserve parity, this transition necessi- 
tates a change in the relative angular momentum of the 
two nuclei; this may make the aluminum transfer 
reaction less likely than, say, the nitrogen or boron 
reaction where no angular momentum change is re- 
quired,'° 

In order to test the validity of (3) the measurements 
on separated magnesium were undertaken. It can be 
seen from the results that the cross sections for the 
three magnesium isotopes are very different although 
conditions (1) and (3) are essentially unchanged. It is 
therefore apparent that the Q value plays an important 
role in the cross section of transfer reactions. 

To make this discussion more comprehensive the 
data previously obtained for the neutron transfer reac- 
tions in boron, nitrogen, and aluminum are included. 
Table II lists the observed reactions, the maximum 
incident kinetic energy available in the center-of-mass 
system, (£,..,.), ground-state Q value, and the Coulomb 
barrier. Coulomb barriers were calculated from the 
relation 
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Fic. 4. Total cross sections as a function of incident energy for 
nitrogen-induced neutron transfer reactions yielding N™ from the 
separated magnesium isotopes. 


This suggestion was originally made by G. Breit (private 
communication). However, since the work of Breit and Ebel 
(reference 4) has shown that virtual state formation in either 
nucleus is important in transfer reactions, parity conservation 
may be considered as relatively unimportant so far as the total 
cross sections are concerned. 
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Fic. 5. Total neutron transfer cross sections for ten light elements plotted as a function of /* 
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{ 
&* (Mev 


Fo.m 


| + Vv, where 


Fem. is the maximum incident kinetic energy available in the center-of-mass system and Fis, is the Coulomb barrier 
energy. The dashed line is the excitation function for an evaporation type reaction, O'8(N'4, 2p) Al** 


with ro==1.510-* cm used throughout. Also listed in 
Table II is a quantity £* defined by 


E* = Ey in. — Evarr. +Q. 
Physically £* is the kinetic energy in the system at the 
moment of contact of the two nuclei just after the 
neutron has left the nitrogen and attached itself to the 
target nucleus. Obviously this is a classical picture and 
takes into account neither the quantum mechanical 
description of the orbits, nor the details of the transfer 


mechanism. It is clear that the transfer mechanism 


TABLE IT. Neutron transfer reactions from nitrogen to various 
light elements at maximum bombarding energy. All energies are 
in Mey. 


Reaction Ever 
5.99 
7.36 
8.58 
9.76 
10.91 
14.07 
15.23 
15.12 
15.01 
16.15 


Be®(N4N13) Bel 
B!(N4_ N13) Bu 
C2(N4 Nis) Cu 

N™ (Ni N13) NI6 
(6 Ni N14)( yy? 
Na®(N4 N43) Na% 
Mg**(N¥4 N43) Mg 
Mg*(N™ N13) M26 
Mg?*(N™4 N14) Mg?? 
APT(N4 N13) A]? 


10.57 
10.83 
12.46 
13.00 
14.13 
16.78 
17.05 
17.31 
17.55 


16.13 


3.73 
+0.91 
5.61 
+-0.29 
6.41 
3.59 
3.22 
+-0).57 
4.11 
2.83 


* The Q values were calculated from the tables given by A. H. Wapstra, 
Physica 21, 367 (1955). 


plays an important role in the cross sections, as has 
been shown theoretically by Breit and Ebel.‘ 

Figure 5 shows a plot of the cross sections for neutron 
transfer for ten different targets as a function of /* 
The nitrogen-nitrogen transfer cross section has been 
divided by two for this plot since the measured cross 
section includes neutron transfers from either the target 
nucleus or the incident nucleus 

It can be seen from Fig. 5 that most of the reaction 
cross sections follow a smooth curve. ‘The most obvious 
exceptions to this trend are Mg™ which seems to be 
displaced to the left and Be® which is too low. The 
latter may the 
structure are considered. For example, since the odd 


be understood if details of nuclear 
neutron in Be’ is bound very loosely, formation of Be" 
requires a major change in the wave function of this 
neutron. The overlap of the initial and final wave 
functions is relatively small, making the transition 
unlikely.’ Other explanations, also based on the loose 
structure of Be’, are possible. 

It must be pointed out that a plot such as the one in 
Fig. 5 can show only general reaction trends since the 
details of the transfer mechanism have not been taken 
into account. Figure 5 does, however, demonstrate the 
importance of the QO value for transfer cross sections 


A.M. Lane (private communication 
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Qne should point out that even the maverick Mg™ 
and Be* exhibit excitation functions very similar in 
shape to the general trend. This becomes even more 
obvious when the transfer reaction excitation functions 
are compared to a typical excitation function for an 
evaporation reaction such as O'*(N',2p)Al**, It 
be seen that the slopes for E* <0 are different, and for 
I*>0 the cross section for O'8(N',2p) Al” keeps rising 


can 
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to well above 100 mb at E*=2.35 Mev, whereas the 
transfer cross sections level off around 3 mb. 
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Inelastic Scattering of 40.2-Mev Alpha Particles* 
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The differential cross section d*a/dEdQ has been measured at 25, 45, 90, 135, and 150 degrees in the labora 


tory system for the inelastic scattering of 40.2-Mev 


alpha particles from Al, V, Cu, Nb, Ag, Ta, and Th 


Spectra obtained at 135 and 150 degrees have been analyzed in terms of the statistical theory of nuclear 


reactions 
theory of nuclear reactions 
in the spectra of Ta and Th at large angles 


INTRODUCTION 


N the past few years the experimental evidence on 

the interactions of heavy particles with energies of 
4) Mev has been studied by several experi 
| The 


as the present experiment is concerned are that (1) the 


about 
menters relevant conclusions arrived at as far 
nucleus is at its maximum opacity, and consequently 
the mean free path is at a minimum; (2) the level 
densities of nuclei increase exponentially with excitation 
energy; (3) the importance of noncompound nucleus 
processes has been observed (in some reactions the 
noncompound nucleus cross section is an order of 
magnitude larger than the cross section for compound 
nucleus processes), and (4) in the optical-model treat 
of elastic 
particles** it 
potential with a diffuse surface 

These conclusions can be given an additional test 


ments scattering of protons’? and alpha 


is necessary to introduce a nuclear 


by the investigation of the interactions of energetic 
alpha particles with nuclei. According to these con 
clusions, when an energetic alpha particle strikes the 
dense, central part of a heavy nucleus, it imparts its 

*Work performed under the auspices of the U. S. Atomic 
Energy Commission 

t Present address: Department of Physics, Stanford University, 
Stanford, California 

! “Statistical Aspects of the Nucleus,” Brookhaven 
Laboratory Report BNL-331(C 21), 1955(unpublished) 

2 Melkanoff, Nadrick, Saxon, and Woods, University of Cali 
fornia at Los Angeles Report UCLA-7-12-55 (unpublished). 

§Cheston, Glassgold, Stein, Schuldt, and Erickson, Bull 
Phys. Soc. Ser. IT, 1, 339 (1950) 

‘Igo, Thaler, and Hill, Bull 
(1956). 
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Ihe differential cross section measured at smaller angles is incompatible with the statistical 
A group of alpha particles with energy well below the Coulomb barrier is observed 


energy and momentum to the nucleons of the nucleus 
in a series of collisions since the mean free path is 
considerably shorter than the radius of the nucleus.‘ 
According to the statistical theory of nuclear reactions, 
the compound nucleus which results from the interaction 
emits partic les isotropic ally.® 

On the other hand, according to the conclusions 
stated above, the mean free path is long enough so that 
collisions in the “skin” of the nucleus can occur in 
which only one nucleon of the nucleus is involved. 
Collisions of this type would result in an angular 
distribution peaked strongly in the forward direction.®:!? 
Consequently compound nucleus processes predominate 
in the backward hemisphere, since surface interactions 
should have small in the backward 
hemisphere. The (a,p) experiment at 40 Mev’ gives 
weight to the idea that statistical processes predominate 


cross sections 


in the backward hemisphere. Consequently a method is 
available for measuring energy-level densities, namely, 
by measuring energy in the backward 
hemisphere. 


In the present investigation of inelastic alpha-particle 


spectra 


events an independent check is possible on the con- 
clusions reached from the analysis of the 40.2-Mev 
(a,p) experiment ; namely, that the backward scattering 
is mainly due to statistical processes. 

In addition the inelastic scattering of alpha particles 
into the forward hemisphere and the cross section for 


’ See for instance J. M. Blatt and V. F. Weisskopf, Theoretical 
Vuclear Physics (John Wiley and Sons, Inc., New York, 1952). 

*R. M. Eisberg and G. Igo, Phys. Rev. 93, 103 (1954). 

7 Kisberg, Igo, and Wegner, Phys. Rev. 100, 1309 (1955). 





[INELASTIC SCATTERING 
the emission of alpha particles below the Coulomb 
barrier of heavy elements are measured. 

APPARATUS AND PROCEDURE 

The scattering apparatus used in these experiments 
has been described in an earlier paper.’ The Nal 
scintillator used in the earlier experiments was replaced 
by two proportional counters and a Nal scintillator, an 
arrangement of counters which is sensitive to the mass 
as well as the energy of the scattered particle. This 
made it possible to measure alpha-particle spectra in 
the presence of other particles. 

In order for the counter arrangement to record the 
passage of a particle as a real event, the particle must 
pass through both proportional! counters and into the 
Nal A 40-Mevy 
amount of energy AF which is proportional to its 


scintillator. alpha particle loses an 
specific ionization in each proportional counter, and 
stops in the Nal crystal. The output pulse height of the 
Nal scintillator is proportional to the energy since the 
10-Mev alpha particle loses less than one percent of its 
energy in the proportional counters. The output pulse 
from the proportional counter circuit and the output 
pulse from the photomultiplier are fed into a multi 
plying circuit. The product pulse height is approxi 
mately proportional to the product of the mass and the 
square of the charge of the scattered particle. The 
product pulse from the multiplying circuit was fed to a 
single-channel analyzer. The product pulse height for 
alpha particles fell between the upper and lower limits 
of the voltage window of the pulse height analyzer 
(The method of alignment is described in the next 
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paragraph.) The output pulse from the single-channel 
analyzer was used to “gate-on” a twenty-channel pulse 
height analyzer into which the pulses from the Nal 
scintillation counter were fed after suitable amplifi 
cation 

The method described below wa that 
all alpha particles would be counted. Forty-Mev alpha 
Au 
the 
section for elasti 
99%, of the differ 
at thi Phe 


single-channel analyzer was set so that the ratio of the 


used to insure 
particles which had been elastically scattered from 


at an angle of 20 degrees were allowed to enter 


Phe 


scattering at 20 degrees represent 


detector differential cros 


ential cross section for all processes angle 


number of counts per unit incident flux was unity to 
within one percent when the requirement of the gate 
pulse from the single-channel analyzer was and was not 
required, ‘The of the 


particles was reduced in steps by introducing absorbers 


energy elastically-scattered 
between target and counter to that of the lowest energy 
alpha parti le detected in the experiment, and the 
that the 


within one percent of being unity at all energie 


ratio was 
With 
the single-channel analyzer adjusted for alpha particle 

the 20-Mev 
deuterons. The same measurements were repeated, and 
that the ratio of 


counting rate for gate pulse required (yate-on 


voltage channel was adjusted so 


cyclotron was readjusted to produce 
it was found for all deuteron energies 
and 
counting rate for gate pulse not required (yate off) wa 
equal to zero within 0.1%. The same experiment wa 
repeated using the 10-Mev proton beam from the 60-in 
The 


ayain determined to be zero 


cyclotron yate-on/yate-off counting ratio wa 
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lic. 3. The differential cross section, d’a/d/dQ, for the inelastic 
scattering of 40.2-Mev alpha particles from Cu 


EXPERIMENTAL RESULTS 


The energy distributions measured at various angles 


in the laboratory system are first corrected for energy 
losses in the scattering chamber window, in the counter 
window and gas, and in the air path. They are then 
converted to the center-of-mass system. The data for 
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Fic. 4. The differential cross section, d’¢/dEdQ, for the inelastic 
scattering of 40.2-Mev alpha particles from Nb. 
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lic. 5. The differential cross section, d*’a/dFdQ, for the inelastic 
scattering of 40.2-Mev alpha particles from Ag. 


Al is shown in Fig. 1. The differential cross section 
@o/dEdQ is plotted as a function of the energy of the 
inelastically-scattered alpha particle in the center-of- 
mass system. The height of the Coulomb barrier is 
indicated on the abscissa. The errors due to statistical] 
fluctuations in the counting rate are equal to or less than 
the size of the dots or else flags indicate the error. 
There is an uncertainty in the absolute cross-section 
scale of the 25.5° spectrum due to instability in the 
beam-current integrator for small beam currents. 
However, this does not affect the relative values of the 
experimental points in this spectrum. There is an 
uncertainty not larger than one percent in the position 
of the absolute cross-section scale for spectra taken at 
other angles. These remarks apply to the data for other 
elements. The dependence of the differential cross 
section of Al at 25.5° on the energy of the emitted 
particle is slight. At large angles the energy spectra 
decreases rapidly with increasing energy of the emitted 
alpha particle. The differential cross section d’a/dEdQ 
has an average value of 0.5 mb at 25.5° and 0.01 mb 
at 160°. In V (Fig. 2) the corresponding differential 
cross sections are quite similar in magnitude to the Al 
data. In Cu (Fig. 3) the average differential cross 
section at 25° is twice the value measured in Al. The 
energy spectrum at 159° drops more steeply than the 
energy spectra of Al and V at approximately the same 
angle. In Nb (Fig. 4) the average value of the differential 
cross section at 23° is more than twice the average value 
for Cu. 

In Ag (Fig. 5) the differential cross section at small 
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angles is smaller than the cross section in Nb. In Ta 
(Fig. 6) the average value of the differential cross 
section at small angles is about twice the value obtained 
from the Nb data. At larger scattering angles, the 
differential cross section peaks below the Coulomb 
barrier, and at larger energies, drops monotonically. 
In Th (Fig. 7) a peak is also found below the Coulomb 
barrier. The average value of the differential cross 
section at 45° is larger by a factor of two compared 
with the same measured quantity in Ta. 

In summary, it is observed that (1) at small angles, 
the differential cross section increases with increasing 
atomic number and the shape of the energy spectrum 
does not change; (2a) in the backward hemisphere, the 
differential cross section of Ta and Th show a prominent 
peak below the coulomb barrier superimposed on an 
exponentially decreasing component; (2b) the energy 
spectra of the other elements also drop exponentially 
with increasing energy; and (3) the differential cross 
sections of all elements investigated are approximately 
independent of angle in the backward hemisphere. 

The latter two results are expected on the basis of 
the statistical theory of nuclear reactions, and conse 
quently the data at large angles are analyzed in terms 
of the theory. As was mentioned in the introduction, 
the 40-Mev (a,p) experiment gave weight to the idea 
that statistical processes predominate in the backward 
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Fic. 6. The differential cross section, d’¢/dFdQ, for the inelastic 
scattering of 40.2-Mev alpha particles from Ta. 
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7. The differential cross section, d’o/dFdQ, for the inelastic 
scattering of 40.2-Mev alpha particles from Th 


hemisphere, and the (a,a’) results this 


conclusion. 


support 


In the analysis of the large-angle data it was assumed 
that the relation between the measured alpha-particle 
energy distributions and the energy level densities was 


provided by the following formula: 


N(E\dE 


V(E)dE=number of alpha particles emitted 
with energy between FE k+dk, of) 
section for capture of an alpha particle of energy / by 
density of 


constho (2) p (2, )dk, (1) 


where 
and CTOSS 
the residual nucleus, and p(/2,) energy 
levels of the residual nucleus at excitation /, where 
E,=40.2— Ep. 

This formula follows from the assumption that the 
reaction proceeds through the compound-nucleus 
mechanism and depends upon detailed balancing be 
tween the compound system and the system consisting 
of the residual nucleus plus the emitted alpha particle 


Rewriting Hq. (1), one obtains 


N(E) 
constp( Lx). (2) 
ka (1) 


The assumption that Eq. (2) is valid provides a relation 
between N(), the measured quantity, and p(x), 
the desired quantity. 

The energy of the alpha particles measured in this ex 
periment varies between 0.6 and 5 times the Coulomb 
barrier energy. Since a sizable proportion of them lie 
Coulomb 


below the barrier, especially for heavy 


elements, the model used for the charge distribution 
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&. The quantity, pexp(/2 x), is plotted against the excitation 
energy, x, for Al, V, Cu, Nb, Ta, and Th 


and consequently the shape and penetrability of the 
Coulomb barrier will have an effect on the value of the 
level densities derived from experiment. The values 
of a, obtained from the paper of Shapiro’ were used. 

In Fig. 8 N(E)E'o,(2) is plotted 
against Jy. The curves have been normalized to the 
level densities measured in slow-neutron cross-section 


Pr xp | Ex) 


0 


experiments.! 
CONCLUSIONS 

Compound nucleus processes appear to predominate 

in the backward hemisphere, since the differential cross 


*M. M. Shapiro, Phys. Rev. 90, 171 (1953 
JS. Levin and D. J. Hughes, Phys. Rev. 101, 1328 (1956). 


I1GO 


‘section is approximately independent of angle there, 
and because cross sections for direct processes are 
small in the backward hemisphere. 

The same conclusion was reached when the proton 
spectra from the bombardment of Au, Ag, and Cu 
with 40-Mev alpha particles were measured in the 
(a,p) experiment’ at a scattering angle of 150°. The 
shape of the energy-level distribution determined from 
the 40-Mev (a,p) experiment was compatible with 
the Fermi gas model level density formula p(Ep) 

const exp{ (aE,)! |. On the other hand, the parameter 
a was found to have the same value for Cu, Ag, and Au. 
According to the Fermi gas model, a should increase 
linearly with the atomic number. The results of other 
energy level density measurements have been sum- 
marized previously." 

The results of the present experiment, when they 
are analyzed in terms of the statistical theory, are not 
compatible with the Fermi gas model for the nucleus. 
The experimentally measured level density increases 
much less rapidly at low excitation energies than the 
Fermi gas level density. On the other hand, in contrast 
to the (a,p) result, the rate of increase of level density 
with the nuclear excitation energy measured in the 
present experiment increases with atomic number as 
can be seen in Fig. 8. This is a general prediction of 
most nuclear models. 

The divergencies in the results of the (a,p) and (a,a’) 
experiments when analyzed in terms of the statistical 
theory of nutlear reactions® may be due to differences 
in the interactions of alpha particles and protons in 
nuclear material. From analyses! of elastic scattering 
data, the mean free path of a 20-Mev alpha particle is 
found to be approximately one-half the mean free path 
of a 20-Mev proton. In view of the divergences between 
the experimental data from a number of experiments” 
and existing theoretical calculations,!® a calculation 
taking in account the difference in mean free paths 
would be of very great interest. 

The group of particles observed below the Coulomb 
barrier in Ta and Th may be due to interactions in the 
classically forbidden region outside the nuclear surface.” 
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The yield of 4.43-Mev gamma rays from the reaction N'(p,avy)C"™ has been measured for proton energies 
between 800 kev and 4020 kev. A gas target, enriched to 61% in N", was used. New resonances were observed 
at bombarding energies of 1985+20 kev, 3000+30 kev, 3300435 kev, 3350+50 kev, and 3520+ 40 kev, 
with widths of 25+5 kev, 45+10 kev, 75+15 kev, 750+ 100 kev, and 100+25 kev, respectively. The width 
of the previously known resonance at 1650+15 kev was measured to be 65+10 kev. Angular distributions 
for the 4.43-Mev gamma rays were measured at eight energies, included all the observed resonances. Spin 
and parity assignments are made to the resonant states. The N'(p,7)O" yield was measured for proton 
energies between 850 kev and 3300 kev, but no new resonances were seen. The width of the known 1050-key 
resonance was measured to be 125+25 kev 


INTRODUCTION basis of the O'8(y,a)C” reaction. Spicer’st measurement 
of the yield and angular distribution of photoprotons 


HE capture of protons by N!° is of interest because | ' re 
from O'* lias been discussed by Wilkinson® on the 


it gives information about the structure of the 
compound nucleus, O'*, and because such events are of 
importance in the stellar energy cycle. In previous 
work,! the excitation functions of the exothermic 


assumption of a single state, with isotopic spin zero 

and ordinary spin 2*, situated at 14.7 Mev. These 

levels might reasonably be expected to affect the yield 

reactions, curves of (1 ), (2), and (3). In like manner, the high 

density of discrete states which has been postulated® 

N'5+ p—0!6+-y, to account for the “breaks” in the O!(y,0JO" exci 

tation function is subject to study by means of (1), 

N+ pC" (ground state)-+-a, (2), and (3), if incident energies above 4 Mev are 

N+ pC!" (4.43-Mev excited state) +a, available. 

Phe above considerations led to the present experi 

were studied for various bombarding energies below ment, in which the gamma rays from (1) and (3) were 

1.7 Mev, or for excitations in O!® between 12.1 Mev 

and 13.7 Mev. Within that energy range, the excitation 

functions show several resonances which, however, are 

not always common to the three processes. The energy 
level diagram of O'* is shown in Fig. 1. 

Information! on the branching ratios, cross sections, 
resonance widths, the angular distributions of the 
reaction products, and, in (3), the angular correlation 
of the alpha particles and gamma rays, has enabled the 
assignment of spins and parities to the states in !® 
which correspond to the resonances. The assignments 
are largely unique. These results, together with spin 








and parity assignments to the lower levels of O'%, have 








received a surprisingly consistent interpretation based 
on the alpha-particle model,’ and it is useful to establish 
the highest excitation below which that model may be 
successfully applied. This can be done by extending the 
study of (1), (2), and (3) to bombarding energies 
higher than those previously employed. 

Another reason for such an extension is that photo 








disintegration experiments on ©! have indicated the 
existence of discrete levels from approximately 14 Mev 
up into the region of the giant resonance. Thus, Stoll® 
has reported a (doubtful) level at 14.2 Mev on the 


0 


ic. 1. Energy level diagram for O'* after Ajzenberg and 
Lauritsen.' Level characteristics above 13.09 Mey are from the 
. : ; = present work 

t Supported in part by the U. S. Atomic Energy Commission 

1F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 ‘B. M. Spicer, Phys. Rev. 99, 33 (1955 
(1955). *D. H. Wilkinson, Phys. Rev. 99, 1347 (1955) 

2D. M. Dennison, Phys. Rev. 96, 378 (1954). * Katz, Haslam, Horsley, Cameron, and Montalbetti, Phys 

*P. Stoll, Helv. Phys. Acta 27, 395 (1954). Rev. 95, 464 (1954). 
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Fic. 2. Yields of 4.43-Mev gamma rays at 0° from proton bombardment of nitrogen gas targets. Standard deviation is shown 
where it exceeds the size of point. Average peak positions and widths are given. Solid arrows indicate positions at which angular 
distributions were measured. Dashed arrow indicates observed position of pn threshold. 


studied for bombarding energies between 800 kev and 
4020 kev or for excitation energies between 12.86 Mev 
and 15.86 Mev. Studies of the alpha particles from (2) 
and (3) are in progress. 


METHOD 


Protons were accelerated with a pressurized, electro- 
static generator. A variable magnetic field deflected 
the beam 25 degrees through collimating apertures, the 
smallest of which was 0.080 inchX0.080 inch in size, 
into the target chamber. The magnet current was 
calibrated against proton energy by measuring the 
current at which well-known resonances in_ the 
EF (pyry)O" reaction appeared when monatomic and 
diatomic hydrogen ions struck thin, fluorine targets. In 
addition, a BF; counter was used to locate the known’ 
threshold for the N'°(p,n)O" reaction at 3776 kev. The 
proton energy was known absolutely to + one percent 
over the range of this experiment. 

Data were taken with targets of nitrogen gas pre 
pared® from ammonium nitrate,’ the ammonium radical 
of which was enriched to 61% in N'®. Comparison of 
the reaction yields from the enriched and natural gas 
targets showed the anticipated increase in yield. The 
gas, at a pressure of 6 mm of Hg, was contained in a 
chamber one inch long, the target being 7 kev thick 
for one-Mev protons. A nickel foil, 1000-angstroms 
thick (10 kev thick for one-Mev protons), separated the 
gas target from the vacuum system of the accelerator. 
A thin layer of collodion plugged the pin holes in the 
foil. Corrections have been made for the energy loss 
in the foil and in half the target. Very little background 
radiation came from the foil or from a silver beam stop 
which terminated the target chamber. 

An electron repeller, not in the direct path of the 
beam and biased 300 volts below ground, prevented 
secondary electrons from entering or leaving the 

7 Kington, Bair, Cohn, and Willard, Phys. Rev. 99, 1393 (1955). 

®* We would like to thank Mr. Hagedorn of the Kellogg Radia- 


tion Laboratory for information about the method of preparation. 
* Obtained from the Eastman Kodak Company. 


electrically insulated target chamber. The target 
chamber was connected to a standard, condenser- 
discharge type of current integrator accurate to one 
percent. 

Gamma rays were detected with a Harshaw, NaI(T1) 
crystal, three inches in diameter and three inches long, 
optically coupled to a Dumont 6363 photomultiplier 
tube. The photomultiplier’s output went to a cathode 
follower, a nonoverloading amplifier, and a ten-channel 
pulse-height analyzer.” 

The effective detection geometry changed slowly 
with time because thin targets of N'® formed on the 
gas side of the entrance foil and on the beam stop and 
thickened with bombardment. By the end of the 
experiment, which was performed with the entrance 
foil and beam stop unchanged, the ‘‘solid” targets gave 
roughly one-third of the total yield. The effect of the 
build-up would have been to give an anomalously large 
yield at the last-measured part of the yield curves, but 
by frequent comparison at an appropriate bombarding 
energy, the distortion of the yield curves was reduced 
to less than 5%. Since angular distributions were 
measured with the detector 10 inches from the target 
and frequent checks showed that the build-up was 
small during the course of such a measurement, the 
angular distribution data are in error by at most 2% 
from these effects. Scattering and absorption of the 
reaction gamma rays in the 0.030-inch-thick brass 
walls of the target chamber had an insignificant effect 
on the data of this experiment. 


YIELD OF 4.43-MEV GAMMA RAYS 


The yield curve for reaction (3) was measured by 
detecting the 4.43-Mev gamma rays resulting from the 
fast de-excitation (half-life<310~-" sec)" of the C” 
nucleus. Since the gamma-ray energy was independent 
of the bombarding energy, the detection efficiency was 
constant for a given geometry (see discussion above). 


” W. C. Johnstone, Nucleonics 11, No. 1, 36 (1953). 
" R. G. Thomas and T. Lauritsen, Phys. Rev. 88, 969 (1952). 
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BOMBARDMENT OF N'?#& 


TABLE I. Resonance characteristics for states in O'* formed by proton bombardment of N*. 


Measured 
differential 
cross section 
for (3) at 0° 
(mb/sterad) 


39.0+8.0 
32.0+6.4 

5.2+1.1 
46.349.3 
35.54+7.1 


Excitation 
energy in 
Ol (Mev) 


13.24 
13.66 
13.97 
14.92 
15.20 
15.25 
15,41 


Bombarding 
energy 
(kev) 


1210+10 
1650415 
1985+ 20 
3000+ 30 
3300435 
3350+50 
3520+40 


Width 
(kev) 
25+5 
65+10 
2545 
45+ 10 
75+15 
750+ 100 


100+25 16.143.2 


The detector was at zero degrees to the beam and the 
front face of the crystal was 2 inches from the center 
of the target chamber. Pulse-height analysis with 
gamma rays from ThC” (2.62 Mev), N'*(p,ay)C” 
(4.43 Mev), F"(p,ay)O" (6.13 Mev), and N'*(p,y)O"* 
(13.13 Mev for a proton energy of 1050 kev) showed the 
detecting system to be linear to within one percent. 
The amplifier gain was adjusted so that the total 
absorption peak of the 4.43-Mev gamma rays was 
located in a particular channel of the ten-channel 
analyzer. Contributions from the total absorption peak 
and both escape peaks were spread throughout the ten 
channels and the sum of the channel counts has been 
used as a measure of the gamma-ray yield. 

The yield of the 4.43-Mev gamma rays was measured 
for proton energies between 800 kev and 4020 kev. The 
upper curve of Fig. 2 shows the yield, uncorrected for 
background, for proton energies between 1165 kev and 
4020 kev. Background data, shown as the lower curve 
of Fig. 2, were taken by bombarding a natural-nitrogen 
gas target. The curves are directly comparable because 
they refer to the same target thickness and charge 
collected. Statistical errors are indicated where they are 
larger than the plotted point. The yield curve has a 
relative accuracy of 5%. At high bombarding energies, 
the distinctly rising background had two major sources 
which were not associated with the target. One consisted 
of x-rays from the accelerator. The other consisted 
of 3.09-Mev gamma rays from the reaction C"(d,p)C™. 
This reaction occurred because deuterium was present 
in its natural abundance (one part in 5000) in the 
beam, and the deuterium ions struck the carbon which 
has been deposited inside the vacuum system. The 
total absorption peak of the 3.09-Mev gamma rays, the 
yield of which increases rapidly with bombarding 
energy, slightly overlapped the two-escape peak of the 
4.43-Mev gamma rays. Note that background data 
were not obtained for bombarding energies greater 
than 3800 kev. Consequently, the data between 3800 
kev and 4020 kev cannot be considered as definitive. 

Previous work on this reaction used bombarding 
energies below 1700 kev and showed resonances at 
429 kev, 898 kev, 1050 kev, 1210 kev,” and 1640 kev.” 


12 Schardt, Fowler, and Lauritsen, Phys. Rev. 86, 527 (1952). 
4A. A. Kraus, Phys. Rev. 94, 975 (1954). 


Resonant total 


cross section 


Resonant total 
cross section 
for (3) (mb for (2) (mb 


600-4240 
nonres 
nonres 
504-20 
nonres 
50+ 20 
100+-40 


Measured total 
cross section 
for (3) (mb 


425 +85 
340 +68 
48.5+ 9.7 
750 +150 
535 +107 


Spin and 
parity 


425485 
340+68 
354-10 
600+ 180 
270+80 
205+60 


236 +47 804-24 


The present data agree well with the results of Schardt, 
Fowler, and Lauritsen over the energy range common 
to the two experiments. The resonance observed in the 
present paper at 1210 kev has been used to normalize 
the present work to the previous absolute measure 
ments. The resonance which the present experiment 
located at 1650+15 kev was found to have a width of 
65+ 10 kev in place of the reported value" of 150 kev. 
Figure 2 clearly shows new resonances at bombarding 
energies of 1985 kev, 3000 kev, 3300 kev, and 3520 
kev. The values of the resonance energies are the 
averayes of from three to five measurements in each 
case. Since, and during, the original reports of the 
present work," the latter three new resonances have 
also been reported by Lidofsky e/ al.!° The corresponding 
states in O'° are pictured in Fig. 1, and the excitation 
energies are listed in ‘Table I. 

By using the one-level formula, the new resonances at 
3000 kev, 3300 kev, and 3520 kev were extrapolated far 
enough away from their resonance positions for their 
contributions to the yield to be negligible. On subtract 
ing the calculated resonance yields from the total 
curve, one finds a residual yield which has the appear 
ance of a very broad resonance, with a width of 750+ 100 
kev, centered at 3350+50 kev. The low-energy tail of 
this resonance accounts for the gradually rising yield 
which is seen between the peaks. 


YIELD OF CAPTURE RADIATION 


Radiative capture of a proton (with a laboratory 
energy E,) by N! leads to gamma rays of energy 
(12.11 Mev+{2E,) at 90° if the decay proceeds 
direc tly to the ground state of O', and of considerably 
less energy if there are transitions between the capture 
state and levels of intermediate excitation. The direct 
ground-state decay was known": to be very weakly 
resonant at a proton energy of 1050 kev, the resonance 
width being about 150 kev. An upper limit of 1.3% 10-* 
has been placed on the relative intensity of cascades 


through the O* state at 6.06 Mev.'® To observe the 


4R, R. Carlson and S. Bashkin, Phys. Rev. 100, 1254(A) 
(1955); Bull. Am. Phys. Soc, Ser. II, 1, 211 (1956) 

16 Lidofsky, Jones, Bent, Weil, Kruse, Bardon, and Havens, 
Bull. Am. Phys. Soc. Ser. IT, 1, 212 (1956 

16 (5. Goldring, Proc. Phys. Soc. (London) A67, 930 (1954) 
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capture radiation, the gain of the detecting system was 
adjusted at the known resonance. This was found at a 
bombarding energy of 1050410 kev with a width of 
125+ 25 kev. A pulse-height analysis of the complete 
gamma-ray spectrum confirmed the absence of cascades 
through intermediate Since the gamma-ray 
energy changed with proton energy, it was assumed 
that the system remained linear out to the maximum 
gamma-ray energy. No capture radiation was observed 
with a yield greater than 2% of that found at the 
1050-kev resonance up to a bombarding energy of 
$330 kev. 


levels. 


ANGULAR DISTRIBUTION OF THE 
4.43-MEV GAMMA RAYS 


The angular distribution of the 4.43-Mev gamma 
rays was measured by moving the crystal on a circular 
arc with the crystal’s front face always 10 inches from 
the center of the target chamber. The angle subtended 
at the target chamber by any diameter of the circular 
front face of the crystal was always 16 degrees. Data 
were taken in a random order in 15-degree intervals 
from 135 degrees on one side of the beam direction 
(east) to 135 degrees on the other side (west). Approxi- 
mately 10‘ counts were obtained for each angle, except 
for two cases away from resonances, where only half as 
many counts were collected. Solid arrows in Fig. 2 
indicate the energies at which the angular distributions 
were measured. For the cases where angular distri 
butions were taken at the peaks of sharp resonances 


so” OBO": 90” 120° w 


(five out of the eight cases) a yield curve was measured 
across the peaks at each angle to determine the peak 
yield and guarantee against beam energy drifts. No 
significant drifts were observed. 

The angular distributions are shown in Fig. 3. 
They have been fitted by least squares analysis with 
curves of the most general form possible, 1+-a2/?2(cos#) 
+a,P,(cos#), Py, being the Legendre polynomial of 
order L and @ being the angle between the gamma-ray 
direction and the beam direction. The values of the 
coefficients, together with estimates as to their accuracy, 
are given in the figures. The curves shown were calcu- 
lated using those coefficients. The finite size’ of the 
detector had no significant effect on the measured 
coefficients in this experiment. The data show the 
expected symmetry about 0°. The distributions at the 
1210-kev and 1650-kev resonances are in good agree- 
ment with earlier work.!*:"* 


SPIN AND PARITY ASSIGNMENTS 


Spin and parity assignments have been made to the 
1210-kev and higher resonance states in O'* on the 
basis of the cross section for reaction (3), the angular 
distributions of the gamma rays from reaction (3), 
and preliminary data’ on the differential cross section 

17M. E. Rose, Phys. Rev. 91, 610 (1953). 

'® Kraus, French, Fowler, and Lauritsen, Phys. Rev. 89, 299 
(1953). A. A. Kraus, Doctoral thesis at the California Institute 
of Technology (unpublished). 

Jacobs, Bashkin, and Carlson, Bull. Am. Phys. Soc. Ser. II, 
1, 212 (1956). 
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for reaction (2). When one uses the measured angular 
distribution, the absolute results of 
Schardt, Fowler, and Lauritsen” at 1210 kev give a 
value of 42.5+8.5 mb/sterad for the cross section for 
reaction (3) averaged over the solid angle used in the 
present yield curve This value 
used for normalization. By using the measured angular 
distributions, the differential and total cross section for 


cross-section 


measurements. was 


reaction (3) were calculated at five resonance energies. 
Table I lists the values obtained. Individual resonance 
cross sections were obtained using the one-level formula 
and subtracting the contribution of the broad resonance. 
Table I lists the resonance cross sections with their 
uncertainties. 

Preliminary results’ for reaction (2) have shown 
resonances corresponding to those for reaction (3) at 
bombarding energies of 1210 kev, 3000 kev, 3350 kev, 
and 3520 kev, but 1650 kev, 1985 kev, and 
3300 kev. The differential cross section for reaction (2) 
was found by normalization to the value of Schardt, 
Fowler, and Lauritsen’? at the 1210-kev resonance. By 
assuming isotropy (since the angular distribution has 
not yet been measured) and decomposing the cross 
section into contributions from the different resonances, 


not at 


the total resonant cross sections for the ground state 
transitions were found. The values are given in Table I. 

From the total reaction cross section at each reso 
nance, the single-level Breit-Wigner formula, the total 
width, and the Wigner limit, an upper and a lower 
limit can be placed on the spin of each resonant state. 
The allowed spins and parities are as follows: 


3520 
key 


3300 3350 
kev key 


3000 
kev 


1985 
kev 


1210 1650 
kev kev 
3 1" 4° 2 2 
4° 2 3t 3+ 3 


The possibilities listed take full account of the possible 
errors mentioned. The assumed isotropy and_ large 


error in the ground state results are not important 
in limiting the spin values because the cross sections are 
relatively small except at the 3520-kev resonance where 
the resulting limitations are very insensitive to errors. 
The parities come, of course, from the presence, or 
absence, of resonant ground state transitions. 

The measured angular distributions serve to reduce 
further the number of possible spin and parity choices 
The spin and parity of the target and bombarding 
particle are known but the orbital angular momentum 
with which the compound nucleus is formed is not 
known. At the bombarding energies reached here, 
more than one proton wave may contribute. The 
same is true for the outgoing alpha particle. The state 
of the residual nucleus has a spin and parity of 2* and 
decays by the emission of a pure electric quadrupole 
gamma ray to a 0* state. Symmetry about 90 degrees 
and angular distributions of the form, 14-de/.+a,l4, 
are expected and were observed for the gamma rays. 
Angular distributions were calculated using the formu- 
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lation of Sharp et al.” The parameters available are the 
relative intensities and phases of the two most pene 
trating proton waves which can form the state under 
consideration, the relative intensities of the two most 
penetrating alpha waves, the relative intensities and 
phases of the broad state and a narrow state, and, 
where no ground state transition occurs, a channel spin 
degeneracy. 

The angular distribution at the 4+ 
3000 kev could be fitted only by assuming that the 
broad, 3350-kev resonance, which is a contributing 


resonance at 


fac tor, hasa spin of 2+. The broad resonance contributes 
appreciably at 1985 kev. Only the choice 2~ for the 
1985 kev gives with the 
angular distribution. parameters 
the 
energy in a reasonable manner. In the case of the 
resonances at 1210 kev, 1650 kev, 3300 kev, and 3520 
kev, the parameters allowed sufficient freedom so that 


resonance at agreement 


The 


resonance change with 


observed 


associated with broad 


no elimination was possible. The spin and parity 
choices for the first two resonances are in agreement 
with other work,!#.15.7! 


FURTHER COMMENTS 


‘To determine the contribution to the “carbon cycle” 
the 
extrapolate the cross section down to stellar energies. 
When extrapolated down to 30 kev, the broad resonance, 
centered at 3350 kev, has a cross section for reaction 
(2) which is 10°* that of the extrapolated value! of 
the 338-key (3), the extra 
polated value is 10° that of the 338-kev resonance 
Therefore 
appreciable cross section at stellar energies 


of one of resonances observed here, one must 


resonance. For reaction 


these resonances do not contribute an 


The newly discovered levels of O'8 can be fitted into 
the alpha-particle model proposed by Dennison? for 
this nucleus, thereby extending the region of agreement 
between observation and the model to an excitation of 
15.5 Mev in O'*. It should be kept in mind, however, 
that the identification of the levels is not unique. What 
is perhaps significant is that there are no violent 
disagreements between the model and observations as 
to the number of levels or the level density, at least 
up to 15.5 Mev of excitation. 

The level suggested by Stoll® at 14.2 Mev does not 
appear in the present experiment. There are no obvious 
selection rules which would rule out observation of such 
a State in reaction (3). It is concluded that the 14.2-Mev 
level is not real. Similarly, this experiment does not 
'of a state at 14.7 Mev. 

One further point of interest is that Wigner” has 


support the suggestion‘ 


predicted that the yield of an extant reaction should 


” Sharp, Kennedy, Sears, and Hoyle, Atomic Energy of Canada 
Limited, Report CRT-556 (unpublished) 

21) B. Hagedorn, Bull. Am. Phys. Soc. Ser. IT, 1, 387 (1956) 

2 I. P. Wigner, Phys. Rev. 73, 1002 (1948) 
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exhibit a symmetric cusp at the energetic threshold 
for a new process. Others” have looked for such a cusp, 
but with inconclusive results. In the present experi- 
ment, data were taken in the vicinity of the threshold 


* Hemmendinger, Jarvis, and Taschek, Phys. Rev. 76, 1137 
(1949); S. Bashkin and H. T. Richards, Phys. Rev. 84, 1124 
(1951); P. R. Malmberg, Phys. Rev. 101, 114 (1956). 
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for the N'°(p,n)O" reaction, the threshold energy being 
indicated on Fig. 2 by a dashed arrow. There is no 
evidence in these data for a cusp. However, it is possible 
that the energy steps (20 kev apart) in that region 
were large enough so the effect was simply missed. 
It is a pleasure to acknowledge the help and en- 
couragement of Professor James A. Jacobs. 
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Absolute Intensities of L X-Rays and Gamma Ray in RaD Decay* 


Ricuarp W. Fink 
Department of Chemistry, University of Arkansas, Fayetteville, Arkansas 


(Received December 26, 1956) 


The absolute intensity of L x-rays/RaD disintegration (7) has 
been measured to be 0.23,+0.02 by argon-filled proportional 
counter spectrometry on carrier-free RaDEF equilibrium sources, 
and the relative intensities were found to be La: Lg: Ly: :1.0:1.1: 
0.19. The intensity of L x-rays relative to that (RK) of the single, 
46.5-kev, pure M1 gamma ray is F/R=5.14-0.7. Care was taken 
to avoid error due to wall-effects and the counting techniques 
were varied and cross-checked so as to eliminate possible system 
atic errors. The absolute intensity of the gamma ray is R=0.045 
¢-0.004 from data taken on a 3X3 inch Nal(TI) scintillation 
spectrometer. Assuming the number of L-shell ionizations/RaD 
disintegration (J) to be 0.62, the mean L-fluorescence yield (F/J) 
of bismuth is 0.384-0.02, which when combined with the ratio 
F/R, \eads to an experimental value of the total L-shell conversion 


I, INTRODUCTION 


JREVIOUSLY! we confirmed the absence of gamma 
rays other than the well-known 46.52-kev tran- 
sition in RaD(Pb*"") decay. This paper presents results 
of measurements on (1) the absolute intensity of L 
x-ray quanta/disintegration, and (2) the ratio (F/R) of 


TABLE I. Summary of measurements of /. 


Method 


Abs. in Pb 

Abs. in Al 

Collimated, low-geometry 
source; air ioniz. chamber 
Thin Nal(TI) scin. spect. 
Uncollimated source 
Argon-filled prop, counter Present See 
at 2.1 atmos; carrier-free | work Table 
collimated sources IV 


Value Investigator 


AS 


~A).27 
0.24,40.03* 


Gray 
Tsien 
Stahel 


Damon and 
Edwards 


0.19 +0.03 


0.2344-0,02 


* Recalculated from original value of 0.250 using ¢ =4.80 K10~" esu and 
verage energy of x-rays as 12.0 kev, 

» See reference 3. 

¢ See reference 4. 

4 See reference 5. 

* See reference 6. 


* Supported in we by the National Science Foundation and 


the U. S. Atomic Energy Commission. 
1 Fink, Warren, Edwards, and Damon, Phys. Rev. 103, 651 
(1950). 


coefficient (1/R), which thus is 13.3+2.0, the major error arising 
from the correction of R for the contribution due to Compton 
backscattering, which amounts to some 10 to 20% depending on 
exact conditions of geometry and collimation. The value of the 
L-conversion coefficient interpolated from Rose’s tables is 17.85, 
based on a point-charge nucleus. Better agreement is obtained 
with a value of about 12.7 from theoretical calculations of Sliv 
and Listengarten, who included a correction for the finite size of 
the nucleus. 

A new summary of mean L-fluorescence yields from nuclear 
excitation is presented which shows that the mean yields depend 
strongly upon the relative number of vacancies in the respective 
L subshells. 


the intensity of L x-ray quanta/disintegration (F) to 
that (R) of 46.5-kev gamma quanta/disintegration in 
the decay of RaD. In order to establish a reliable value 
for the mean L-fluorescence yield (@,) of bismuth from 
excitation by L-conversion of the relatively pure M1 
gamma-ray as discussed by Ross, Cochran, Hughes, 
and Feather,’ a precision measurement of F is required 
which then may be combined with the number (1) of 


TABLE II. Summary of measurements of F/R. 


Refer- 


Value Method ence 


44 +0.7 


Investigator 


Prop. counter filled with 1 atmos Wu, a 
argon, 1 atmos krypton, or 3 Boehm, 

atmos krypton and Nagle 
Argon-filled prop. counter; press. Hughes 

varied to eliminate wall-effect; 
uncorr. for source absorption and 
self-excitation 

Thin NalI(TI) scin. spect. and 
argon-filled prop. counter 

Prop. counter with 2.1 atmos 
argon; carrier-free sources 


6.7,40.5 


Damon and 
Edwards 
Present 
work 


5 +1 


5.1 +0.7 


* See reference 7. 
» See reference 8. 
¢ See reference 6, 


* Ross, Cochran, Hughes, and Feather, Proc. Phys. Soc. 
(London) A68, 612 (1955). 





RaD 


TABLE III. Summary of measurements of R 


Refer 


Value Method Investigator ence 


0.035 Resolution of abs. curve into —Stahel a 
L x-ray and 46.5-kev gamma 

ray components 

Bramson b 


0.031+0.01 Same as above 


0.04 
0.036 
0.038+0.006 


Same as above Gray c 
Von Droste d 
Damon and e 
Edwards 

Wu, 

Boehm, 

and Nagle 


Same as above 

Thin NaI(T1) scin. spect. and 
alpha-prop. counting 

0.07 +0.02 Prop. counter measurement of 
F/R ratio and assuming 

wy, =0.475 

3X3 inch NaI(T]) scin. spect. 
and alpha-prop. and alpha- 
scin. counting; correction for 
iodine K x-ray escape 


Present 
work 


0.045 +0.004 


® See reference 5. 


b See reference 9. 
¢ See reference 3. 
4 See reference 10. 
¢ See reference 6. 
! See reference 7. 


L-shell ionizations/RaD disintegration (since a, = F//). 
This, together with the ratio //R, gives the total 
L-conversion coefficient (J/R), since K-shell excitation 
is energetically forbidden in this case: 
I/R=(F/R)/(F/I). (1) 
Values of F have been estimated from absorption 
curves by Gray* and Tsien,‘ and have been measured 
by Stahel® and by Damon and Edwards.® These results, 
together with the present result, are summarized in 
Table I. Values of F/R have been determined by 
Damon and Edwards,® Wu, Boehm, and Nagle,’ and 
Hughes.* These values and the present results are 
given in Table II. The absolute intensity (R) of 46.5 
kev quanta/disintegration has been determined by 
Gray,’ Stahel,> Damon and Edwards,’ Wu, Boehm, 
and Nagle,’ Bramson,’ and Von Droste.'® These results 
are listed in Table III, along with the present value 
obtained by using a 33 inch Nal(TI) scintillation 
spectrometer with corrections for iodine K x-ray escape 
according to the method of Axel! and for counting 
efficiency based on the curves of Bell.!” 


Il. EXPERIMENTAL 
Absolute L X-Ray Intensity (F) Measurements 


Measurements of Ff and of F/R were made on: an 
aluminum-lined, 10.0-cm diameter proportional counter! 


3J. A. Gray, Nature 130, 738 (1932). 

4S. T. Tsien, Compt. rend. 218, 503 (1944), 

5 FE. Stahel, Helv. Phys. Acta 8, 511, 651 (1935). 

*P. E. Damon and R. R. Edwards, Phys. Rev. 95, 1648 (1954); 
Annual Progress Report, University of Arkansas, March, 1954, 
Appendix I (unpublished). 

7Wu, Boehm, and Nagle, Phys. Rev. 91, 319 (1953). 

§ J. Hughes, unpublished studies quoted in reference 2. 

9S. Bramson, Z. Physik 66, 721 (1930). 

1G. F. Von Droste, Z. Physik 84, 17 (1933). 

uP. Axel, U. S. Atomic Energy Commission Report BNL-271, 
1953 (unpublished). 

2 P_R. Bell (privately circulated data, 1956). 
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Fic. 1. Absorption of Bi Z x-rays arising from RaD decay in 
Plexiglas as observed with the proportional counter. The channel 
width on the pulse-height analyzer was set wide enough (5.75 
volts) to encompass essentially all of the L peak. At first Lucite 
or Plexiglas of different manufacture resulted in erratic points, 
due to density variations, but consistency was obtained when 
all absorbers were made of the same stock of Plexiglas. 


filled with 2.1 atmos of a 10% methane—90°, argon 
mixture which had been purified by convection circu 
lation for 10 days over hot calcium. The counter has a 
3.2-cm diameter beryllium side window having a super 
ficial density of 164 mg/cm’. The fraction of 12-kev 
x-rays transmitted through the window was calculated 
to be 0.916+0.005; and for 46.5-kev gamma rays, 
0.997 +0.003, based on mass absorption coefficients 
from Allen."* (Air transmission for 12-kev 
0.995-+ 0.005.) 

Five carrier-free RaDEF sources, mounted on 0.25 
em-thick flat aluminum planchets, were studied with 
various degrees of collimation under conditions both of 
“high geometry’ 
and of “low geometry” (source-to-window distance 6,2 
cm). Particulate radiation was eliminated by use of a 
Plexiglas absorber whose transmission for Bi L x-rays 
was evaluated by running an absorption curve, lig. 1, 
with the channel-width set wide enough (5.75 volts) 
to encompass essentially all of the L peak. 

The x-ray counting rate appeared to be somewhat 
dependent on the degree of collimation, being higher 
with more severe collimation, under the “high geome- 
try” condition. This is attributed to parallax, since the 
geometry ((2/4a) was calculated from the diameter of 
the collimator without correction for the finite colli 
mator-to-window distance and the divergent nature of 
the incident beam. However, under the “low geometry”’ 
condition, the parallax effect was negligible as shown by 
the fact that the intensity was independent of the 
degree of collimation. The collimators were of 1 cm 
thick iron faced on all surfaces with aluminum to avoid 
fluorescent excitation of iron x-rays. To obtain the L 


x-rays 1S 


’ 


(source-to-window distance 2.6 cm) 


4S. J. M. Allen, tables in Handbook of Chemistry and Physics 
(Chemical Rubber Publishing Company, Cleveland, 1952), 34th 
edition. 
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1G. 2. Representative data on L x-rays from differential pulse 
height analysis from proportional counting of carrier-free RaDEF 
equilibrium sources. The channel-width was calibrated before 
and after each run. Integral-bias counting agreed precisely with 
results obtained by taking the area under the three L peaks, 
background having been subtracted. (The background is about 
30 counts/min per 1.0-volt window in the region of the L-peak.) 


x-ray yield from a given source, two types of counting 
experiments were done: (1) a differential pulse-height 
spectrum was plotted, Fig. 2, the yield being taken from 
the area under the peaks, the channel-width having 
been calibrated before and after each run; and (2) 
integral-bias counting was done for both sample and 
background for Jong counting times. The latter method, 
being independent of channel-width, gave precise agree 
ment with the differential spectrum, as can be seen 
from Table IV, thus affording a check on the 1 counting 
rate. The correction for counting efficiency is discussed 
in the next section. 

In measuring x-ray intensities in the presence of 
large beta and alpha activities, the use of carrier-free 
sources is essential to avoid fluorescent excitation which 
would contribute to the total intensity. The importance 
of this recently was shown" in a series of experiments, 
in connection with work on Tl, in which a series of 
1-cm® ampoules were filled with carrier thallium nitrate 
solutions ranging from zero to 0.22 mg/ml in concen- 
tration; to each was added an identical amount of very 
high specific activity Tl’. After sealing, the ampoules 
were studied by scintillation spectrometer and propor- 
tional counter where the ratios of K x-rays/beta- 
bremsstrahlung and of L x-rays/beta-bremsstrahlung, 
respectively, were studied vs the concentration of inert 
thallium solids in an attempt to find a “plateau” where 
fluorescent excitation of K and L x-rays was inde- 
pendent of thallium carrier. It was found that a con- 
siderable increase in the above ratios occurred with 
increasing concentration and that a “plateau” existed 
and Fink (unpublished studies, 


'’ RamaSwamy, Robinson, 


1954). 
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only at exceedingly low concentrations (10~ molar or 
less), 

The absolute source strength was obtained by alpha- 
counting on the assumption that complete equilibrium 
existed between RaD and its RaE and RaF daughters. 
The tendency for RaE to become radiocolloidal and to 
stick to glass surfaces on long standing even in strong 
nitric acid solutions is well-known, so that when a 
sample is made by taking an aliquot of a carrier-free 
stock solution of “equilibrium” RaDEF, there is no 
assurance that the aliquot will be in equilibrium; it 
may in fact be highly depleted in RaE and RaF 
daughters. For the present investigation, Pyrex radon 
needles (about two years old) were used to prepare a 
fresh, strongly nitric acid stock solution from which 
samples were made immediately. To be certain of 
radioactive equilibrium, measurements were repeated 
over a period of six months. No change was observed 
in the value of F. 

Two independent counting techniques were employed 
to accomplish the alpha-counting: (1) a 2% windowless 
flow proportional alpha-counter (using 10% methane— 


TABLE IV. Data and results of L x-ray yield per 
RaD disintegration (/). 


Total Pot 
a’s/min 
(Aw) 


Total L x-ray 
Geometry quanta/min 
(2/49) (4n) 


Iype of 


Sample run*® 


(“Low geometry”’) 
8.27X10% = 5.27 10° 
2.81 5.26 
8.30 10% 3.36% 10° 
2.83 3.22 
8.01K10% 3.70 10° 
2.72 3.73 
2.4910 = 2.10 10° 
8.01 2.01 


0,230 
0.230 
0.232 
0.222 
0,238 
0.241 
0.230 
0.220 


2.30 10° 
2.30 
1.45 10° 
1.45 
1.55 10° 
1.55 
9.10 10° 
9.10 


IB (3) 
IB (2) 
IB (3) 
IB (3) 
IB (4) 
IB (6) 
IB (2) 
IB (1) 


(“High geometry”) 
13K10°% 5.7410 
13 5.63 
1 3.61 K 10° 
14 3.55 
3 4.21 10° 
* fe 4.08 
7: 4.02 
3 2.29 10° 
7 1.95 
3 2.30 
3 
7 
7 
3 
7 
1. 

1, 


0.249 
0.245 
0.249 
0.244 
0.252 
0.249 
0.247 
0.240 
0.206 
0.243 
0.230 
0.202 
0.234 
0.242 
0.234 
0.236 
0.235 


2.30 10° 
2.30 
1.45 10° 
1.45, 
1.63 * 10° 
1.63 
1.63 
9.55 10° 
9.50 
945 
9.10 
9.10 
9.10 
9.10 
9.10 
8.44 10° 
8.44 


IB (2) 
Diff. (1) 
IB (2) 
Diff. (1) 
IB (1) 
IB (2) 
Diff. (1) 


4. 
4. 
4.14K 10? 
4. 
f 
$. 
a 
Diff. (1) & 
a 
he 
1 
3. 
3. 
1. 
3. 
4. 
4. 


«10% 


«10-7 
Diff. (1) 
Diff. (1) 
Diff. (1) 
Diff. (1) 
IB (1) 
IB (2) 
IB (1) 
IB (1) 
Diff. (1) 


2.09 
1.84 
2.13 
2.20 
2.13 
1.99 10° 
1.98, 


«x10? 


Summary of results 
Conditions 
Mean F 


0.242 
0.239 
0.233 
0.238 


Mean deviation 


0.005 
0.011 
0,007 
0.01 


Geometry Collimator 


0.635 cm diam 
2.22 cm diam 


“high” 
“high” 


“low” 


ny 
Average of all runs 


* 1B «integral-bias counting; Diff. =differential spectrum. The number 
in parenthesis is the number of runs for the geometry stated from which 
the result tabulated was averaged. 
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90% argon mixture) having discrimination against 
beta-gamma radiation was used. This counter was 
cross-checked with National Bureau of Standards 
standardized RaDEF sources; when a +1.5% correc- 
tion for alpha-backscattering was added to the 27 
geometry, the agreement with the National Bureau of 
Standards (NBS) calibration was excellent. Because of 
the high counting rates encountered in the five RaDEF 
sources under study, careful deadtime loss corrections 
were applied, the deadtime being evaluated with paired 
Po?” carrier-free sources having counting rates in the 
same range as the samples. (2) An alpha-scintillation 
counter, consisting of a DuMont 6292 photomultiplier 
faced with a very thin ZnS(Ag) screen was constructed. 
NBS standardized sources were used to calibrate the 
product of geometry and efficiency of this counter, and 
deadtime corrections, again evaluated with the paired 
Po?” sources, were applied. Agreement between the 
two counters was excellent, giving a good check on the 
deadtime corrections which were different for the two 
counters, 

Data from the foregoing L x-ray and alpha-counting 
experiments were combined to give the values of F, as 
shown in Table IV, from which the mean value is 


F=0.233+0.02 L x-ray quanta/RaD disintegration. 


The ratio of La:Lg:L, x-rays, Fig. 2, averaged 1.0: 
1.1:0.19, after correction for the respective transmis- 
sions and counting efficiencies. This is in good agreement 
with previous reports,~*!o"!7 


Ratio of the Intensity of L X-Rays /46.5-kev 
Gammas (F/R) 


The F/R ratio was obtained from proportional 
counter differential spectra by using both freshly- 
separated' and equilibrium carrier-free sources. A 
representative spectrum of the 46.5-kev gamma from 
an equilibrium source is shown in Fig. 3, where the 
corrections for Rak beta-bremsstrahlung and Compton 
backscattering are estimated as shown. With freshly- 
separated RaD, the amount of bremsstrahlung is 


TABLE V. Results of determinations of //R using 
proportional] counter, 


Absorber 
thickness) 


Collimator 
(diameter) 


Source 
(carrier-free ) 


0.145 
0,256 
0,256 


Equilib, RaDEF 2.25 cm 12.9 mm Plexiglas 
Equilib. RaDEF 2.25 9.2 mm Plexiglas 
Equilib, RaDEF 3.2 9.2 mm Plexiglas 
Freshly-purif 
Rab 

Equilib, RaDEF 
Equilib. RaDEF 
Equilib. RaDEF 
Equilib. RaDEF 


0.256 
0.500 
0.500 
0.500 
0.0166 


3.2 9.2 mm Plexiglas 
2.25 4.68 mm Plexiglas 
2.25 4.68 mm Plexiglas 
1.30 4.68 mm Plexiglas 
2.25 337 mg/em? aluminum 


Mean 5,140.7 


6 Frilley, Gokhale, and Valadares, Compt. rend. 232, 157 
(1951). 


16 G. T. Ewan, thesis, 1952 (unpublished), quoted in reference 2. 
'7 A, J. Cochran, quoted in reference 2. 
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Fic, 3. A representative spectrum of gamma-rays from pulse 
height analysis from proportional counting of the RaDEF equi 
librium sources through various Plexiglas absorbers thick enough 
to stop RaE beta-particles. With freshly-separated carrier-free 
RaD, the RaE beta-bremsstrahlung continuum was absent. The 
dotted lines are the estimated corrections for Compton back- 
scattering and Rak bremsstrahlung. The scale is much expanded 
over that used in Fig. 2 


negligible,! but the Compton backscattering remains to 
be estimated ; depending on geometry and collimation, 
this correction amounts from 10 to 20°, of the total 
area, as discussed in a previous paper,'® and from it 
arises the major source of error in the measurement of 
F/R. The value is computed from 


F/R [(Azr/Ar) lL fadr/ Sat | 
X[ (Ee Ky) Sw) r/ Sw) |, (2) 


where (4,,/A 2) is the ratio of the area under the L-peak 
to the corrected area under the gamma peak; (fa) x is 
the transmission of 46.5-kev quanta through Plexiglas 
or aluminum absorber, the value of which for Plexiglas 
was determined to be essentially unity up to a thickness 
of 12.9 mm by running an absorption curve in the same 
manner as for Fig. 1; Le= 0.027, the counting efficiency 
of 46.5-kev quanta in 2.1 atmos argon, assuming no 
wall-effect, computed from absorption coefficients from 
Allen; (f..)2=0.997+-0,003, the transmission of 46.5 
kev quanta through the 164-mg/cm? beryllium window, 
as discussed previously; (/,), is the transmission of L 
x-rays through the Plexiglas or aluminum absorber, the 
value of which for various Plexiglas absorbers was 
obtained from Fig. 1 (see Table V); = 0.670+0.005, 
the mean counting efficiency of 10.8-13.0 kev x-rays 
in 2.1 atmos argon, assuming no wall-effect, computed 


1#R. W. Fink and B. L 
(1956). 


Robinson, Rev. Sci. Instr. 27, 712 
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from absorption coefficients from Allen; and (f,)z 

0.916+-0.005, the mean transmission of L x-rays 
through 164 mg/cm? beryllium window. 

To justify the assumption of no wall-effect in the 
computation of the counting efficiencies, the counter 
was filled to 2.1 atmos; under such pressure, the wall- 
effect is negligible as shown experimentally by West, 
Dawson, and Mandleberg,’® and, especially, by Bisi 
and Zappa,” who studied counting rate per unit 
pressure vs pressure for K x-rays of Ag (22.1 kev) and 
for the RaD gamma-ray. Calculations of counting 
efficiency based on an “average” track length (9 cm) 
within the sensitive volume from a collimated, “low- 
geometry” source agreed well with more exact results 
from a double-integration (a truncated cone intersecting 
a cylinder at right angles to their respective axes) as 
discussed by Bisi and Zappa.”” The results of //R 
determinations are given in Table V, from which the 
mean value is 

F/R=5.1+0.7. 

This value of F/R from proportional counter spec- 
trometry where the measurement is independent of 
geometry is considered to be better than one computed 
by taking the ratio of Ff to the absolute value of R 
(Table IIL) from scintillation spectrometry because of 
the larger uncertainty in the latter measurements 
arising from corrections for geometry, transmission, 
and iodine K x-ray escape. F/R values obtained by the 
two methods, however, agree within the experimental 
error, 


Ill. DISCUSSION 
Mean L-fluorescence Yield 


Stanners and Ross* have found by the nuclear 
emulsion method that the ground-state beta-group 
occurs to the extent of (154+5)9% in RaD decay. From 
the present work the gamma-ray intensity is 0.045 

+ 0,.004/disintegration, so that the number of disinte- 
grations which are converted in passing through the 
46.5-kev level is (80.5+-0.5)%. Since the ratio of L- to 
M- and higher-shell conversion lies near a mean value 
of 2.94 (from the work of Wu ef al.’ who found a value 
of 3.05 and Of Cranberg®* who reported a value of 2.84), 
the number of L-shell conversions/disintegration (/) is 
0.60, The value determined by Wu et al.’ is 0.64. 
Accepting a mean value of 0.62, the mean L-fluorescence 
yield of bismuth in RaD decay is 
F/I =0.384-0.02, 


WL 
where the error quoted reflects the uncertainty only in 


1% West, Dawson, and Mandleberg, Phil. Mag. 43, 875 (1952). 

* A. Bisi and L. Zappa, Nuovo cimento 12, 211 (1954). 

#1 W. Stanners and M. A. S. Ross (private communication from 
N. Feather, 1956); and Proc. Phys. Soc. (London) A69, 836 
(1956). 

#1. Cranberg, Phys. Rev. 77, 155 (1950). 
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the value of F. This agrees rather well with the experi- 
mental determination by Kiistner and Arends* who 
found a value of 0.367 for the Ly subshell yield of 
bismuth (wz) and a value of 0.255 for the Ly 
subshell (wz11). 


Total L-shell Conversion Coefficient 


When the mean L-fluorescence yield is combined 
with the ratio F/R (Table V) according to Eq. (1), 
one obtains an experimental value of the total L-shell 
conversion coefficient which thus is 


B,"= I/R-= 13.34 2.0, 


in which most of the error quoted arises from uncer- 
tainty in the value of F/R. The value of the total 
L-conversion coefficient interpolated for a 46.5 kev, 
pure M1 transition at Z=83 from the tables of Rose** 
is 17.85, based on the approximation that the nucleus 
may be treated as a point-charge. Better agreement 
with our experimental value is obtained with the results 
of Sliv and Listengarten”> who included a correction of 
about 30% for the finite charge distribution of the 
nucleus. The theoretical total L-conversion coefficient 
is about 12.7 from their calculations. This reduction in 
K and L conversion coefficients at high Z, especially 
for M1 transitions, due to the finite size effect also 
has been verified experimentally for K and L conver- 
sion*® and for the 40-kev, pure M1 transition in TI? 
following alpha-decay of ThC (Bi), where the total 
L-conversion coefficient is 15.7 from work of Weale,”’ 


again representing a reduction of about 25% from the 


point-charge approximation.t 
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28. A. Sliv and M. A. Listengarten, Zhur. Eksptl. i Teort. Fiz. 
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46 A. H. Wapstra and G. J. Nijgh, Nuclear Phys. 1, 245 (1956); 
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27 J. W. Weale, Proc. Phys. Soc. (London) A68, 35 (1955). 

t Note added in proof.—The source used by Hughes (reference 
8) for his measurement of //R=6.7+0.5 (Table II) consisted 
of 80 millicuries of RaD (anodically deposited as peroxide on a 
platinum foil 0.010 in. thick and covered with 6.3 mg/cm? of 
aluminum foil). The superficial density of this source was 4 mg/ 
cm?* (private communication from J. Hughes, January, 1957). 
In such a source containing lead carrier in the presence of an 
extremely high level of activity, it is clear that appreciable 
fluorescent x-ray excitation occurs which leads to an excessively 
high value of F/R. 
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V. APPENDIX. SUMMARY OF DATA ON MEAN 
L-FLUORESCENCE YIELDS 


Since the last summary of mean L-fluorescence 
yields,** many additional measurements. have been 
reported. These results are plotted in Fig. 4, together 
with the values obtained by Lay” (solid points) for 
x-ray excitation. The break at Z~73 is interpreted to 
mean that above this point Coster-Krénig transitions 
of the type L1—LinMyy,y contribute,” thus shifting 
Ly vacancies to the Ly shell for which the partial 
fluorescence yield is greater. As pointed out by Burde 
and Cohen, Coster-Krénig transitions of the type 
Ly—LyN and Ly—LinN occur to only a very small 
extent since the transition probability depends strongly 
on the momentum of the emitted electron. Below 
Z~73, however, the Li- LinMyy,v and Li = LinMyy. Vv 
transitions are forbidden energetically as are the 
Iy—LyNy-1v transitions, so that Ly vacancies once 
formed essentially are frozen in place and decay without 
further complication; thus, below Z~73, mean L- 
fluorescence yields resulting from nuclear excitation, in 
#8 B. L. Robinson and R. W. Fink, Revs. Modern Phys. 27, 424 
(1955). 

9H. Lay, Z. Physik 91, 533 (1934). 

*E. H. S. Burhop, The Auger Effect (Cambridge University 


Press, Cambridge, 1954). 
4 J. Burde and S. G. Cohen, Phys. Rev. 104, 1085 (1956). 
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Fic. 4. Mean L-fluorescence yields vs Z. The solid points are 
the results of Lay (reference 29) from x-ray excitation, Open 
points all are derived from nuclear excitation and represent the 
following work: (a) Ag, from E.C. in Cd", Bertolini, Bisi, 
Lazzarini, and Zappa, Nuovo cimento 9, 539 (1954). (b) Xe", 
from F.C. in Cs, R. W. Fink and B, L. Robinson, Phys. Rev. 
98, 1293 (1955). (c) Eu", from decay of Gd! , Bisi, Germagnoli, 
and Zappa, Nuclear Phys. 1, 593 (1956); Nuovo cimento 4, 764 
(1956). (d) Hf!”*, from E.C. in Ta!”’, Bisi, Zappa, and Zimmer, 
Nuovo cimento 4, 307 (1956). (e) Hg™, from E.C. in TI, 
H. Jaffe, University of California Radiation Laboratory Report 
UCRL-2537, 1954 (unpublished). (f) Bi?”, from decay of Pb*” 
(RaD), present result. (g) Tl*, from alpha decay of Bi##(ThC), 
J. Burde and S. G, Cohen, Phys. Rev. 104, 1085 (1956). (h) Bi?, 
from decay of Pb®#(ThB), J. Burde and S. G. Cohen, Phys. Rev. 
104, 1085 (1956). (i) Ra®, from alpha decay of Th® (Io), Booth, 
Madansky, and Rasetti, Phys. Rev. 102, 800 (1956) 





which Ly; vacancies predominate, lie lower than yields 
resulting from x-ray excitation, in which the three L 
subshells share more equally the vacancies produced, 
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Direct Nuclear Reactions 
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It is the contention of this paper that the large majority of nuclear reactions which proceed to a low-lying 
level of the final nucleus are predominantly direct reactions with stripping-like angular distributions. 
It is seen that reactions of the form (n,p), (p,p’), (a,a’), (a,p), etc. have essentially as much chance of 
proceeding directly as does the deuteron stripping or pickup reaction. This latter reaction no longer appears 
in a category of its own, but merely as one example of a whole gamut of types of reactions which proceed 
via a characteristic direct process. Differential cross sections for the general class of direct reaction are 
calculated, and closed-form expressions obtained by means of the same approximations originally employed 
for the deuteron stripping reaction. It is seen that the angular distributions are dependent on the spins and 
parities of the initial and final nuclei involved, and are thus capable of yielding information regarding these 
properties; moreover the absolute magnitudes are capable of yielding interesting information concerning 
nuclear structure. Comparisons between theory and experiment are made for a few typical reactions. 


I. INTRODUCTION 


T is the contention of this paper that the large 

majority of particle nuclear reactions which proceed 
to a low-lying level of the final nucleus receive pre- 
dominant contributions from a direct process which 
does not involve the compound nucleus as an inter- 
mediate step. One such direct reaction is well known, 
, the deuteron stripping or pickup reaction.! 
However, as we shall see, there is no reason why this 
particular type of reaction should lie in any special 
category. It is precisely for the same reasons that 
deuteron stripping and pickup reactions are direct 
reactions that reactions such as (n,p), (p,p’), (a,a’), 
(a,p), etc. should also proceed directly; moreover the 
angular distributions from these latter reactions should 
be very similar to those characterizing the deuteron 
stripping reactions, and be similarly dependent on 
spin and parity changes between the initial and final 
nuclear states. 

The possibility that reactions of the form (n,p), 
(p,p’), elc., might proceed by a direct process and that 
the angular distributions would have a simple interpre- 
tation was first considered by Austern, Butler, and 
McManus some time ago,’ and it is the fact that the 
angular distributions derived in reference 2 are being 
found to agree remarkably well with a large number of 
experimental angular distributions that provided the 


viz 


incentive for the present work. It is the main purpose 
of this paper to show that reactions of the type men- 
tioned above have essentially as much chance of 


proceeding directly as does the deuteron stripping or 


pickup reaction (a point not realized in reference 2), 


Moreover the complete matrix element which deter- 


* On leave of absence from the Department of Physics, Univer 
sity of Sydney, Sydney, Australia. 

1S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 

* Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953) 

Note added in proof It has been called to my attention that 
discussion of a direct interaction model for inelastic proton 
scattering was carried out independently by Eisberg and Igo, 
Phys. Rev. 93, 1039 (1954) 


mines the differential cross section for these reactions is 
very similar to that for the stripping or pickup reactions; 
when evaluated under the same approximations as 
employed in reference 1, the resulting expression for the 
differential cross section is very closely related to the 
corresponding expression for the case of stripping; in 
addition one would expect a more accurate evaluation 
of this matrix element to affect the predictions of the 
simple result also in the same manner found for the 
stripping case.* In short, then, the deuteron stripping 
reaction appears merely as one of a whole gamut of 
nuclear reactions which, at least for the formation of 
levels of the final nucleus of not too high an excitation, 
proceed via a characteristic direct process. An investiga- 
tion of the angular distributions of all these reactions 
may thus yield information concerning the properties 
of the nuclear states involved, as in the case of stripping 
and pickup. 

In Sec. II we shall, as an example, illustrate how the 
(p,d) pickup reaction, and a reaction of the form (p,p’), 
may be placed on precisely the same footing and should 
lead to similar angular distributions. The basis for 
considering other types of reactions as proceeding 
directly then follows immediately in analogy with the 
(p,p’) case, as do the angular distributions to be 
expected from them. 

In Sec. III a more general evaluation is made of the 
cross section for (p,p’) and similar reactions than that 
carried out in Sec. IT. 

Finally, in Sec. IV we show some comparisons 
between experimental and theoretical angular distribu- 
tions for a number of different types of reactions. It 
will be seen that the agreement between the predicted 
and observed distributions, particularly for reactions 
of the type (a,a’) and (a,p) for example, is at least as 
good as has been obtained in the case of deuteron 
stripping reactions. 


3W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955) 
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II. ANGULAR DISTRIBUTIONS FROM 
DIRECT REACTIONS 


1. Comparison between ()p,d) and ()p,p’) 
Reactions 


Let a nucleus X, say, be bombarded with protons. 
Then we must admit the possibility that many of these 
protons can be captured into one or more levels of the 
compound nucleus which subsequently can decay in a 
variety of ways. Indeed we take the attitude that a 
first approximation, say Wj, to the complete wave 
function WV of the total system is that which would be 
computed on the basis of the original compound nucleus 
theory of nuclear reactions, i.e., by assuming all the 
possible reactions that occur must proceed via the 
compound nucleus.‘ Let us formally write this first 
approximation to the wave function W in the form 


VY; Ve ®, (1) 


where W,; is that part of the wave function which 
describes purely elastic scattering, and ® describes all 
inelastic processes. 

The nature of the wave function ¥; will depend, of 
course, on the experimental conditions. For example if 
the resonances of the compound nucleus are well 
spaced, and if the incident energy lie between res- 
onances, ® will be essentially zero and W,; will merely 
describe the scattering of the incident protons by a 
hard sphere of radius equal to that of the initial nucleus. 
We do not, however, wish to confine ourselves to any 
such special circumstances; we therefore consider the 
more realistic state of affairs in which the levels of the 
compound nucleus are overlapping, or the spread 
in the incident energy averages over closely spaced 
resonances, in order that there will always be contribu- 
tions to ®, i.e., that there will always be inelastic 
compound nucleus reactions. 


‘It is realized, of course, that a precise definition of the “com 
pound nucleus approximation” , is difficult to make. The 
theoretical treatment of nuclear reactions carried out, e.g., by 
B. L. Kapur and R. Peierls [ Proc. Roy. Soc. (London) A166, 277 
(1938) ] or E. Wigner and L. Eisenbud [Phys. Rev. 72, 29 (1947) ] 
is concerned with the complete wave function for the system, and 
thus includes all types of processes which can occur. However, 
“non-compound-nucleus” reactions can only appear in this 
formalism in a very complicated manner, arising from sums 
over energy resonance denominators with very large widths 
We imagine ¥, to be obtained from the complete Kapur-Peierls 
or Wigner-Eisenbud wave function by limiting the summation 
over “resonances” only to terms for which the resonance width is 
much smaller than h/r, where r is the time it takes the incident 
particle to traverse a distance of the order of the nuclear dimen 
sions. In this way the wave function ¥,; can describe only ‘com 
pound-nucleus” processes in which the incident protons are 
captured into intermediate states of relatively long lifetimes. 

Note added in proof.—As the result of a discussion with Pro 
fessor R. E. Peierls and Dr. G. E. Brown, it has become clear 
that the above suggested definition for the compound-nucleus 
wave function ¥, is not correct. Rather, it can be shown [G. EF 
Brown (to be published) ] that ¥, can be defined from the Kapur 
Peierls formalism by limiting the sum over resonances to “nearby” 
levels only, i.e., to resonance levels whose energy eigenvalue has 
a real part ‘“‘close’”’ to the actual incident energy. It can then be 
shown that the contributions from distant levels describe direct 
reactions and yield results similar to those of this paper. 
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Now there is one thing which we can say about the 
function ®, So long as the energy of the incident protons 
is sufficiently high to allow an appreciable spread in 
the energies of the outgoing particles of the various 
reactions which can occur, then ® will be made up 
mostly of wavefunctions which describe outgoing 
particles of such energies thal the nuclei left behind are 
in highly excited states, ‘The reason for this 1s, of course, 
well known. The density of levels of a final nucleus is in 
general very much greater for high excitations than for 
low; hence there are many more channels by which a 
compound nucleus can decay to leave a final nucleus in 
a highly excited state than there are for it to decay in 
such a way as to form a low-lying level of a final 
nucleus. This we consider to be a very important factor 
in our considerations. 

As a particular case of this, V,; will contain relatively 
small contributions from the compound nucleus 
actually decaying through the incident channel; the 
effect of compound nucleus formation on this function 
will be largely that of absorption of partic les out of 
the incident beam to contribute to ® Thus we may 
consider the function V,; to be essentially of the form 


) vo(C)Wp(Ky,tp) (2) 


for all values of r,. Here k, is the wave-vector associated 
with the incident protons, r, is the proton position 
vector, ¢ represents all coordinates of the particles of 
the initial nucleus, and vo is the wave function for the 
ground state of this nucleus. The fact that ® pertains to 
relatively highly excited residual nuclei means that this 
function will have little overlap with the function 0(¢) ; 
thus the function y,(k,,r,) will be given as® 


¥,(Ky,tp) fa WV v0" (¢). (3) 


Having thus discussed qualitatively the compound 
nucleus “first approximation” W, to the total wave 
function, we must realize that there are perturbations 
to ¥; which can arise. Although the compound nucleus 
description may well give a good first approximation to 
the over-all wave function W, processes can occur which 
do not involve compound nucleus formation and which 
must be taken into account in a next-order approxima 
tion to this wave function, As an example, an incident 
proton might interact, say, with a neutron in the surface 
of the initial nucleus, but still not be captured into a 
compound state; there is a certain probability that as a 
result of such an interaction the proton will “pickup” 
the neutron to form a deuteron and give rise to a (p,d) 
reaction. Moreover it is, of course, not true that by the 


® Tn fact it is only in terms of Eqs. (2) and (3) that the splitting 
in Eq. (1) can be defined, The function ¥, is written in the form 
of Eq. (1) with the term ¥,; defined by Eqs. (2) and (3); then the 
statements we have made above are equivalent to saying that the 
remaining function ® describes the states involved of the com 
pound nucleus, and the decay of these states to relatively highly 
excited levels of the various possible residual nuclei 
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interaction described above the proton will always 
pick up the neutron; this is a very special state of 
affairs. In general such interaction would result merely 
in a scattering of the proton, with perhaps some 
exchange of energy and angular momentum with the 
nucleon of the nucleus responsible, giving rise to a 
(p,p’) reaction. Or the proton can knock a neutron out 
of the nucleus and itself be captured, giving rise to a 
(p,n) reaction. 

Thus there can occur direct reactions of the type 
(p,d), (p,p’), or (pn), with the last two being perhaps 
more probable than the first. We consider it quite 
possible that in general these processes are in the 
minority, that they are less probable than compound 
nucleus formation, and that the change in the over-all 
wave function ¥; as a result of such direct processes 
be small so that it may be calculated from ¥, by 
perturbation theory. However one aspect of these 
processes is extremely important. Direct reactions such 
as the above are very likely to involve little energy exchange 
and to leave the final nucleus in a low-lying state. Thus 
direct interactions are most likely to produce transitions 
to just those states which are little represented in V. 

In the formation of such levels of final nuclei, there- 
fore, direct processes can well be of major importance, 
and in the case of (p,d) reactions this is known experi- 
mentally to be the case. We thus see that it should 
also be true that (p,p’) and (p,m) reactions leading to 
low-lying finals levels should be equally dominated by 
direct processes. We shall take the attitude therefore 
that for reactions proceeding to low-lying final levels 
the contr butions to the differential cross sections from 
# may be ignored. It is on this basis that we can derive 
the well-known cross section for the pickup (p,d) 
reaction [and hence inverse (d,p) reaction |, and also 
show that the cross sections for (p,p’) and (p,n) 
reactions are very closely related to that for the (p,d) 
stripping-like” angular 


sé 


case, exhibiting the usual 
distributions. 


(a). (p,d) Reaction 


By starting with W, as a first approximation, we 
may calculate corrections due to direct reactions by 
standard perturbation theory. We first consider the 
well-known case of the (p,d) pickup reaction for 
purposes of comparison with other reactions to be 
considered later. 

Let us represent the total effective direct interaction 
between the incident protons and initial nuclei by 
V»¢°!". We are interested in calculating the probability 
that the proton will pick up a neutron via this interac- 
tion, and leave the final nucleus in a certain state , 
with the wave vector associated with the outgoing 
deuteron being say, ky; the angle between the vectors 
k, and ky is then the angle of scattering Let the 
position vector of the neutron which is picked up be 
r,, and let all the coordinates of the final nucleus be 
designated by & Then the matrix element determining 
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this direct (p,d) 


the differential cross section for 
reaction is the following: 


H(kydka)= f dr¥a(tst55 ke)Vin Ve Estrtas ka). 


Here WV, is the wave function describing the elastic 
scattering only of deuterons of wave vector ky by the 
final nucleus in state 4. Thus [see Eq. (2) ] Wa will 
have the form 

Vue ur(E)Wa(Ka,F ptr), (5) 


where u is the wave function of the state ¢ of the final 
nucleus. The asymptotic form of the function 
Wa(K4,rp,f,) is to be chosen to be an incident plane wave 
plus ingoing spherical waves.® The integration in (4) 
is to be carried out over the coordinates of all particles. 

The differential cross section for the direct (p,d) 
reaction is given in terms of the matrix element J as 
follows: 


MyMa ka 
a(k,,ka) —_ 
(2rh’)* ky 


Here M, and M, denote the mass of the proton and 
deuteron respectively, and the symbol >> is used to 
represent a summation over final spins and an average 
over initial spins. 

As discussed earlier, the function ® will be expected 
to contribute little to (4) owing to its having little 
overlap with u (€) (assuming ¢ to represent a low-lying 
level). On this basis, we may write 


I (k,,ka) Sf arta bat (6) 


In the evaluation of (6) we shall now avoid what, for 
our purposes, are unessential complications. We shall, 
for example, not introduce spin functions explicitly, 
and shall consider spins only in so far as they determine 
selection rules. The mass of the initial nucleus will also 
be assumed to be infinite. Moreover, since the interac- 
tion V pr*! will be mainly a sum of two-particle interac- 
tions between the proton and the nucleons of the initial 
nucleus, it will be sufficient for us to consider merely 
the term V,,°'f which is the effective direct interaction 
between the proton and neutron which is picked up. 
If we now make the expansion 


Vo(C) Dd tee(£)F (tn), (7) 


we may integrate over ~ so that the matrix element 
(6) takes the following form: 


T(k,,ka) f eeadt Falta (kt) 
x V on Wa" (kat p,Tn)- (8) 


® See Bethe, Maximon, and Low, Phys. Rev. 91, 417 (1953). 





DIRECT 


To discuss the properties of this matrix element, it is 
convenient (though not essential) to make use of the 
fact that the zero-range approximation for the neutron- 
proton interaction is known to yield a very good 
approximation to the pickup or stripping differential 
cross section for the usual energies employed experi- 
mentally. Thus it is convenient to write V,,°! in the 
form 

V pn?! != Vo(rn)b(f£p—fn). (9) 


The reason for allowing the strength V» to depend on 
the position of the neutron will be discussed shortly. 
By use of (9), Eq. (8) simplifies to 


T(k,, ky) = [arate rn )Wp(Kptn) Volrn) 


Xa" (ka,tntn)- (10) 


There are two essential features of the matrix element 
(10) which are responsible for the well-known stripping- 
like angular distributions. The first concerns the angle 
dependence of the function F;(r,). If we make the 
spherical harmonic expansion, 


Fi(tn)= dS felrn,l,m)Vim(On, en), (11) 


lm 


where (7,,4,,¢,) are the spherical polar coordinates of 
the vector r,, then we know that the sum over / is 
severely limited, often to one term only. The general 
restrictions on / (when spins are included) are as follows: 


| 1 
\J,4+J,4+ 


*# min 


<1< IAS /+4, (12) 


where J, and J; are the total spins of the initial and 
final nuclei, respectively. In addition, / must be either 
even or odd depending on whether the initial and final] 
nuclei have the same or opposite parities. Also the 
projection m is limited to one value which depends on 
the particular spin projections being considered of 
the initial and final nuclei and incident protons. 

Let us assume, therefore, that the function F;(r,) 
is characterized by some particular orbital angular 
momentum / with a particular projection m. Thus the 
matrix element (10) takes the form 


1 (k,,ky) f teafulrashm) Vim Onsen) 
Xv p(Kptn) Volrn)Pa* (Ka,tnn)- 


(13) 


The occurrence of the specific spherical harmonic V1, 
plays a crucial role in determining the features of the 
differential cross section obtained from J. 

The second important feature determining the main 
properties of (13) comes from the properties of the 
functions y, and Wy. For most of the energies usually 
employed experimentally (incident energies of the 
order 10-30 Mev), the ‘“‘mean-free-path”’ of the incident 
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Fic. 1. Illustrating the region of most important overlap 
in the direct-reaction matrix element. 


and final particles in nuclear matter is very short. 
Now the nucleon density distribution for nucleons in 
the initial and final nuclei will be somewhat as depicted 
in Fig. 1; there will be a “core” characterized by some 
radius ro and a surface ‘‘tail.”’ The short mean free path 
in nuclear matter of the incident protons, for example, 
means that the wave function y,(k,,r,) must fall to 
zero very rapidly as r, decreases inside ro. Any proton 
whose coordinate r, is Sr» will belong to a compound 
state which contributes to ® but is lost to the incident 
channel. The same is true of the function ~y*. Thus the 
total contribution to the integral (13) must come from 
a shell of radius in the vicinity of ro, and of a width 
dependent on the extent of the surface tail of the 
nucleon density distributions and on the actual mean 
free path of the proton and deuteron for capture into 
a compound state (e.g., shaded area in Fig. 1). It is 
this feature, combined with the fact that the particular 
spherical harmonic V7, occurs in (13), that really 
determines the angular distribution of the pickup 
reaction (or stripping reaction).? 

In order to consider the evaluation of (13), we must 


’ 


first consider in more detail the behavior of the functions 
in the integrand. On the assumption of a short capture 
mean free path for the protons and deuterons, the 
following statements may be made: 

(1) Owing to the fact that the main contributions 
to (13) come from a region well out in the tail of the 
nucleon density distribution, it is reasonable to assume 
that the effective direct interaction V,,°'! does not 
involve any average influence of other nucleons, but is 
directly the actual nuclear interaction V,, between 
the neutron and proton. On this basis the strength 
Vy of Eq. (9) is independent of r,, and can be taken out 
from the integral. 

(2) For the the 
may be assumed to have the approximate form 


same reason function f;(r,,,/,m) 


nao 
lm) A(L,m)hi(ixr,), 


filtn,l, (14) 
where h, is the spherical Hankel function of the first 
kind, « determines the binding energy h’x*/2M,, and A 
is a constant independent of r,. The form of (14) is 


that of an exponential decrease for large r,, 


7See Appendix, for example, where this is shown clearly by 
means of a semiclassical argument. 
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On making the above two replacements in (13), we 
obtain 


T(k,,ka) VoA (im) f drat) Vim (OnGn) 


XVo(kytp) Wa" (Ka,tn,tn)- (15) 


In order to obtain an approximate evaluation of 
(15) in closed form, the further procedure of reference 1 
can be adopted. Here the fact that the wave functions 
vy, and Wa should become very small for 7,519 (assuming 
short capture mean free paths) is inserted by placing 
ry aS a lower limit on the integration over r,; otherwise 
the functions ~, and fq are replaced by unperturbed 
plane waves. In this approximation, Eq. (15) becomes 


T (ky, ka) = VA (L,m)x (0) dry, 


Tn270 
Kexp(iQ rn) Vim (Ongn)hi(ixrn), 
Q - ka— k,, 


and x(O) is the value of the deuteron internal wave 
function at zero separation of the particles. 

The evaluation of (16) is straightforward. On making 
the Legendre polynomial expansion of the exponential, 
and choosing the direction of the momentum transfer 
vector Q as the polar axis with respect to which the 
angle 0, is defined, the angle integrations may readily 
be performed to yield the result 


VA (1,m)x(O)5m, of 4a(21+1)}4 


(16) 
(17) 


where 


I (ky, ku) 


x f r'dr hi inn) ju(Orn), (18) 


rO 


where 7, is the spherical Bessel function. By use of the 
wave-equations satisfied by A; and j;, and integration 
by parts, the radial integral of (18) may also be 
performed explicitly to yield the following final result : 


VoA (Lm) x (0)6 i, of 4x (21 { 1)} iy? 


O+n2 
x W{ji(Orn), hy(ixr»)}ro. 


T(k,,ka) 
(19) 


Here W denotes the Wronskian defined as 


’ é Oh, Aji 
W{ jihi}ro i - in| ; 
Orn On Ino 


(20) 


The differential cross section for the direct (p,d) 
reaction may thus be written as follows: 


Vox (0) 


J es4| acim 0) | 
n?/ Mr? 


2 ha 
o(k,,ky) =—(214 a 


T 


1 2 
Wire), hist) , (21) 
K 
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where we have written }Myg=M,+M,=M. We shall 
have no need to evaluate the factor }°4,|A (l,m=0) |? 
explicitly; as is well known,!:* this is proportional to 
(2J;+1) and to the reduced width which gives the 
probability of finding a neutron of the initial nucleus 
at the surface r,=r9 with orbital angular momentum 
1 when the nucleus it leaves behind is in the state 1.9 

The angular distributions yielded by (21) are the 
well-known stripping distributions, characterized by 
the orbital angular momentum transfer /. The most 
serious approximation employed in deriving this 
closed form for the cross section is almost certainly that 
in going from Eqs. (15) to (16). Even so, this approxi- 
mation can be fairly well justified," provided the mean 
free path for capture of the protons and deuterons into 
compound states is indeed small, and in addition the 
proton and deuteron energies satisfy the following 
inequalities : 


Ea, E,>Ze*/r, 


E,>h?/(2M yr); Eq>h?/(2M are). 


(22) 


Here Z is the charge of the initial nucleus. Direct 
numerical calculations based on Eq. (16) have been 
performed by Tobocman and Kalos* for a variety of 
wave functions y, and Wa (always on the assumption 
that no contribution comes from the “core” of the 
nucleus, consistent with the short capture mean free 
path into compound states). These confirm that the 
simple result (21) yields quite accurate angular distribu- 
tions (22)."! 

In discussing other direct reactions, we shall therefore 
make approximations corresponding to those employed 
in deriving Eq. (21), in order to obtain an idea of the 
angular distributions to be expected. 


Before going on to consider other reactions, it is important to 
make the following remark. The cross section (21), and even the 
matrix element (15), were derived from the original matrix 
element (13) on the assumption of a short mean free path for 
capture of the protons and deuterons inside nuclear matter. 
Although this is usually true, it is of course by no means a necessary 
condition for the reaction to proceed directly. If the energy of 
the protons and deuterons be such that these particles have a 
capture mean free path of the order of the radius of the initial 
nucleus, the integration over r, in the matrix element (13) will 
receive contribution’ from values of r, inside the core of the 
nucleus. The surface region should probably still contribute most, 


8S. T. Butler, Phys. Rev. 88, 685 (1952). 

* It is important to note in passing that the reduced width thus 
defined is a function of the radius ro; a reduced width obtained 
experimentally from a pickup or stripping reaction may thus 
differ from the value yielded by another type of reaction for which 
a different nuclear radius is appropriate. 

See, e.g., S. T. Butler and O. Hittmair, Nuclear Stripping 
Reactions [John Wiley and Sons, Inc., New York (to be 
published) ]. 

Indeed the angular distributions derived from the more 
general expression (15) are often very similar to those yielded 
by Eq. (21) even for energies much lower than those required by 
the condition (22). This is due to a cancelling effect between the 
modifications due to Coulomb and nuclear scattering in the wave 
functions ¥, and Wa (see, e.g., reference 10), although appreciable 
modifications to the absolute magnitudes given by (21) may then 
arise. 
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since for formation of a low-lying final state the wave function 
ft(tn) will be concentrated mostly towards the surface. Moreover, 
the magnitude Vo(r,) of the effective direct proton-neutron 
interaction is probably longer near the surface; for values of r, 
out in the surface tail of the initial nucleus it should be essentially 
the strength of the ordinary neutron-proton interaction, whereas 
well inside the nucleus it will be “quenched” by the Fermi 
statistics.'"* However, the fact that some contributions to the 
direct reaction would come from the interior of the nucleus in 
this case would certainly tend to smear out the maxima in the 
angular distributions, which are characterized by a “shell” of 
direct interaction of radius approximately ro. At low energies 
such a distribution might not display any of the characteristic 
appearance of surface reactions, and could appear compatible 
with a compound nucleus distribution. In such a case a measure 
ment of the angular distribution of radiation emitted in the 
decay of the final state with respect to the direction of the momen 
tum transfer Q would provide a test as to whether the reaction 
proceeded directly, or via compound nucleus formation.” 


(b) (p,p’) Reaction 


In part (a) above we evaluated the cross section 
for a direct (p,d) reaction in which the incident 
proton picks up a neutron from the initial nucleus. 
As mentioned earlier, however, this is not the only type 
of reaction to be expected from the effective direct 
interaction V,;°'! between the incident proton and 
initial nucleus. Indeed it would seem far more likely, 
for example, that the proton merely be scattered as a 
result of this interaction, perhaps thereby exciting the 
initial nucleus to a final state ¢. It is the cross section 
for this process which we shall now consider. In order 
to make comparisons with the (p,d) case, we shall 
follow the same procedure as in part (a) above. 

In complete analogy with Eq. (4), the matrix element 
determining the differential cross section for the 
direct (p,p’) reaction is the following : 


I(k,,k,’) r fares k,) V og We, (Sp; k,’). (23) 


Here W,,,, is the function describing the elastic scatter- 
ing of protons of wave-vector k,’ by the final nucleus 
in state ¢. Thus, in analogy with Eqs. (2) and (5), 
W.).¢ will have the form 


We, 4° V(C) Wp, i(k,’ rp), 


where 2, is the wave function of the state ¢ of the final 
nucleus. Again, the asymptotic form of the function 
W>,+(kK,’,r,) is to be chosen to be an incident plane wave 
plus ingoing spherical waves. The differential cross 
section for the direct (p,p’) reaction is given in terms of 
the matrix element / as follows: 


(24) 


My? ky 
o(ky,ky’) = ow |T|?. 
(2xrh*)* ky 
12 Indeed it is only as a result of such “quenching” that the 
mean free path for capture into a compound state could ever be 
long in the first place. 
4 See, e.g., G. R. Satchler, Proc. Phys. Soc. 
(1955). 
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Now just as in the (p,d) case, the term ® in VY will 
be expected to contribute little to (23). Thus we have 


1(k,,k,’) = farvav ata, ( 5) 


= fearcoteynee) Vp 
XV p(ky,t pW», *(ky’ rp). (26) 


As in part (a), we shall for the present ignore unes- 
sential complications by not introducing spin functions 
explicitly, and once again shall consider spins only in so 
far as they determine selection rules. Unlike the (p,d) 
case, the general treatment has not been carried through 
in the literature, and this will therefore be done in 
Sec. III; for the present, however, we wish to keep the 
discussion as simple as possible. Also, as in part (a), 
it is sufficient for us to consider merely the direct 
interaction V,,°'! between the proton and one nucleon 

say a neutron—of the initial nucleus. Thus we 
consider the matrix element 


I(k,,k,’) = fade aeta( sree Gt V on™ 
Xp (ky tp), *(k,’,r,), (27) 


and if we follow the (p,d) analysis by using the zero- 
range approximation | Eq. (9) | for V,,°!', this reduces 
to 

T(k,,k,’) J edeacul rave (6) Vo(rn) 


XV p(Kptn)Wp, oO ( Ky’ tn). (28) 


At this point it is convenient to make the expansions 
corresponding to Eq. (7), although 
expand v, as well as v. Thus we have 


> u,(£)F,(r,), 
> tty (E)Gy (tp). 


now we must 


vo(¢) 
u4(¢) 


vo(E,tn) 
14(E,0n) 


(29) 


The integration over £ in (28) may now be performed to 
yield 


T(k,,k,’)=>- fe aPs(ra)G.*(t0) Volta) 


KV p(ky tno, s*(ky’ ta). ( 50) 


Let us also perform spherical harmonic expansions 
of F, and G, in analogy with Eq. (11). Thus 


F (tn) - p fi(tnjl,ms) Vrms (On, Gn), 


lim 
a (31) 
Gi(tn)= SY geltn,le,me) V tam2(On, Gn), 


lama 


where once again the summations over J; and J, will 
be severely limited by selection rules (in general to 
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one value each). In order to bring out the analogy with 
the (p,d) case more clearly, we shall considera particular 
case (the general case being considered in Sec. IT). 
Firstly, we assume that there will in general be one 
predominating term in the summation over s in Eq. (30) 
(This is certainly the case on pure shell model considera- 
tions in which case the neutron responsible for the 
scattering would merely have its single-particle state 
changed, without affecting the state of the “core’’.) 
Secondly, we shal! assume that the summations over 
1, and /, are limited to one value each, and in particular 
that one of these angular momenta (/;, say) is zero. 
In this case l,=/ (say) is limited by precisely the 
selection rule (12), and in addition is even or odd 
depending on whether there is a parity change or not; 
as before the projection m,=m (say) will be limited to 
one value depending on the particular initial and final 
spin projections. Under these circumstances, Eq. (30) 
will become 


1(k,,k,’) faeafiraet(rashim) Vim (Ouse 


XK Volt n)Wp(Kptn)p, (yt). (32) 
The similarity of the matrix element (32) with the 
(p,d) matrix element—Eq. (13)—is 
evident, the only difference being the occurrence of an 
additional radial function /,(r,) in the integrand. 
The occurrence of the specific spherical harmonic Vin 
will again play a crucial role in determining the features 
of the differential obtained from /. 
Moreover, on the basis of a short mean free path for 
capture of the protons into compound states, the 
functions y, and y,,.* will be such that the integral 
of (32) will receive contributions only from values of 
r, out in the “tail” of the nucleon density distribution 
in the nuclei concerned (see Fig. 1). Thus we may 
repeat the steps which took us from Eqs. (13) to (16) 
with equal justification. We employ the relations 


corresponding 


cross section 


n—T0 ms 
S(t) Aho(ixr,), 
(33) 
nT 
£a(%n,l,m) = B(lm)hj(ix'r,), 
where (h?/2M,,)«’ is the binding energy of the neutron 
in the initial nucleus, and (#*/2M,,)x” its binding energy 
in the final nucleus. In analogy with Eq. (15), we find 


1(k,,k,’) V0AB(Ism) f draholisrs)hiin'r) 


X Vim(Onen Wp Kp tn Wp, (ky’tn). (34) 


If we again represent the fact that the wave functions 
y, and W,,< should become small for 7,170 by inserting 
a lower limit to the r, integration at r,=70, but other- 
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wise replace these functions by plane waves, we 
obtain the result 


I (k,,kp’) = VoA B(L,m) dr, exp(iQ,r») 


Tn>T0 
XK Vim(0,e)hi(ix’r,) ho (ixrn), 
Q=k,—k,’. 


The only difference between the integrands of Eqs. (35) 
and (16) is the additional Hankel function ho in (35). 

If we choose the direction of Q as the polar axis with 
respect to which the angle 6, is defined, and integrate 
over angles in (35), we obtain 


(35) 
(36) 


where now 


I(k,,ky’) =VoA B(L,m)bm, of 4rr(21 + 1)}3 


xf 1dr hy (ix'r,)ho(ixrn)ji(Orn). (37) 


TO 


An exact evaluation of the radial integral (37) leads to 
a more complicated result than does the corresponding 
integral in the (p,d) case—Eq. (18). For the present 
simple discussion we content ourselves with a result 
which is exact for /=0, and for other values of 1 is 
accurate as long as x’r9>J/. Under these conditions, we 
may write 


(x-+x’) 
hi (irr) ho (ixt »)> hililx+k’ rials, 
KK'T n 
Tn > 1. 


(38) 


If we now assume the contributions to the integral of 
(37) come from values of 7, sufficiently close to the 
lower limit ro that we may replace the factor 1/r, of 
(38) by 1/ro, we immediately obtain the result 


VA B(L,m)6 m, of 4 (214-1) } 8(k+K’) rr 
Ke’ LP + (+4)? ] 
XWLji(Orn), hifilk + x’ )rn} ro. 


T(k,,k,’) 


(39) 


The differential cross section for the direct (p,p’) 
reaction thus assumes the following form: 


“4 (x-+x’) | | VoA | 
ky KK’ | h? ‘Mr¢? 


1 
OP + (K-+K’)? 


1 
o(k,,k,’) =—(21+-1) 


T 


Xda! Bim oy | 


2 


KW ji(Orn), Aili(k+n’ rn} } ; 


TO 


(40) 


It is clear that this cross section will display angular 
distributions very similar to those for the pickup or 
stripping reactions [Eq. (21) ]; the main difference is 
that in the (p,p’) case there is in general somewhat 
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less of a favoring of forward over backward scattering, 
owing to the appearance of the sum (x+-x’) of two wave 
numbers in the /-independent form factor. An important 
point is also that the matrix element (34), from which 
(40) was approximately derived, is very similar to the 
corresponding matrix element (15) in the (p,d) case. 
Thus we can anticipate that a more accurate evaluation 
of (34) using actual distorted waves for the wave 
functions y,(k,,r,,) and y,, :(k,’,r,) will lead to angular 
distributions of a form similar to that given by Eq. 
(40), just as in the (p,d) case, as long as the mean free 
path for compound nucleus capture of the protons is 
small. For long mean free paths, the remarks made at 
the end of part (a) are applicable just as well to the 
(p,p’) reaction, and the oscillatory nature of the angular 
distributions yielded by Eq. (40) would tend to be 
washed out. In such a case angular correlation measure- 
ments would again be necessary in order to verify that 
the reaction proceeded directly. 


2. Other Direct Reactions 


Although in the above we have treated specifically the 
(p,p’) reaction, many other direct reactions can be con- 
sidered in an entirely similar manner, yielding the same 
results with appropriate slight The 
treatment of an (n,p) or a (p,m) reaction requires, of 
course, only trivial modification. Similarly, for example, 
an (a,a’) reaction yields the same results as for the 
(p,p’) case. If the @ particle is considered as being 
scattered from a surface nucleon, and any polarization 
or internal distortion of the @ particle during the 
collision is neglected, the only difference from the 
(p,p’) case is a higher absolute magnitude for the differ- 
ential cross section due to the increased interaction 
between the @ particle and scattering nucleon [four 
terms of the form of Eq. (9) being involved in the 
matrix element ]. 

Another interesting case is that of an (a,p) reaction 
(or inverse), One way for such a reaction to proceed 
directly is by a stripping process, i.e., two neutrons 
and a proton from the @ particle being stripped off and 
captured, while the remaining proton carries away the 
balance of energy and momentum. However, because of 
the very high binding energy of the @ particle, such a 
process is probably overwhelmed by another direct 
process in which the incident a@ particle as a whole 
collides with a surface nucleon, knocking it out of the 
nucleus, and itself remaining captured in the final 
nuclear state. If the structure of the a@ particle be 
ignored (i.e., if its internal dimensions be neglected 
compared to the nuclear radius), the treatment may be 
carried through as for a (p,p’) or (n,p) reaction. 
Under the same conditions as considered in Sec. II 
(1) the cross section has precisely the form of Eq. (40), 
with appropriate reinterpretation of notation. Thus for 
an incident a particle with wave-vector k, and an 
outgoing proton wave vector k,, the momentum (Q 


modifications. 
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is defined as 


Q= |k.—k,|. 


Similarly the wave numbers « and x’ are defined as 
follows: 


(h?/2M »)x?= €p, 


(h?/2M)x"*= €a, 


where ¢, is the binding energy of the initial proton 
before it is knocked out, and €q is the binding energy of 
the @ particle after capture (it being assumed that 
there is only one ‘‘core” or parent state s which contri 
butes significantly—usually the ground state). The 
factor | A |* relates to the probability density for finding 
an initial proton at the surface when the nucleus left 
behind is in the state s; similarly the factor | B|* is now 
proportional to the probability density for finding an 
a particle at the surface of the final nucleus when the 
nucleus left behind is in the state s. 


Ill. MORE GENERAL EVALUATION OF (),p’) 
AND SIMILAR CROSS SECTIONS 


In deriving the cross sections for (p,d) and (p,p’) 
direct reactions in Sec. II, certain simplifying assump- 
tions were made in order to avoid unessential complica- 
tions. These simplifications included, for example, 
replacing the direct interaction V,,°'! between the 
proton and initial nucleus by the interaction V,,°! 
between the proton and one neutron of the nucleus; 
they included the dropping of spin functions; in the 
(p,p’) case the assumption was also made that the 
neutron responsible for the scattering of the proton was 
initially in a state of zero orbital angular momentum. 
The the 
simplifications being made does not, of course, involve 
anything new and is well known for the (p,d) case. 
In the case of the (p,p’) reaction, however (and thus 
also for other similar direct reactions), such a derivation 


derivation of cross sections without such 


has not been carried through in the literature, and for 
completeness will be done in this section. 

All the same basic approximations which were made 
in Sec. II(b) will be carried through here; we shall 
however consider the interaction V,;°'' between the 
proton and all nucleons of the initial nucleus, we shall 
carry functions appropriately 
average over final and initial spins, and we shall not 
make any special assumptions concerning the orbital 


spin and sum and 


angular momenta of the nucleons responsible for the 
eff 


scattering. We assume that V ,;°'' is a sum of two-body 


interactions, of the form 


N 


N 
V oye > V pn, ott }- >: V pp", 
j~l 


im 


(41) 


where the first sum extends over all neutrons of the 
initial nucleus, and the second over all protons. We 
shal! consider central forces only, and use the zero-range 
approximation (9) for each of the two-particle interac- 
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tions of (41). We assume that the incident proton is 
merely scattered and also forms the outgoing particle; 
with a central interaction there can thus be no spin-flip 
of this proton, and its spin may be ignored. It is a 
trival extension to this calculation to include spin- 
dependent terms in the two-particle interactions of (41) 
so that even as a result of a proton-neutron collision 
the outgoing proton may have its spin reversed from 
that of the incident proton, and to include collisions 
in which the incident proton knocks out a proton from 
the nucleus and itself remains captured so that once 
again the outgoing spin may differ from the incident 
spin. These are specific corrections for the (p,p’) 
reaction, which would for example not arise for an 
(aya’) reaction. 

Let the spin of the initial nucleus be J; with projection 
M,, and of the final nucleus be J; with projection M;,; 
we shall finally sum and average over My and M,. 
Thus the starting point of the calculation is the matrix 
element (26), which we rewrite 


1(M My», ky’) = f drv(t,M )u(t,My) 


K Vor Yolk hr.O(Ky’ty). (42) 
We assume that the wave functions v9 and »% are 
normalized to unity and are appropriately symmetrized 
with respect to the nucleon coordinates of the initial 
nucleus. Even so, it is always possible to make a quite 
general expansion of these functions in the following 
manner : 


1 
vo(¢,M,) = > uf (ta), J eM} Fost (tn%,8n7,M.,M;), 
N ° 


aM 


(43) 
> uf E (ma), J 1M a) FP c*(tn7,8n7,M ,M)). 


aM, 


v(¢,M,) 


Here \V is the number of neutrons in the initial nucleus, 
and wu, are the eigenfunctions of the states s of that 
nucleus which results when one neutron is extracted; 
the argument £(,) of these functions consists of the 
set ¢ but with the coordinates of the ath neutron 
extracted. The states s have total spins J, and projec- 
tions M,. The eigenfunctions u, are considered to be 
appropriately symmetrized with respect to interchange 
of particle coordinates in its argument, and to be 
normalized to unity. The position vector of the ath 
neutron is denoted by r,* and its spin variable by 
8,*. 

In the expression (43) the antisymmetrization of 
the wave functions tv and » exhibits itself in certain 
properties of the functions /o,* and F,,*. It is, of 
course, equally possible to perform the expansion in 
terms of wave functions ,{&(_')}, where the co- 
ordinates of a different neutron (the ath) have been 
chosen as the argument of the functions F. Then, 


BUTLER 


because of the antisymmetry of 1 and ™, we must 
have that 


F,7 one = Fo,’ = (say) = Fos, 
(44) 
F 2 _ = F 7 = (say) + Fue. 


In evaluating the matrix element (42) for a particular 
term Vpn,°'' of Eq. (41), we shall employ the expansions 
(43) which involve the functions Fo, and F;,*. 

To deal with the case of the proton-proton interac- 
tions in (41), we may similarly make the expansions 


09(¢,M;) ¥ wlt(pr), JM Gor (t>,8,,M,,M)), 


rM, 
(45) 
1 
(My) =— D wel t(pr),Jr,M Gir (tp,8p,M,,M,). 
Z4 My 
Here the w, are the eigenfunctions of the states r of 
the nucleus which results when one proton is extracted ; 
the argument £(p,) of these functions consists of the 
set ¢ with the coordinates r,* and s,* of the Ath proton 
extracted. The states r have spins J, and projections 
M,. Once again the eigenfunctions w, are considered to 
be appropriately symmetrized with respect to inter- 
change of particle coordinates in its argument, and to 
be normalized to unity. In analogy to Eq. (44), the 
functions G also have the property 


Gor =-+ Go,’ = (say) + Gor, 
(46) 
Gi, = + G,,"= (say) + Gtr. 


By employing the expansions (43) and (45) and 
using the relationships (44) and (46), we immediately 
determine that the matrix element (42) becomes 


T(k,,ky’,Mi,My) ' 


Dd fF dradspdr pF o.(tn,8n,M .,M ,) 

aM, 

X Frra* (tn,8nyM My) V pn Wo(Kyt pvp,” (Kp’ tp) 
ap» 


rMr 


drt ,'d8y'Gor(tp Sp ,M,,M,) 


XGir* (tp Sp',M,,My) V pp*Wy(k,,r,) 


Xp. (Ky tp). (47) 


We now make the spherical harmonic expansions 
corresponding to Eq. (31) as follows: 


Foa(tnj8n,MMi)= Lo fos(tnsln,MnynyM .,M;) 


In™npn 


x V inn (Ons Pn)X (Mn); 
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F'u4(fn,8n,M.,My) = z. Sa tnyln’ Mo in ,M Ms) 


, , , 
ln’ mn’ bn 


x V tn'mn' (On, On)X (Mn), 


Gor(tp,8p,M,,Mi)= Dd gorlty,ly,mpbtp,M,,M,) 


lpmpup 


x Vipmy(Op¢p)x (up), 


Gey(ty,8p,M,,My) = 2 


lp’ mp’ wp’ 


Ber (ry,lp My Mp M,,M,) 
X Vip'mp'(Opep)x (up). 


Here x is a spin function, and uw, and yw, are spin 
projections for neutrons and protons, respectively. 
Also at this point we insert the approximations of Sec. 
II(b). Thus we replace V,,°'! and V,,*!! by the 
zero-range approximation (Eq. 9), with the strength 
Vo given by Eq. (14). Similarly we put the lower limit 
ro on the integrals of Eq. (47), and replace y, and 
Wp,« by plane waves. Moreover, for the region 1,210 
and r,'=ro, we may write 


fos(%n,ln,Mnn, MM) 4 1 0a( ln, Mnjltn,M .,M )hin(tKoFn), 
Sts=A tin: (Kun); 
Lor= Borhip(ikort p); 


Ltr= Birhiy (tke p). 


Finally, the coefficients A and B may be expressed in 
terms of Clebsch-Gordan coefficients. By introducing 
the angular momenta j,=1,+8, and j,=1,+8,, we 
may write 


Aoa( n,n bn,M.,M,) 


Zz. Clint (jnA n ) m nyMn) 


indn 


XC int (Ji,M; ) AnM ,)Aoa( ly dn), 
Ata(ln! mr’ bn’ M.,My) 


= SF Cin'§( jn An’; Mn sn’) 
in’An’ 


x¢ in’ Ia(J7,My; An, M,)A ta(bn sn’), 
Bor (Ip, pybt pM r,M) 


= YL Cipi(jpApj Mp) 
ipp 
XC ipte(Ji,M ij Xp Mr) Borl Lp, jp), 


Bir(Lp' my’ ty’, MM) 


= J ’ 2 f Ff. / / 
= > Cig't(jp Ap 5 Mp stp ) 
ip'dp’ 


XC ip'Ie(T7,M 75 Xp) M 1) Berl Lp’ jp’). 


Here the C’s are Clebsch-Gordan coefficients. 

When the above expressions are inserted into the 
matrix element (41), the result is most conveniently 
expressed in terms of the function 9(1;,«1 jl2,x2; 1,0; r0), 


LA 
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defined as follows: 


9 (11,K1; L2,K2; LQ; ro) 


me) 


x 


-f rdrhiy(ixw)hie(ixer)ji(Or). (48) 


ro 


It is readily found that in terms of 9 the matrix element 
(47) takes the following form: 


I(k,,k,y’; M;,My) 
Vow > 


Inln’inin'le 


{ (21, +1) (21,’+1)}! 


KAS JS tJ 0; Mi My; babe’; jnyin 3 O 
x I(Ln,Koa; ba! Keo; LQ; ro)A oe(Lnjn)Ata(ln’ Jn’) 
Ft 2 {(2ly+1)(21,’+1)}! 


lplp'Ipip'lr 
KASS 7J 0; Mi,My; loly’s jn,tn 3 O 


yA I(L,Kor; awe LQ; ro) 


”* 


X Bor(lp, jp) Ber(l y's jp’) |. (49) 


Here A is a known coefficient defined in terms of sums 
over Clebsch-Gordan coefficients as follows: 


A(J iJ 7,J; Mi,M,; Liles JiyJ25 ) 


> Cus, m+; myp)C Al jo, m+; mu) 


mp 
XCiis(J Mi; m+p, M;—m—p) 
XK Cios(J7,My; m+-p, My—m—yp) 


XCHw(L,0; 0,0)Cu (0; m,—m). (50) 

The differential cross section is now to be obtained 
from (49) by summing and averaging over final and 
initial spins: 


M,? kp! 


a(k,,k,’) : 
2) +1 (2Qrh*)? ky, Mimy 


«| T(k,,ky’; Mi,My)|?. (51) 

It is to be noted that the summations over / and 1,, 
L,’ or ly, l,’ in (49) are quite restricted. For a given 
state s, for example, we have 


n +J.+-| 
| 


I min 


<1, <Iit+-J +4, 


Shi SIp+JS +4, 


td 


imin 


with the allowed values in each case being either even 
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or odd depending on parity considerations. Similar 
restrictions are placed on /, and 1,’ with J, replacing 
J,. Moreover the allowed values of / are given by the 
inequalities 

JitSy| min <I<Ii4+-Jy, (53) 
with the additional requirement that / be even if the 
parities of the initial and final nuclei are the same, and 
odd if they are opposite." 

The expression (49) is quite complicated as it stands. 
One simplification is, however, immediately possible in 
that the two products A»o,Ay, and Bo,B,, will usually 
not both contribute for the same state ¢. If the ground 
state of the initial nucleus (state 0), and the state / 
have as common parents certain states s of the nucleus 
which remains when one neutron is extracted, then 
the states 0 and ¢ will usually not have any strong 
common parents (states r) of the Z-1 nucleus, or vice 
versa. Thus the cross section for formation of a state ¢ 
can in general be considered as being produced by the 
incident proton either exciting a neutron or a proton, 
and only the neutron term or the proton term of (49) 
need be considered, For definiteness we shall henceforth 
consider only the first (neutron) term of (49). 

If, in this term, there is one particular parent-state 
s which contributes most (as is the case on the pure 
independent particle model) a further simplification is 
achieved. The restrictions (52) then severely limit the 
allowed values of /, and /,’, usually to one value each, 
and in addition the restriction (53) can limit / to one 
value. In this case the cross section takes the form 


’ 


Vo MS &, 
(21,41) (21,'+1) 
(2J +1) (2rh*)* ky 


xd | Ss MS iJ J 45 MyM lala’; Sudas l) 


My jinin’ 


a( k,,,k,’) 


X Aoa(lnjn)A talln’ jn’) |? 


XK (9 (lnKoes Un’ Kee; 1,0; 70)}?. (54) 
All the angle dependence is contained in the factor 
{9}*, with ¢ given by Eq. (48) which may be evaluated 
numerically or by approximate means. 

In order to obtain an idea of the behavior of 9? as 
a function of scattering angle, an approximation similar 
to (38) may be employed if Koro and xyr%o are each 
greater than J, and J,’, respectively. Then 


. exp{ — (Kost Kis) n} : 
hin (ikon ty’ (KF n)& . (55) 
Kok tel n° 


If in addition both xo,7o and x,,% are greater than J, 


“ Including the possibility of spin-flip in the ways mentioned 
at the beginning of Sec. IIL would weaken the over-all selection 
rule to \J, + Jy + 1! min s!isJ¢ t Jj t 1, 
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(55) might as well also be written 
exp{ =) (Kost Kts)Tn} KOs +Kts 
~~ 


hif i(Kost+Kes)?n} ‘ 


Koki ne Ko aK tel n 
Precisely as for Eq. (39), we thus obtain 
(Kos tKts)Po 1 


{2+ (KostKes)*} 
KWL ii(Orn), Mililkostkes) tn} |ro. 


j= 


KOeKts 
(57) 


Thus the angular distribution of (57) is of the 
“stripping” nature, identically as in the case of Eq. 
(40). It is to be emphasized, however, that (57) is not 
a good approximation if koroSln, if kuroSl,’, or if 
ketoSl. If the conditions for applicability of (57) 
are not satisfied, 9 may readily be integrated numer- 
ically for each angle. It may be seen that {9}? will still 
be oscillatory as a function of angle, with the positions 
of peaks being dependent on the value of 1. 

More generally it is possible that several states s 
might contribute significantly as common parents to 
the states 0 and ¢ of the bombarded nucleus. Even in 
this case, however, the angular distributions will be 
very similar to those yielded by Eq. (54) if the approxi- 
mation (57) may. be employed, so that {9} is inde- 
pendent of /, and /,’. In this event we have 


V. My ky’ | _ 
o(k,,k,’) =e | @ 
(2J +1) (2rh*)? ky My \laln’inin’ ls 
(Kost Kes)%o 1 


[Vv + (kos +kt,)? ] 


«KA A oeA ts 


Ko eKts 


2 


(58) 


KWL ilOrn), Aili(kost+Ke)rn} | 


It is seen that if one value of J be allowed by (53), the 
factor 7:(Qro) is independent of all summation variables 
and its square may be taken outside the summations. 
Thus the peaks in the angular distributions will still be 
determined by {j:(Qro)}* although the “form factor” 
determining the rate at which the envelope of the 
peaks decreases with increasing angle is now affected 
by the summation over contributing parent states s. 

In the event that several states s contribute, and the 
approximation (57) is not permissible so that 9 depends 
on J, and 1,’ in addition to J, the relative magnitude of 
the parentage coefficients Ao,s(dn,jn) and At(ln’, jn’) 
for the contributing states s need be known in order 
that the angular distribution be determined. 

Finally it should be noticed that if more than one- 
value of / be allowed by the selection rules, the contribu- 
tions from different / values, e.g., in Eq. (58), can inter- 
fere with each other (unlike 
stripping). 


the case of deuteron 
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The more general treatment of other types of direct 
reactions also follows closely the development for the 
(p,p’) case presented in this section. 


IV. COMPARISONS WITH EXPERIMENT AND 
DISCUSSION 


In this section we give some comparisons between 
the results of the theory developed in Secs. IT and III 
and a few typical experimental results. 

In Fig. 2 are shown angular distributions for the 
reaction Mg**(a,a’) Mg*"* proceeding to the first excited 
state of Mg(Q=—1.37 Mev). The experimental points 
are those obtained by Watters!’ using incident a 
particles of laboratory energy 31.5 Mev. The full 
curve is the theoretical curve obtained from the simple 
formula (54), together with (57), for /=2 and ro=5.5 
x10-"% cm. In deriving the theoretical curve, we 
obtained x and x’ by assuming that the nucleon respon- 
sible for the scattering is the least tightly bound proton 
with binding energy 12.3 Mev, and that its binding 
energy in the final state is 10.9 Mev. Such a detailed 
assumption can affect only the form factor which 
determines the rate of decrease of peak heights, and 
not the oscillatory nature of the theoretical curve. 
The value required for the radius 79 is typical of radii 
used in interpreting (d,p) stripping reactions.'® The fact 
that the agreement between the theoretical angular 
distribution and experiment is so stnking provides 
strong support for the direct process. The very precise 
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Fic. 2. A comparison between theoretical and experimental] 
angular distributions for the reaction Mg™(a,a’)Mg™* proceeding 
to the 1.37-Mev level. The incident energy is 31.5 Mev (lab) and 
and the experimental points are those obtained by Watters 
(reference 15). The full curve is the theoretical distribution with 
l=2 and r9=5.5K 10" cm. 


1H, J. Watters, Phys. Rev. 103, 1763 (1956) 

6 It is important to note that if one employs merely the square 
of the spherical Bessel function {7:(Qro)}? for obtaining the 
theoretical distribution, rather than the full expression which 
involves a form factor and in which j:(Qro) appears inside a 
Wronskian, a large value of ro must be employed to obtain 
agreement in peak positions. Such a large radius is unrealistic, 
and would be merely a consequence of our having employed an 
imcomplete theoretical formula. 
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Fic. 3. A comparison between theoretical and experimental 
angular distributions for the reaction C!(a,p)N" proceeding to 
the ground state of N'®. The incident energy is 30.5 Mev (lab) 
and the experimental points are those obtained by Hunting and 
Wall (reference 17), The full curve is the theoretical distribution 


with /=1 and ro=4XK107" em. 


nature of the oscillations in the experimental distribu 
tion also indicates that the mean free path for capture 
of the a particles into compound states must indeed be 
quite short, so that the use of a sharp cutoff at ro as the 
lower limit on the integration involved in the matrix 
element [see Eq. (34) | is justified. 

A similar example is shown in Fig. 3 for the reaction 
C¥(a,p)N proceeding to the ground state of N!. 
The experimental points are those obtained by Hunting 
and Wall’? with an incident a-particle energy of 30.5 
Mev. The full curve is the theoretical distribution, 
obtained once again from the formula corresponding to 
(54) [together with (57) |, with l=1and ro=4«10-" 
cm. The binding energy of the proton which was 
assumed to be knocked out was taken to be 16.0 Mev, 
and of the captured @ particle to be 11.1 Mev. 

The experimental results shown in Figs. 2 and 3 
for a-particle reactions are typical of a large number of 
such angular distributions which are being accumulated 
experimentally. All display the well-defined oscillatory 
character of the two examples chosen here, character 
istic of oscillations introduced by the spherical Bessel 
function { 7,(Oro)}?. 

In the case of reactions of the form (a,p) or (p,q), 
an interesting question for future experimental investi 
gation arises in connection with the absolute magnitudes 
In an (a,p) reaction, for example, the absolute magni 
tude of the direct cross section is proportional to the 
probability of finding an @ particle in the final nucleus at 
the radius ro. In the case of light nuclei, correlations 
between groups of nucleons is probably quite strong, 
so that the required probability for finding an a 
particle at the nuclear “radius” may be appreciable 
For heavier nuclei, however, where the independent 
particle model becomes more accurate, such strong 
correlations should decrease in importance. Thus one 

7C, E. Hunting and W. S. Wall, Massachusetts Institute of 


Technology Laboratory for Nuclear Science Progress Keport, 
December 15, 1956 (unpublished). 
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Kic. 4. A comparison between theoretical and experimental 
angular distributions for the reaction Ne®(p,p’)Ne*™ proceeding 
to the 1.58-Mev level. The incident energy is 9.5 Mev (lab), and 
the experimental points are those obtained by Freemantle et al. 
(reference 19). The full curve is the theoretical distribution with 
l= 2 and r9=3.9X10™" cm 


might expect that the absolute magnitude for the direct 
(a,p) or (pya) reaction, for example, should decrease 
quite strongly as the mass of the initial nucleus 
increases,'® 

In Fig. 4 we turn to a comparison with experiment 
for a (p,p’) reaction. The experimental points are 
those obtained by Freemantle et al.'* for the reaction 
Ne” (p,p’)Ne®* proceeding to the 1.58-Mev level, w th 
an incident energy of 9.5 Mev. The theoretical curve is 
that obtained from (54) with /=2 and ro=3.9K 10°" 
cm. The binding energy of the nucleon (proton) 
responsible for the scattering was assumed to be 12.8 
Mev initially, and 11.2 Mev finally. It is to be noted 
that the value required for the radius ro is now quite 
small. This presumably indicates that the mean free 
path for capture of the protons into compound states 
is much longer than in the case of q@ particles, for 
example, and a considerable penetration of the protons 
into the nucleus must occur. 

This conclusion is also born out by another experi- 
mental result in Fig. 5. This is the experimental angular 
distribution” for the reaction C"(p,p')C"* proceeding 
to the 4.43-Mev level, for an incident laboratory 
energy of 17.5 Mev. This angular distribution does not 
show the oscillations to be expected from a factor 
{ j:(Oro)}?; with 1=2 there should be a peak at about 

16 This is independent of the details of our particular picture of 
an (a,p) reaction in which the a particle knocks the proton out and 
is itself captured, Even on a stripping-like picture in which the 
group consisting of two neutrons and one proton is stripped off, 
this group of nucleons will be highly correlated, The absolute 
magnitude would thus still be dependent on the probability of 
finding such a correlated group of nucleons at the nuclear surface. 

Freemantle, Prowse, Hossain, and Rothblat, Phys. Rev. 96, 


1270 (1954). 
® R. Sherr et al. (to be published) 
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35°. On the other hand, angular correlation measure- 
ments” between the directions of emission of y radiation 
in the decay of the C!* and the directions of the out- 
going protons have shown very clearly that the reaction 
has proceeded directly, and that’ there is little distortion 
in the wave functions for the incident and outgoing 
protons. Thus the angular distribution of Fig. 5 must 
result from an appreciable penetration of the protons 
into the nucleus, indicating a relatively long mean free 
path for capture into compound states. If this be so, 
there can be no sharp cutoff at a radius r,=70, and the 
peaks of the spherical Bessel function will be smeared 
over a range of contributing radii. Such a smearing can 
well lead to a distribution of the type shown in Fig. 5. 
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Fic. 5. The experimental angular distribution for the reaction 


C#(p,pC®* proceeding to the 4.43-Mev level, with an incident 
energy of 17.5 Mev (reference 20). 
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APPENDIX. SEMICLASSICAL PICTURE 
OF DIRECT REACTIONS 


The qualitative features of the angular distributions 
from direct surface reactions, and the similarity between 
stripping or pickup reactions and other direct reactions, 
may readily be seen from a semiclassical picture. 

As before, let us consider proton-induced reactions by 
way of example. In cross section we imagine the 
nucleus to be as indicated in Fig. 6. There is a “black”’ 
core such that once a proton penetrates into this core 





DIRECT 


it is absorbed into a compound state; such protons we 
imagine to contribute to reactions leading to high final 
states, but to be lost to the reactions under considera- 
tion. In addition to this absorption, however, there can 
always occur “grazing collisions” such as illustrated 
in Fig. 6; the proton can interact with one or more 
nucleons in the surface shell of radius ~7», and thereby 
either pick up a neutron, knock a neutron out and 
itself be captured, or merely be scattered, etc. Let us 
treat all these possibilities simultaneously by not 
specifying in detail the nature of the final outgoing 
particle, merely denoting it by the symbol f/f. We assume 
that the incident protons have momentum hk,, and 
for a particular final state the magnitude hk, of the 
momentum of the outgoing particle is fixed. 

Now it is clear that for any of the direct: processes 
leading to a low-lying final state, the final particle / 
will have a considerable forward momentum (~hk,) 
viz. the momentum carried in by the incident proton. 
Thus the angular distribution of the outgoing particles 
would be expected to be peaked in the forward direction, 
the number of outgoing particles per unit solid angle 


Fic. 6. Illustrating 
a grazing collision 
giving rise to a 
direct reaction. 


decreasing as the angle of scattering increases. On this 
basis alone the angular distribution of particles / 
would be expected to be something like the full curve 
of Fig. 7, decreasing monotonically from the forward 
direction. 

There is, however, one consideration which we have 
not taken into account. The orbital angular momentum 
AL imparted to the initial nucleus through the surface 
collision is fixed by the spins and parities of the nuclear 
levels involved. Thus if we write this orbital angular 
momentum as 


AL=Ih, (Al) 


the integer / is restricted by the inequality 


1 | 1 
Jet Srtotey StsIt Iti ts, 


I min 


and must be either even or odd. (Here sy, is the spin of 
the outgoing particle.) We assume that / has one allowed 
value. 

On the other hand, the orbital angular momentum 
imparted to the nucleus is given by the kinematics. 
For a given angle of scattering, the linear momentum 
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Fic. 7, The full curve is a typical angular distribution to be 
expected on semiclassical grounds from a direct reaction, with the 
small-angle (shaded) part forbidden by angular momentum 
conservation. The dotted curve illustrates the distribution to be 
expected from a quantum-mechanical calculation 


imparted to the nucleus is 


AP=hoO, 


where Q is the magnitude of the vector 
Q=k,—ky. 


Thus for a collision which occurs in a volume element 
in the surface with radius vector ro, the orbital angular 
momentum imparted to the nucleus is 


AL=h|QXro| =hOro| sing], (A2) 
where £6 is the angle between the vectors Q and rp. 


From (A1) and (A2), we have therefore 


Oro|sing| = 1, (A3) 


with Q being a function Q(@) of the angle of scattering. 
Equation (A3) may be considered an equation for 
8. For a given angle of scattering (magnitude of Q), 
the direct collision must have occurred within a given 
element of the surface shell such that the angle 6 
satisfies (A3). But it often happens that for some angles 
of scattering (A3) cannot be satisfied, i.e., there is no 
collision region in the surface shell for which angular 
momentum can be conserved. This is true if 


O(0)ro- l. 


Then for the forward direction it is impossible for 
(A3) to be satisfied. Indeed we have to go to an angle 
of scattering 6, defined by 


O(O,)ro l 


before (A3) can be satisfied, i.e., before the direct 
reaction can proceed. For angles of scattering in excess 
of 6,, (A3) can always be satisfied 

Thus there is a “forbidden region” in the angular 
distribution. There contribution to the 
direct reaction for forward angles 6<6,; our original 
distribution must therefore be modified by cutting 
out the forward part (@<@;-—shaded part in Fig. 7). 


can be no 





286 Se. 


The over-all distribution is then one which is sharply 
peaked at 9=6,, and decreasing monotonically as 6 
increases away from 6;. 

On the basis of this argument we would therefore 
expect all reactions to have similar 
angular distributions, with the position of the main 
first peak being determined largely by the kinematics, 
plus the fact that the interaction occurs in the surface 


direct surface 
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shell. Of course any type of particle may be considered 
the incident particle without change in the arguments. 

The semiclassical arguments employed here are 
clearly not adequate for deriving all details of the 
angular distribution. From a quantum mechanical 
description one expects an oscillatory distribution 
(e.g., dotted curve of Fig. 7) with the semiclassical 
distribution providing an envelope for the peak maxima. 
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Monoenergetic 39.8-Mev protons, accelerated by the Minnesota linear accelerator, were scattered by 
purified helium gas. The elastically scattered protons were detected at forty-three angles between 4° and 
135° and the re ults are presented in terms of the absolute differential scattering cross section per unit 
solid angle in the center-of-mass system of coordinates. Definite minima and maxima in the variation of 


cross section with angle were observed 


INTRODUCTION 


HE elastic scattering of protons by Het has been 
the subject of intensive experimental and theo- 
retical studies over a wide range of incident proton 
energies at several laboratories. Early work by Freier, 
Lampi, Sleator, and Williams! with protons of energy 
up to 3.5 Mev was analyzed in terms of phase shifts by 
Critchfield and Dodder.? An ordering of the Py, P, 
doublet of the compound nucleus states of Lié was made 
possible by the work of Heusinkveld and Freier? who 
examined the polarization of protons scattered by Het. 
Later experimental work with 5.82-Mev protons by 
Kreger, Kerman, and Jentscke* and with 9.48-Mev 
protons by Putnam® has been analyzed by Dodder and 
Gammel.® Further observations by Freemantle ef al.’ at 
9.55 Mev agreed qualitatively with Putnam’s observa- 
tions which were accurately confirmed by Williams and 
Rasmussen’ at 9.76 Mev. At higher energies Brockman,’ 
who also carried out a phase shift analysis, and Cork,'® 
and Wickersham!! obtained differential cross sections 
t Work supported in part by the U. S. Atomic Energy Com 
mission Ps 5 
' Freier, Lampi, Sleator, and Williams, Phys. Rev. 75, 1345 
(1949). 
‘Cc. L 
(1949), 
4M. Heusinkveld and G. Freier, Phys. Rev. 85, 80 (1952). 
‘Kreger, Kerman, and Jentscke, Phys. Rev. 86, 593 (1952). 
*T. M. Putnam, Phys. Rev. 87, 932 (1952). x 
* 1). C, Dodder and J. L. Gammel, Phys. Rev. 88, 520 (1952). 
7 Freemantle, Grotdal, Gibson, McKeague, Prowse, and Rot 
blat, Phil. Mag. 45, 1090 (1954). 
* J. H. Williams and S. W. Rasmussen, Phys. Rev. 98, 56 
(1955). 
*K. W. Brockman, Jr., Phys. Rev. 102, 391 (1956). 
” B. Cork, Phys. Rev. 89, 78 (1953) a 
A. F, Wickersham, University of California Radiation Labora 
tory Report UCRL-2062 (unpublished). 


Critchfield and D. C. Dodder, Phys. Rev. 76, 602 


for the elastic scattering by He of 17.45-Mev, 31.6-Mev, 
and 27.9-Mev protons, respectively, over various an- 
gular ranges. At Harvard, Teem ef al.'? have made a 
more extensive set of such observations with 93-Mev 
protons which reveal for the first time definite minima 
and maxima in the variation of the differential cross 
section for (p,w) scattering with angle. 

In view of the extensive experimental data and the 
theoretical interpretations of (p,a) scattering now avail- 
able at energies less than 10 Mev, the paucity of 
information at higher energies and the degree of interest 
in the (p,a) process as a tool for measuring the state of 
polarization of high-energy proton beams, the present 
measurements were undertaken as part of a program to 
investigate proton scattering phenomena at 40 Mev 
with the University of Minnesota linear accelerator. 


EXPERIMENTAL APPARATUS 


Protons of 39.85 Mev are available from the second 
section of the Minnesota linear accelerator. The charac- 
teristics of this beam are as follows: estimated energy 
spread, less than +0.20 Mev; approximate diameter of 
beam, 4 inch; angular divergence of beam, less than 
1.5X10~* radian; pulse length, more than 150 micro- 
seconds; instantaneous current, 9X10~® ampere; time 
average current, 4X10~* ampere. These protons, after 
being magnetically deflected away from the principal 
axis of the accelerator, traverse a strong-focusing 
quadrupole magnet and travel approximately thirty 
feet into a shielded experimental area. 

A general purpose scattering apparatus, shown in 
lig. 1, which was developed for the study of nuclear 


J. Teem (private communication), and Teem, Selove, and 
Kruse, Phys. Rev. 98, 259(A) (1955). 
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Fic. 1. Schematic 
drawing of eight-foot di- 
ameter scattering stand. 
Plan view shows the 
two tables which are 
independently rotatable 
about the central verti- 
cal axis, defining slits S, 
antiscattering slits A 
crystal detectors X, Far- 
aday cage F, and central 
vacuum chamber C. The 
perspective drawing is a 
more detailed view of C 
showing the Mylar win 
dow W and movable 
target holder 7. 








processes occurring in both solid and gaseous targets, 
was employed in this study. The proton beam enters 
from the left through collimating and antiscattering 
apertures and passes over the central vertical axis of 
the apparatus. The targets, in this case purified He gas 
at one atmosphere pressure, are contained in a central 
cylinder. The principal feature of the target chamber is 
a Mylar-covered exit window extending from 166° on 
one side of the beam axis to 170° on the other side. The 
unscattered beam emerges at zero degrees and after 
passing through a few inches of air enters a Faraday 
cage of conventional design which serves to measure 
the incident proton current. The scattered protons also 
leave the target chamber through the Mylar window, 
are then collimated by slits defining the angle of 
observation, and finally are detected by passing through 
an aperture of known area into a Nal(TI) crystal. 
A similar monitor counter, mounted at a fixed angle on 
the second arm of the scattering stand, served to check 
the measurement of incident proton current. 

The above equipment has proved to be very useful 
for studies of the angular dependence of nuclear re- 
actions but suffers, at angles less than about 10°, from 
the limitation of requiring a very long external path for 
the protons if one is to avoid having the crystal detect 
protons scattered from the edges of the last anti- 
scattering aperture of the input collimating system. For 
this reason we repeated our measurements at angles less 
ihan 20° with a gas scattering chamber designed 
specifically to investigate proton-proton scattering at 
angles down to 4°. A detailed description of this equip- 
ment will be published later by L. H. Johnston and 
D. A. Swenson. 

The scattered protons incident on the Nal(T]) de- 
tector gave rise to signals which were amplified by 
conventional electronic equipment and recorded on a 
ten-channel pulse-height analyzer. The previous studies 
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of Eisberg® have served to prove that no significant 
number of inelastically scattered protons or disintegra- 
tion products would be detected under the conditions 
of this experiment. Typical numbers vs pulse-height 
observations at 0, ,, = 10.4° and @, 
in Fig. 2. Background effects with He removed from 
the scattering chamber were completely negligible at 


12.5° are shown 


all angles of observation, 
DISCUSSION AND EXPERIMENTAL DATA 


To determine the yield of protons elastically scattered 
from helium at each angle, a pulse height-yield curve 
(Fig. 2) as obtained from the 10-channel energy dis 


criminator was plotted. The first energy channel at 
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VOLTS 


Fic. 2. Yield vs pulse-height histograms of the raw data. Volts 
refer to size of input signals into a 10-channel energy discriminator 
At left is histogram of data taken at 6 » =10.4°, near minimum 
in o(@. » ) shown in Fig. 3. Right hand figure is typical of low 
angle data 


4, Eisberg, Phys. Rev. 102, 1104 (1955). 
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}. 3, Differential elastic scattering angular distribution 
of 39,.8-Mev protons in Hes, 


which the number of counts exceeded the background 
counts, together with all higher energy channels, were 
counted as elastically scattered protons from the helium. 
The background level contiguous to the elastic peak in 
all cases was less than 1%, of the elastic counts recorded. 
‘The energy resolution (full width at half-maximum of 
the yield vs pulse-height curve)fwas approximately 6% 
for most data taking runs. 

The formula used for calculating the cross sections 
was 


kT Y sino, 


a1(0,) 
rea G 


where Y is the yield of elastically scattered particles at 
laboratory angle 6,, k is Boltzmann’s constant, NV the 
number of particles incident upon the target, P the 
helium gas pressure, 7’ its temperature, and G a geo- 
metrical factor equal to Ad/RI, where A is the area of 
the detector aperture, d the width of the volume de- 
fining collimation slit associated with the detector 
system, R the distance from the detector aperture to 
the center of the scattering chamber, and / the distance 
between the collimation slit and the detector aperture 
of the detector system. Through the course of the 
experiment, / was kept fixed. Four different values of 
the ratio Ad/R were utilized, however, to change the 
intensity of scattered particles and to vary the angular 
definition of the detector. 

In the angular range 50° to 135° the angular definition 
of the scattered protons was +4.75°, in the range 30° 
to 60° the angular definition was +1.9°; the range 7.5° 
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to 30° had angular definition +0.95°, and the range 
4° to 20°, +0.55°. 

Graphs of the differential cross section ¢¢.:m.(8c.m.) are 
given in Figs. 3 and 4 as a function of center-of-mass 
angles, Oc... Figure 4 is an expanded version of Fig. 3 
to illustrate the details and the dispersion of experi- 
mental points more clearly. The points in the data 
represent average values of data taken in different runs, 
a “run” being defined as a continuous period of time in 
which data is collected. The standard deviation of the 
points is less than 2% for all points. The results are 
summarized in Table I. In virtually all cases, the runs 
which were averaged together were in themselves con- 
sistent within the statistical error. For angles of obser- 
vation greater than 30°, most points represent the 
results of a single run. The reproducibility of points was 
in general found to be excellent. No correction was made 
at small scattering angles in the cross section for the 
finite width of the detector slits. The sole correction 
applied to the raw data was a 1.9% correction" to 
account for the number of protons lost from the elastic 
peak owing to nuclear interactions in the Nal crystal. 

The accuracy of the results is attested to by the in- 
ternal consistency of the data under different operating 
and detection conditions. No normalization was needed 
in going from one detection condition to another. For 
the calculation of the absolute cross sections, there exist 
the errors due to imperfect current collection and 
detector geometry, as well as errors in the pressure, 
temperature, and purity of the helium used, and an 
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Fic. 4. Expanded version of Fig. 3 for the region 
of small scattering angles. 


4 Personal communication with L. H. Johnston and D. A. 
Swenson who determined the magnitude of this effect. 
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error due to the necessity of subtracting a finite back- 
ground associated with the He scattered particles from 
the elastic peak of scattered protons. The errors are 
assigned as follows: beam current collection 1%, back- 
ground 1%, geometry 2°, (including effective widening 
of slits by the scattering of protons from the sides of the 
slits), pressure and temperature $°% each, and the effect 
of impurities in the helium gas (important, if at all, at 
small scattering angles) of 19%. We can thus state that 
the absolute cross sections calculated are believed to 
be accurate to within 33°7. The relative cross sections 
are, of course, somewhat better than this. 

There are two general ways in which the data here 
presented could be analyzed; by a phase shift analysis 
as has been done at low energies, or by appeal to some 
kind of nuclear model to which the data is fitted, thereby 
providing one with a set of nuclear parameters, which 
employed with the particular model used, allows the fit 
to be made. Insofar as, for these relatively high proton 
energies, a phase shift analysis becomes quite compli- 
cated and probably not unambiguous, it was suggested 
by Professor W. B. Cheston that an optical model 
potential be used to attempt to explain the features of 
the curve. With a potential of the type (Vo+iWo)p(r) 
= V(r), where p(r) is a form factor, and V» and Wg are 
numbers characteristic of the strengths of the real and 
imaginary parts of the potential well, attempts to fit 
the data are being undertaken at this laboratory. 


Because the alpha particle is a tightly bound structure, 
we have some confidence that a potential well produced 
by the collective effect of all the nucleons would de- 
scribe well the scattering process. It might also be 
expected, however, from the known spin orbit effects 
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TABLE I. Observed differential cross sections in millibarns per 
steradian for elastic scattering of 39.8-Mey protons from Het 
Cross sections are in the center-of-mass system. The standard 
deviation for each angle is also given 


164.1 
165.2 
155.0 
153.9 
156.9 
136.5 


910 t 21,20 
300.2 1.85 
156.5 22.47 
131.5 23.72 
131.5 24.93 
131.5 28.0 
143.5 $1.1 122.8 
151.4 37.2 91.80 
162.0 43.3 67.6 
159.1 49.4 44.8 
169.2 2 55.4 28.4 
175.7 61.2 18,88 
169.1 67.0 12.45 
173.2 72.6 8.33 


of low-energy elastic scattering that a simple Vo+7iWo 
might not suffice to give a satisfactory description. 
The present results resembles data taken at Harvard'® 
where the forward minimum was first observed. Though 
two principal minima occur in @(@) in both experiments, 
no indication was found here of any other inflections as 
was found at @,..= 60° in the Harvard data. 
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Slow-Neutron Scattering by Molecules 
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The operator formalism in slow-neutron scattering theory introduced by Wick and by Zemach and 
Glauber is considered in an approximation in which molecular rotational and vibrational effects are 
explicitly separated. The combined effects of rotation and translation are treated in terms of the Sachs-Teller 
“mass-tensor” concept, which is rederived on the basis of a rigid molecule Hamiltonian and extended to 
include interference effects. Only elastic vibrational] transitions from the ground vibrational state are consid- 
ered, The applicable neutron energy range is restricted to values large compared to the rotational level sep- 
aration but below the vibrational threshold 

The method is applicable to the calculation of differential as well as total scattering cross sections and to 
molecules of arbitrary structure. Expressions in closed form for these cross sections are obtained through use 
of an approximate procedure for averaging over molecular orientations. In the case of hydrogenous molecules, 
where direct scattering is dominant, the scattering by a given nucleus is described in terms of two parameters, 
viz., an effective nuclear mass for rotation and translation, and a vibrational constant. The relative simplicity 
of the method is illustrated in the calculation of the differential and total cross sections of CH, and the total 
cross section of Hy. Agreement of these calculations with experiment and with other calculations is good. 


I. INTRODUCTION in the original S.T, paper. The expression from which 
the cross section is calculated can be averaged over the 
thermal equilibrium distribution of initial molecular 
states, but the evaluation of the average over molecular 
orientations is much more difficult. The use of the Z.G. 
formalism suggests a mathematical approximation for 
averaging over orientations. When this approximation, 
is used, an expression in closed form for the total cross 
section for direct scattering is obtained. The differential 
cross section is then found by simple numerical integra- 
tion. The results are compared with experiment in the 
cases of CH, and Hy, and the agreement is found to be 
good. 


N the Fermi pseudopotential approximation,’ the 

problem of slow-neutron scattering by nuclei of 
chemically bound atoms can be formulated very con- 
cisely by the introduction of the Fourier representation 
for the energy-conserving 6-function, which permits an 
implicit summation over final molecular states. This 
formulation has been used for molecular scattering by 
Wick? and by Zemach and Glauber.’ The work of Wick 
is concerned mainly with the asymptotic behavior of the 
total cross section at high energy while that of Zemach 
and Glauber is directed toward the more formidable 
problem of calculating the differential cross section at 
arbitrary energy. The results obtained by Z.G. for CH, 
are in much better agreement with experiment than 


II. FORMAL RESULTS 


In the Z.G. formalism, o(6,e), the differential cross 
section for molecular scattering through an angle 6 with 
energy gain ¢, is given by 


a(6,6-)= + a, (0,€), (1) 


are the calculations of Pope.‘ 

Another, and much earlier, approach to the problem 
of slow-neutron scattering by molecules, is that of Sachs 
and ‘Teller,’ in which only the total cross section is 
considered and interference and vibrational effects are 
neglected, The basis of the S.T. method is the concept of 
a nuclear mass tensor whose properties replace the effects 


with 


dy’ (O,€) 





of chemical binding. The S.T. method has been ex- 
tended by Messiah® to include molecular vibrations. 

In this paper, the mass tensor approximation is 
rederived by use of the formalism of Z.G., and is ex- 
tended to include interference effects and the calculation 
of the differential cross section. This reformulation is 
quite concise, and demonstrates clearly the origin of the 
mass tensor approximation, which is somewhat obscured 


* Operated by the General Electric Company for the U. S. 
Atomic Energy Commission. 

' EF. Fermi, Ricerca Sci. 1, 13 (1936). 

2G, C. Wick, Phys. Rev. 94, 1228 (1954). 

*A. C. Zemach and R. J. Glauber, Phys. Rev. 101, 118, 129 
(1956). These papers will be referred to as Z.G. 

4N. K. Pope, Can. J. Phys. 30, 597 (1952). 

®R.G, Secbeend E. Teller, Phys. Rev. 60, 18 (1941). This paper 
will be referred to as S.T. 

A.M. L. Messiah, Phys. Rev. 84, 204 (1951). 


+00 
ayy (b/2rky) f ely rl, (2) 


Here o,,'(0,€) is the contribution to the cross section 
from the ordered pair of nuclei v and v’; ko is the initial 
neutron momentum; k is the final neutron momentum; 


[Xi x.‘ exp(—E£,/T)] 
XCXiexp(-—£,/T)}", (3) 
Xe '=(W.lexp{ix:r,(d)} exp{—ix-r,-(0)}(y.); 


(x wT 


T is the absolute temperature in energy units, y, the 
initial molecular wave function, x the momentum gained 
by the neutron, and r,(/) the Heisenberg position-vector 
operator of the vth nucleus. Natural units with h=1 are 
used, and all quantities refer to the laboratory system. 
The terms in (1) with v=’ give the direct scattering 
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contributions; for these a,,, in (2) has the value 
Qyy A + Ci. (4) 


where A, and C, are the bound coherent and incoherent 
scattering lengths, respectively. For the interference 
terms, on the other hand, 


A,Ay, (v¥v’). (S) 


Ayy' = 


In (4) and (5), the effects of nuclear spin correlation 
have been neglected. 

We shall be interested in neutron energies large com- 
pared to the spacing of the molecular rotational levels. 
At these energies, and provided 7 is much larger than 
the rotational constant, the rotations may be treated in 
a ‘“quasiclassical” approximation which permits the 
evaluation of y,, at a fixed molecular orientation 2, A 
further implication of this quasi-classical approxima 
tion’? for the rotations is that 
vibration interactions) x,,,, and hence (x,,-)7, may be 
separated into factors corresponding to translation, 
rotation, and vibration, respectively, 


(neglecting rotation 


(xvw r= (Xow!) xo Xow”)? (6) 


The dependence of (6) on Q is contained in the rotational 
and vibrational factors. When vibrations are completely 
neglected, the vibrational factor disappears, and the 
result then leads to a generalization of the S.T. ap- 
proximation which includes interference effects. As is 
shown in the appendix, the present approximation 


yields 


(xo) axon?) r= exp{—4 (x ML %) (+7?) 
Xexp{ix-[b,(0)—b,-(0) |}, (7) 


where b,(0) and b,-(O) are the equilibrium position 
vectors of the vth and y’th nuclei with respect to the 
molecular center of mass, and YR, is the S.T. mass 
tensor corresponding to the vth nucleus, 

The vibrational factor (y,,-")r is evaluated in Z.G. If 
we restrict attention to neutron energies below the 
vibrational threshold, and assume, moreover, that all 
molecules are initially in their ground vibrational states 
(i.e., that 7 =0 for vibrations), then (y,,-")r reduces to 
the time-independent form 


(xv) Td II, exp{ - (4w) 1 (x-¢,)? 
+ (w-cy)? |}, (8) 


where c,” is the amplitude vector corresponding to the 


vth nucleus and the Ath vibrational mode, and w) is the 
angular frequency of the Ath mode. For each value of X, 
the amplitude vectors are normalized via the condition 


> Mic™ P=1, (9) 


M, being the mass of the vth nucleus. The dependence of 
(x»»’")7 on the molecular orientation {2 is contained in the 


7 The “quasiclassical” approximation employed in this paper is 
not to be confused with the semiclassical or static approximation 
used, for example, by N. K. Pope, reference 4. 
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quantities ¢,™. The function (x,,.)r is obtained by 
substituting (7) and (8) into (6). 

To perform the averaging over molecular orientations 
we note that (x,,”)7 appears as a product of factors. The 
first of these, exp{ix-[b,(0)—b,-(0) |}, is a static inter 
ference term which can be a rapidly varying function of 
orientation. ‘The second factor, 


ST 


xP =exp{—}(« Wt x) (it+T7P)), (10) 


represents, in the $.T. approximation, the combined 
dynamical effects of molecular rotation and translation 
on the scattering from the vth nucleus. The final factor 
is given by (8) and represents the dynamical effects of 
zero-point vibrations. The dependence of this factor on 
orientation depends on the degree of anisotropy of the 
vibrations. We now make the approximation that the 
average of the product of these three factors is equal to 
the product of their averages. The accuracy of this 
approximation can be judged by comparison with the 
results of Messiah® for Hy, and CH, obtained by a 
rigorous averaging over orientations. This comparison 
will be made in the next section, 

The static interference factor in (7) is easily averaged, 
giving 

(exp{ix:[b,(0)—b,-(O) |))a= jo(xb,,-), (11) 

where b,,-=|b,(0)—b,-(0)|, and ‘sing. An 
approximate average of the S.T. factor (10) can be 
obtained by averaging in the exponent: 


jo(x)=2 


fax OF 
(Xv 7/2 


exp{—«(2M,)“"(l+-TP)}, (12) 
where 

[M, }'=4Spur[ MN]. (13) 
Equation (12) gives the (x)r-function corresponding to 
the scattering by a monatomic gas of mass M, at 
temperature 7°. The effects on slow-neutron scattering 
of the dynamics of the rotational and translational 
motions of the vth nucleus have thus been reproduced 
by the use of an equivalent free translation with a 
modified nuclear mass.” 

The accuracy of this approximation can be gauged by 
comparing the total cross section for direct scattering in 
the S.T. approximation with that for a monatomic gas in 
the high energy limit (A7‘//o)<<1, \= (m/M,) being the 
ratio of neutron mass to nuclear mass. In this energy 
range, the monatomic gas cross section has the well 
known form 
(1-++A)*L14+-4A(7/ Ky) J. (14) 


(a tot/ F bound) 


On the other hand, it follows from (7) and (14) that the 
Sachs-Teller result for the rigid rotator is 


at+b(T/ ko), 


§ The device of replacing a gas of rigid rotators by a monatomic 
gas with effective mass given by (13) was first used in a study of 
neutron thermalization by H. D. Brown and D. 8. St. John, 
Atomic Energy Commission Report DP-33 (unpublished). 


(Ftot/Thound) (15) 
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Fic. 1, Total slow-neutron scattering cross section per proton of 
CH, as a function of Zo! at room temperature. a7 = 20.36 barns is 
the free-proton cross section. ‘ 


where 
(16) 


(17) 


a=((14+mu- WO! -u))o, 
b=(hm(u DM! -u) (14+-mu- ME! -u) *)o, 


and u is an arbitrary unit vector. The expressions (16) 
and (17) may be evaluated, for a given molecule, in 
terms of the components of the mass tensor, and are 
easily shown to agree with the results of Messiah® for 
spherical top or linear molecules.* We now define two 
M,“=(m/d,) and M,?=(m/dz2), 


effective masses 


where 
(r,/2). (18) 


a=(1+),)?, (b/a) 


If, for a particular molecule, A; and dA» are nearly 
equal, it can be assumed that the form (12) for the 
rigid rotator scattering, with M, replaced by an 
average 

M, (19) 
can be used with good accuracy. Although the discussion 
- of this and the preceding paragraph is primarily a 
justification for (12), a slight improvement in accuracy 
results when (19) is used. In most cases A; and dg, are 
very nearly equal, neither differing much from Apo 

(m/M,). This is illustrated in Table I for protons in 
CH,, Hy, and H,0. 

Finally, it is necessary to average the vibrational 
factor (8) over orientations. Again, this can be done 
conveniently by the approximation of averaging in the 
exponent, which gives 


(2m) (Ay+-A2), 


(xor *) rao exp(—Kx*yyy), (20) 


where 
Yew! > (12) i (c,™)?4 (c,™)?] 


In general, the argument of the exponential in (8) will 
contain a term of the form (xy) plus a term dependent 
on orientation. The accuracy of the approximation (20) 
depends on the magnitude of the orientation-dependent 
term. If this term is small compared to unity for the 


Ay { Yow’ |. 


* This point is discussed in more detail in the Atomic Energy 
Commission Report KAPL-1597 (unpublished) by the authors. 
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values of (x) which are of interest, the approximation 
(20) will be accurate. 

The final expression for (x,,-)r, obtained by com- 
bining (20), (12), (11) and (7), is 


(xy = jo(xby,) exp(— KY vy) 


Xexp{—(2M,)(it+-TP)}, (21) 


where M, is defined by (19). Specific examples of the 
application of (21) will be discussed in the next section. 


III, CALCULATION OF CROSS SECTIONS 


In order to estimate the accuracy of the mathematical 
approximations employed above in averaging over 
molecular orientations, we shall compare the total 
molecular direct scattering cross sections of CH, and Hy 
as calculated by the method outlined above with those 
obtained by the method of Messiah® in which the 
averaging over orientations is performed exactly. It is 
most convenient to start from the relation obtained by 
integrating (2) over the momentum transfer : 


Oror” (Eo) = (an/2nmks) ff Pade ‘ey,,)r, (22) 


where 


(xw)r exp(—x*y,,) exp{ —«?(2M,) 'l+TP)}. (23) 


If in (22) the « integration is performed by a trans- 
formation to polar variables with polar axis along ko, one 
obtains 
- +” dj 
ror” (Eo) = (29) 4a, ko \it./1)! f ule, (24) 
a 
where C=(M,Eo/Tm) and u=(1—iat!+ et)", in 
which a=(m+M,)/mT and B= (2M,y,,/T). The inte- 
gral in (24) may be evaluated by means of contour 
integration in the « plane.’ The final result is 


ra,,(2@/E){erf[C? | 
—(1—p)te~©” erfLCH(1— p)* }}, 


ror” (Eo) 
(25) 
where 

@= (4my,,)™", 


erf z is the error function 


2 z 
erf = J exp(—F)dt, 
Vrvo 


TABLE I. Effective inverse rotational masses for the protons in 
several molecules, as defined in Eqs. (13) and (18). 


ro At Aa 


CH, 0.313 0.297 0,292 
H, 0.833 0.814 0.808 
H,0 0.531 0.482 0.491 


This integral has been evaluated in another connection by H. 
Hurwitz and P. F. Zweifel (private communication). 
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and 
p=(1+ (e?/48) }. 


Following Messiah,® we shall calculate only the direct 
scattering by hydrogen nuclei. Considering the CH, 
molecule first, we note that here, owing to the small 
rotational constant (B=0,0006 ev), the mass-tensor 
approximation should give good results. Furthermore, 
the use of the other approximations introduced by the 
present method is seen to be well justified in view of 
the near equality of A, and A» (see Table I) and of the 
small anisotropy of the equivalent vibrators.‘ 

Using Messiah’s molecular data, Eq. (26), and Table 
I, we find 


(26) 


(m/M y) = 0.2944, 


a= (4my in) (0.1656 ev, 


294°K," 
p= 0.0510. 


and, for T 


With these values, the cross section per proton may now 
be calculated from Eq. (25). In Fig. 1, the results of this 
calculation are compared with those of Messiah and 
with Melkonian’s experimental data.’ (For conven- 
ience, the ratio of the cross section to the free-proton 
cross section ¢ ¢= ray = 20.36 barns is used as ordinate. ) 
We note that above 0.01 ev the two theoretical curves 
are in good agreement with each other and with the 
experimental curve, Below 0.01 ev the present calcula- 
tion is in better agreement with experiment, which may 
be attributed to the inadequacy of Messiah’s 1//2y ex- 
pansion at these low energies. However, as was pointed 
out by Messiah, the mass-tensor approximation breaks 
down below about 0.01 ev in the case of CHy. The 
improved agreement of the present calculation with 
experiment indicates only that the 1//») expansion in 
that energy region introduces greater inaccuracies than 
does the mass-tensor approximation. 

For the H» molecule, the applicability of the mass 
tensor approximation is of more restricted validity since 
the rotational constant is larger (B= 0.007356 ev).® The 
mass-tensor approximation, therefore, should break 
down at a higher energy than in the case of CH,. More- 
over, the rotations of an H» molecule at room tempera 
ture are not well described by a Maxwellian distribu- 
tion. To meet this difficulty we define an effective 
temperature 7”, by means of 7’= (3/5)T+ (2/5)(Er)r. 
For T= 300°K, (Er) = 0.0235 ev,® we find 7’= 0.0249 ev 

= 289°K. This 4% correction is similar in magnitude to 
the one applied by Messiah for the incompleteness of 
rotational excitations. In order to make the comparison 
with Messiah’s results more precise, the Hy calculations 
were performed for T= 300°K. The input parameters 
for (25) are 

(m/My)=0.8107, @=1.6385 ev, p=0.00751. 

" Messiah uses 7 =300°K, which makes precise comparison 

with our calculations difficult. 


2 FE. Melkonian, Phys. Kev. 76, 1744 (1949) 
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1G, 2. Total slow-neutron scattering cross section per proton of H» 
at 7 =300°K. Interference terms are neglected 


The present approximation for averaging over orienta 
tions in (10) should be a good one in this case also, since 
iA». Although the vibrations are quite anisotropic, 
the vibrational factor 


xy = (k/ko)*(Ko/2a) 


is much smaller than unity over the energy range of 
interest, so that averaging in the exponent in (8) is 
reasonably accurate. In Fig. 2, the cross section of Hy as 
calculated from (25) is compared with Messiah’s curve 
and with experiment.'? The two theoretical curves differ 
in the same way as in the case of CH,. The agreement of 
the present calculation with experiment is not so good 
because of the greater inaccuracy of the mass-tensor 
approximation when applied to Hy». ‘The omission of 
interference effects in the total cross section calculations 
is justified by the smallness of the hydrogen coherent 
scattering length. 

As a further check on the accurac y of the method of 
calculation presented in this paper, the differential cross 
section for the CH, molecule was calculated and the 
results compared with the calculations of Z.G.,* who, 
while not using a mass-tensor approximation, made 
expansions in inverse powers of neutron energy and 
rotational mass. ‘l’o obtain an expression for the differ 
ential cross section, we combine (2) and (21) and 
integrate over e. The integration over ¢ is performed 
first, being the same as that for a monatomic *yas. It‘is 
easily carried out* to give 


M, ek 
Ov» (0) = aon( ) f de— Jo(xb,,") | exp(—xKy,,") 
2nT —Ko ko 


M, ae ty 
seul stag) |} 
27% 2M, 


If we set ¢,,/ (1+ 87M ,T) pow =(1—f,4) (27h), 
T’=¢T, and M,'=¢,,M,, the factor in curly brackets 


in (27) becomes a 
M,’ K’ 3" 
(. + ) : (28) 
27"? 2M,’ 


Exp (pyy€) exp 
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lic. 3. Differential cross section of CH, for slow neutron 
scattering at Ho=0.0732 ev and T=0.0255 ev. Normalization of 
the present calculation is such as to agree with curve of Z.G. in the 
range 40°-50°. Normalization of experimental] data is that of Z.G. 


from which, incidentally, it can be seen that, in the case 
of direct scattering from the yth nucleus, 


ovy(0,€) = exp(pyreov’ (,€), (29) 
where o,,'(0,e) is the differential cross section corre- 
sponding to a monatomic gas of vth nuclei at a fictitious 
temperature 7” and of fictitious mass M,' 

The differential cross sectiona(@) Be yoy (0) of CH, 
was calculated from (27) by numerical integration, 
after a transformation of the variable of integration 
(k/ko). The following values of the parameters were 
0.0255 ev, Ho= 0.0732 ev, Co=0, Ac=0.64 
2.52107" cm, An 0.42 10-" cm, 
bey =1.093K10°*® cm, 1.7848K10-* cm, My 

(m/0.2944), Me =16 m, yun= 6.266 107" cm?*, yor 

2.1375K10°*° cm*. The interference terms in a(@) 
(v¥%v') were found to be very small since AWw<Cy’. 
Moreover they tend to cancel since Ac and Ay are of 
opposite sign. The results of the calculation are shown 
plotted in Fig. 3, together with the data of Alcock and 
Hurst! and the calculation of Z.G. The normalization of 
the present calculation is such as to produce best fit 
with the data in the region @=40°—50°. It will be 
observed that the present calculation fits the data very 
well for @>30°. For @<30° there is some doubt con- 
cerning the accuracy of the experimental data, as can be 
seen from the inconsistencies in the high- and low- 
pressure values. In general, however, it appears that the 


102 
used*; 7 
*10°-" om, Cy 
bun 


present calculation gives a somewhat better fit at small 
scattering angles than does the Z.G. curve.'® 


8 The form of o,,(0,6) given by (29) is convenient for calcula 
tions of neutron thermalization, where the monatomic gas kernels 
have already been programmed for machine calculation. This 
point is amplified in reference 9. 

“4 N. Z. Alcock and P. G. Hurst, Phys. Rev. 83, 1100 (1951). 

1® A weak logarithmic singularity in the differential cross section 
at 6=0°, which occurs in the present calculation and in the 
Z.G. rigorous monatomic gas scattering analysis, is not shown. It 
is absent in the Z.G. CH, calculation because of the approximate 
expansions employed. The numerical work of the present calcula 
tion indicates that the singularity is confined to very small 
scattering angles and is already completely negligible at 6=5S° for 
Fy = 0.0732 ev. The origin of the singularity is discussed by Z.G. 
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IV. SUMMARY AND CONCLUSIONS 


A simplified model for calculating the slow-neutron 
scattering cross section of free polyatomic molecules has 
been developed on the basis of an extended mass-tensor 
concept. The model, which is valid for neutron energies 
large compared to the rotational constant but below the 
vibrational threshold, includes the effects of zero-point 
molecular vibrations, and permits the calculation of 
both the interference and direct scattering terms with- 
out resort to expansions in inverse powers of the nuclear 
mass or neutron energy. In the application of the 
method to the slow-neutron scattering by hydrogenous 
molecules, in which case chemical binding effects are 
greatest, there is the simplifying feature that the scat- 
tering is predominantly direct, with interference terms 
making only a small contribution to the total scattering. 
Here the model essentially reduces the description of the 
scattering to the consideration of two molecular parame- 
ters: My, an effective proton mass for translation and 
rotation, and yun, a vibrational constant equal to the 
mean square zero-point vibrational displacement of the 
proton. The method thus represents a considerable 
simplification over the more rigorous Z.G. method, 
which, despite its powerful techniques, does not yield an 
exact solution to the rotator problem. Moreover, it 
gives approximate solutions only in the cases of spherical 
top or linear molecules, whereas the present method 
applies to molecules of arbitrary structure. Of course, 
the simplifications described here have been achieved at 
the expense of a considerable restriction in the applicable 
energy range, dictated by the use of the mass-tensor 
concept. Though small, this energy range is nevertheless 
of considerable interest. 

The utility and relative simplicity of the method is 
demonstrated by the calculations of the cross sections of 
CH, and Hg, which are in quite good agreement with 
experiment, and with the results obtained by more 
complex methods. 
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APPENDIX 


In this appendix, it will be shown that, in the ‘“quasi- 
classical” approximation introduced in the text, 


exp{ix-[b,(0)—b,-(0) }} 
Kexp{—3(% M+) (it+TP)}, 


(x ww aXXo) 
(Al) 


where $M, is the usual S.T. mass tensor. 
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We start with a form analagous to (3): 


(W|exp{ix:b,()} exp{—ix-by-(0)} |W") 
(Wy |exp(iHt) exp(—iH,t) exp[ix- b,(0) ] 
Xexp[ —ix-b,-(0) ]|y")r, (A2) 


(xv)? 


where H is the Hamiltonian for the rotating rigid 
molecule, and H, is H with p, replaced by (p,— x). An 
expression for H in terms of the p,’s is obtained on 
writing the total rotational energy of the molecule in 
terms of the total angular momentum L= >"; b;X pi, 
and the moment of inertia tensor % 


H=3L-3>-L 
i biXp)-9 1. ($0; bjX py) 
£D pi Ris Di, 
i] 


where 
R i; B t- J. Bi =KR,;,', 
with 
0 —b, by 
=| b, 0 —b, 
| —b, 5b, 0 

From (A3), 
H,=H—-}$L-¥"-B,-% 

1 


~ Bt FI - L4+ de Rw. (AG) 


Direct substitution of (A3) and (A6) into (A2) is not a 
useful procedure owing to the noncommutativity of the 
various operators appearing in (A3) and (A6). This 
difficulty is not the result of the complexity of the 
scattering system, as may be seen from the fact that the 
same difficulty arises in calculations with the greatly 
simplified rigid rotator model employed by Z.G. 

The quasiclassical approximation introduced here 
consists essentially in treating the operators in (A2) as 
classical, commuting variables and replacing the rigid 
rotator wave functions ¥’ by rotational wave packets 
characterized by simultaneously well-defined values of 
orientation and angular momentum. Such wave packets 
will exist when the rotator is sufficiently excited, i.e., 
when 7>>8B, and when the collision time is small com- 
pared to the rotational period, i.e., when Mo>(BT)}, 
where (B7)! is the level spacing in the neighborhood of 
the most probable level. These are the usual conditions 
for the validity of the S.T. mass-tensor approximation. 
The thermal] average in this approximation involves, in 
general, an average over molecular orientations together 
with an average over a Boltzmann distribution of L 
values. However, since y’ also depends on orientation, it 
is necessary to reserve the averaging over orientations 
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for a later stage in the calculation. The symbol ( ),r will 
thus refer, from this point on, to merely an average over 
L values. Hence, from (A2), in the quasi-classical 
approximation, 


[x B,- Qt L+ du Rw jit))r 
Xexp{ix:[b,(0)—b,-(0) |}. 


(exp{ 


(Xr 


(A7) 


The thermal average is effected by integrating over an L 
distribution determined by the Boltzmann weighting 
factor exp{ — (27) '(L-Q-'- L)}. The resulting integrals 
may be evaluated by setting L=1-Q'=Q!-L, and aL 

(Det3!)d‘l. The thermal average (A7) then becomes 


exp{ix:[b,(0) 


b,-(O) |} exp 


1 
| f esv P nV) 
x| feo P/2T) 


Kexp{ (itn Bre F yet] (A8) 


(xv "a Filx Ry %)} 


The integrals (A8) are easily evaluated, yielding 
exp{ix:[b,(0) 
Xexp{ 


b,-(O) |} 
h(x: Sy, %) (i+ TP)). 


(x vy ie 
(A9) 


The translational function is given by Z.G.: 


exp{—(2M)"(it+TP)), — (A10) 


/ t 
\Xvv' /T 


where M is the molecular mass. Combining (A9) and 
(A10) gives the desired result (A1), with 


Mi =8,,4M"l, (All) 


where | is the unit tensor and W,, by comparison of 
components, is seen to be identical with the S.T. mass 
tensor corresponding to the vth nucleus, 

It may be verified on a more rigorous basis that the 
present model gives the correct result for a rigid rotator 
in the limit of very large neutron energies. For in this 
case, all initial molecular motion may be ignored, with 
the result that 


exp(iH1t) exp(—iH,t)—exp{ — hile R,-%), (A12) 


a form dependent only on the molecular orientational 
coordinates. ‘The thermal average defined in the text 
then reduces rigorously to an average over these 
coordinates, independent of the molecular energy levels 
The (A12) 


“classical limit” introduced by 


or wave functions. form 
generalization of the 


Z.G. to arbitrary molecular structure, 


represents 4 
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Energy Dependence of Cross Sections near Threshold: Neutral Particles* 


Witiram H. Guier anpd Ropert W. Hart 
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(Received December 4, 1956) 


A procedure is developed for determining the excess-energy dependence near threshold of reaction cross 
sections involving the escape of an arbitrary number of neutral particles. It is somewhat analogous to 
Wigner’s procedure in that only an asymptotic solution of Schrédinger’s equation in used, but is more 
readily applied to many particle escape because it does not require the explicit matching of this solution 
at a reaction zone boundary. Explicit samples include the escape of two identical particles with arbitrary 
angular momentum, and the escape of an arbitrary number of identical particles with zero angular mo 


mentum, 


I, INTRODUCTION 
— from their purely theoretical interest, the 


energy dependence of reaction cross sections in 
the neighborhood of threshold (threshold law) are often 
essential for the accurate experimental determination 
of the value of the threshold energy from the particle 
yield. The form of the threshold law has been derived 
for reactions involving the escape of one particle (from 
another, or from a force center); in particular, Wigner’ 
utilized the concept of a reaction zone and established 
on a general basis that the form of the threshold law 
can be determined without a knowledge of the details 
of the reaction within the reaction zone. Snow? and 
Mamalakhlisov’® have considered reactions of the type 
(n,2n) involving the escape of two particles with each 
escaping particle having zero angular momentum. 

In this article a generalization of Wigner’s approach 
is established in order to treat reactions involving the 
escape of many particles. The method utilizes the 
property that (1) a reaction cross section requires 
explicit knowledge of the wave function only at arbi- 
trarily large values of the coordinates of the escaping 
particles, and (2) that in this asymptotic region the 
wave function must be finite and nonvanishing (over 
any nonzero region) for any energy, in particular, for 
energies in the immediate neighborhood of threshold. 
Consequently, it is possible to obtain the desired infor- 
mation from a solution of the asymptotic form of 
Schrédinger’s equation. ‘The approach is incapable of 
yielding numerical values of the cross section, and does 
not become involved with properties of the interaction 
potential functions at short range, which are essential 
in determining the efficiency of the reaction. The range 
of validity of the threshold laws determined by an 
analysis of this type is discussed by Wigner, and will 
not be considered in more detail here. 

While the approach is quite general, the explicit 
derivation of threshold laws in this paper is limited to 
examples that are readily tractable. The examples 


* This work supported by the Bureau of Ordnance, Department 
of the Navy. 

1 E. Wigner, Phys. Rev. 73, 1002 (1948). 

*G. Snow, Ph.D. dissertation, Princeton University, 
(unpublished). 

iy Mamalakhlisov, Zhur. Exptl. i Teort. Fiz. 25, 36 (1953). 
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relate only to short-range forces, and, for more than two 
escaping particles, to zero angular momentum for each 
particle. Results of Wigner, Snow, and Mamalakhlisov 
are obtained as special cases of these examples. 


II. FUNDAMENTAL IDEAS 


In this section we will first discuss a heuristic ap- 
proach to the problem through considering a particu- 
larly simple example involving the escape of one 
particle. We will then discuss fundamental ideas in the 
approach to the more general problem. 

Let us consider the simple example of a (y,m) type 
reaction to illustrate the basic approach. The usual 
expression for the cross section (normalized to unit 
incident flux) for the escape of one particle, in this 


case a neutron, 1s 


h 
= fas J= fa ‘[y*Vy—yvy* ], 
2mi 


where, for simplicity, the surface over which the current 
density J is integrated is assumed to be a sphere with 
arbitrarily large radius R, and where y is a purely 
outgoing solution of Schrédinger’s equation. For this 
case, Y (in the center-of-mass system) must satisfy 
Vy +k’y=0 for large R and any k. The outgoing type, 
zero angular momentum, solution is 


¥(R) = a(k) Hy (RR)/(RR)!, RO, k= (2mE)3/h. 


When the energy is negative, k is taken positive 
imaginary so that the wave function damps exponenti- 
ally for energies below threshold. Substitution of this 
expression for y into the above expression for the cross 
section shows that the energy dependence of the cross 
section is determined by | a(k)/V/k |’. 

Clearly, a(k) depends upon the solution of the entire 
boundary value problem, including a detailed consider- 
ation of the short range forces. However, when only 
the zeroth order dependence in energy of o(k) [and 
therefore a(k) | is required, one can replace the bound- 
ary value problem by the condition that y must not 
become infinite, nor identically vanish over a finite 
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region of space as k-0.* When we employ this condition, 
which we indicate by 


atk) 
limy « im ) O(1), 
hk k-0 k 


lima(k) « k, 


k—>0 


it follows that 


and the zeroth order dependence of the cross section is 
a(k)« |a(k)|?« k, 


This result is well known.! The major advantage of 
this approach is, of course, that it obviates the necessity 
either of finding a detailed solution or of matching at 
a reaction zone boundary, both of which are rather 
difficult to carry out when more than one escaping 
particle is involved. 

Now let us consider the general case of the escape of 
n particles in a system containing a total of NV particles. 
To take full advantage of the fact that the wave 
function is required only for large values of the coordi- 
nates of the escaping particles, we first represent the 
influence of the V—n bound particles on the escaping 
particles by the potential function of the “product 
atom,” in its characteristic state. This will lead directly 
(through separation of the Hamiltonian) to elimination 
of the explicit dependence of the reaction cross section 
on the coordinates of the bound particles. 

We then consider Schrédinger’s equation for the n 
particles in the field of the product atom. When the 
coordinates of these particles are large, they are 
described by a purely outgoing n-particle solution of 
this equation. Such outgoing type solutions (corre- 
sponding to the various quantum states such as spin 
and angular momentum) have an energy dependence 
which is arbitrary to the extent that they can be 
multiplied by any function of energy a(k). 

Finally, the wave function must remain finite and 
not identically zero over any finite spatial region. We 
use just this property for energies in the immediate 
neighborhood of threshold (as in the above example) 
to determine the limiting form of the energy dependence 
of the factor a(k). 


Ill, DEVELOPMENT 


In this section we wish (1) to obtain an expression 
for the cross section for escape of particles in terms 
of a solution of Schrédinger’s equation in the asymp- 
totic region where the coordinates of the escaping 
particles are large, and (2) to develop a procedure for 
determining the limiting form of the energy dependence 
of this cross section at threshold from such an asymp- 


‘Since y changes from an exponentially damped solution for 
energies below threshold to a propagating one for energies above 
threshold, the particle current vanishes for energies below thresh- 
old, although, of course, the wave function is not zero. 
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totic solution without solving the entire boundary 
value problem. 

The usual expression for the cross section for escape 
of n identical particles from the force center of a system 
consisting of a total of NV particles (normalized to unit 
incident flux)’ is obtained by integrating the 3.V 
dimensional current vector (J 3y) 


on f dss Pe) J an 


(n) 


h 


J d3n 1S -[W*V sv WV sv" |, (1) 
(n) 


2mi 


where WV is the wave function describing the entire 
system consisting of NV particles. The origin is placed 
at the force center (assumed at rest) and Vyw is the 
3N-dimensional gradient. ‘The subseript (#) on the 
integral denotes that the integration is only over that 
portion of the (3A hypersurface 
through which there is an #-particle outward flux, and 
on which the coordinates of the m escaping particles 
(r,---r,) are large. In particular, this hypersurface can 


1)-dimensional 


be visualized as a hypersphere divided into zones 
according to the different asymptotic forms of the total 
wave function which correspond to the escape of 
different numbers of particles. 

We now introduce the product atom for those cases 
when one or more of the particles do not escape (n< NV), 
We then carry out the integration in Eq. (1) on a 
hypersurface for which the escaping particles are so far 
from the product atom that it is in its final characteristic 
energy state. The Hamiltonian then separates into a 
sum of two terms: one a Hamiltonian involving only 
the internal coordinates of the particles comprising 
the product atom and the other, a Hamiltonian involv 
ing only the coordinates of the ese aping particles in the 
potential produced by the product atom, The total 
wave function in this region can then be written as 


W(r,,°° ry) O(Tn41; rv We’ (ni, + tn), (2) 


where g(fnyi,°''ry) is the wave function for the 
product atom in its final characteristic energy state //,. 
We" (r,°*°r,) Is the wave function describing the n 
particles whose coordinates are large which, for ry: + +rp 


large, obeys the equation 


h? n n 
Vin— : V (r,) —_ = U(r jn) 
l 


2m k jAkml 


Khe (ni, tn) = Ebe™, (3) 


where V(r,), R=1, 2, -+-m, is the binding potential of 
the escaping particles produced by the product atom; 
U(rx)), p k i, de ‘+n, 18 the interaction potential 
among the escaping particles; and / is the total energy 


® FE. Schrédinger, Ann. Physik 81, 137 (1926). 
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of the escaping particles, 


E= Eva Ey= eh /2m. 

Finally, the cross section for the escape of n particles 
can be expressed in terms of we""’(1r1,--+r,) alone by 
noting that, since the wave function for the product 
atom damps in all coordinates of the bound particles, 
the integrals over these coordinates may be extended 
over all space. The integral can then be rewritten in 
terms of integrals over all space for the 3(N—n) 
coordinates of the bound particles with the integrals 
over the remaining 3N—1 coordinates extending over 
that portion of the hypersurface corresponding to the 
escape of the m particles. Assuming the normalization 


[ators aes 9(Fn41,°° tn) |\?=1, 


Iq. (1) reduces to 


h 
a\" d'r—'$ 
2mi 


(n) 


Lye Va we —We Vann If (4) 


where the subscript on the integral denotes that the 
integration is only over those zones of the (3n—1)- 
dimensional hypersurface where (r,:--r,) are large. 
For E>0, we" (n,:+-rn) has the asymptotic form 
describing an n-particle flux. For E <0, the asymptotic 
form of Wx'" in this region is damped rather than 
propagating. It is this property of the wave function 
that insures that no m-particle flux occurs below the 
threshold energy. 

The wave function for r,-- 
sented by 


‘r, large can be repre- 


vi (rn, : **Ly) a(k) Fy (ry,° °"!n), 


where = k’h?/2m, and where fF," is some solution of 
Eq. (3) which has the correct asymptotic form for 
large r;:°-r,, and a(k) is the normalizing function 
which, in general, can be obtained only by solving the 
entire boundary value problem. However, since we are 
interested only in the limiting energy dependence of 
the cross section at the threshold value, only its limiting 
form together with /,", is required, Having found an 
F,, we could adopt Wigner’s procedure by considering 
a reaction zone, within which Eq. (3) is no longer valid, 
and obtain the limiting form of a(k) by matching to an 
expression for the wave function valid inside the reac- 
tion zone in the limit k->0. However, when k—-0, the 
matching equations reflect the fact that the wave 
function must remain finite and nonvanishing in this 
limit, and represent an outgoing wave. This is sufficient 
to obtain the limiting form of a(k), since the properly 
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normalized solution to Eq. (3) must remain finite and 
not everywhere zero for arbitrarily small k, not only 
on the zone boundary, but throughout the entire 
asymptotic region. 

Utilizing this property to determine the limiting form 
of a(k) makes it unnecessary to match the wave function 
at any specified reaction zone boundary—and in fact 
makes unnecessary the introduction of the reaction 
zone itself.6 We shall adopt the following procedure for 
determining the limiting form of the cross section for 
energies near the threshold value. 


(1) Find a solution of Eq. (3) which describes the 
desired state of the m escaping particles, and which 
is simultaneously valid for the two cases: (a) 
(kr},---krn)—7>~%, (b) (kri,kro,-+-kr,)—0, and which 
describes an mn-particle outward flux for E>O and 
damps for E<0. 

(2) Obtain the limiting energy dependence of the 
wave function by multiplying this solution by a function 
of energy to make it finite and nonvanishing for 
(kr,°++kr,)—0, but (71,°- +n) large. 

(3) Obtain the energy dependence of the cross section 
near threshold by substituting this solution into Eq. 
(4), and letting k-0. 


IV. EXAMPLES OF THRESHOLD LAWS 


Reactions involving the escape of neutral particles, 
i.e., interacting only through short-range forces,’ are 
especially simple because the potential terms in Eq. (3) 
vanish within the zones of integration in Eq. (4). The 
calculation can become very tedious for some of the 
higher angular momentum state thresholds, however, 
and only a few of the simpler examples will be given. 

For neutral particles, Eq. (3) assumes the form 


(Van? kh, Wa (n,° ' Tn) 0; k?= (2m /h)E. (5) 


We require a solution of this equation for r,- + -r, large, 
and on or outside a hypersurface which, for definiteness, 
we take to be a hypersphere at 


n 
Re’ = > r?. 
j=l 


For £>0, the solution must describe a flux of particles 
originating from a source within the hypersphere, and 
must remain finite and nonvanishing as k-0. The 
usual 3n-dimensional free-space Green’s function has 
these properties, and when convenient can be used as 
a “generator” for the asymptotic forms for yg“, as 
shown below. 


6 The reaction zone concept is especially useful, however, in 
discussing the validity of the threshold laws. See Wigner.! 

? The criterion for neglecting a potential in the asymptotic 
region is that it should not modify the asymptotic form of the 
wave function. Explicitly, we can divide Eq. (3b) by &?, and note 
that when the equation is rewritten in terms of (phase-shift) 
variables 2;=kr;, any potential terms falling more rapidly than 
1/r* vanish as the threshold energy is approached (k—0). 
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Case 1. One Particle 


The one-particle three-dimensional Green’s function 
is® 
ee (l—m)! 

cos[ m(g— ¢’) | 
+m)! 


wi « l 


=—¥ (21+1) ¥ em 


lr—r'’! 2 Let) me==() (1 


Tiy4(kr’) 


* Py&™ (cos) Py (cos6’)- Hi, i (Rr), 


where 
m=( 


me 


and where r’, the ‘‘source point” coordinate, is bounded 
by Ro, (r’<Ro<r). 

The mth component of the /th angular momentum 
partial wave has the form of the m, /th term in this 
sum, and as k-0 with 7’ finite, it becomes 


pith 
Weim? (1) « a(k) Hi, i (kr) Vi™ (0,¢). 
Vr 


This expression must remain finite and nonvanishing 
as kr—0, so we choose a(k)=constant. For kr->~, it 


reduces to 
eikr 


We, 1, mm"? (11) « k'—YV™ (0,9). 
r 


Substituting this expression in Eq. (4), and noting that 
the region of integration remains finite as k-0, we 
obtain the well-known result! 


a," « Ret, (6) 


Case 2. Two Particles 


The two-particle (6-dimensional) free-space Green’s 
function is? 
ik? 
HH (RkRe), 
167r’°R,? 


Ga(rira| ry’ re’) 


where Rs, is the usual 6-dimensional source-to-field 
distance. The expansion of this function for the case of 
the field point ‘‘outside” the source point is also given 
in reference 9, and from it the following partial wave 
asymptotic forms are readily obtained, following the 
procedure of case 1: 


vp?) - iitlat2att (gikR/R) 
x { os "a sin“ak (— n, 1+ lo n+ 2 lo 3 . sin’a) 
XVin™ (62,92) Vu (01,¢1)) for kR>>1, 
where R= (r,?+r2")!, tana=r2/r;, 1; and ly denote the 
angular momenta of the two particles, and F (a,b; c; *) 


*P. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), p. 1466. 
® Reference 8, p. 1732. 
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is the usual hypergeometric function. Just as in case (1), 
the integral { Eq. (4) |] extends over that portion of the 
hypersphere at R= Ro for which each r, is large. The 
surface element is 


dS Ry? sin’a cos*ada sind,dé, SIND yd Bod yd ¢ 2. 


For this case the threshold energy dependence is, 
therefore, given by 
(2) 


O Uy, la, o& RAAB AM, (7) 


n 


For the special values n=/,=/,=0, this result has 


already been obtained by Snow? and Mamalakhlisov.* 


Case 3. n Particles, Each With Zero 
Angular Momentum 


The n-particle free-space (3n-dimensional) Green’s 


function is (within a constant factor)!’ ” 


po 


Galtiy: + tn) P15 + + tn) © RIM 


(kR,)¥O"-2) 


The term describing zero angular momentum for each 
particle can be found readily by placing the source 
point in the Green’s function at the (3-dimensional) 
origin. Following the method of case 1 [again a(k) is 
made a constant |, the wave function on the (3n—1) 
dimensional hypersphere is found to be given for large 
kR,, by 


et Rn 


pr” a kiln 1) 3 
(R,)' 1) 
’ 


where 


upon substituting into Eq. (4), this wave function yields 
the following expression for the energy dependence of 
the cross section at threshold ; 


ao'™ x kn, (8) 


It is evident that the method is readily applicable to 
other cases such as (pnp) type reactions for which the 
correct asymptotic form of Schrédinger’s equation can 
be determined. 
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The neutron yield functions of C and C" from bremsstrahlung 
up to 41 Mev have been measured by using direct neutron detec 
tion, The photoproton yield function for C has also been meas 
ured by detecting the B activity. These yield functions were 
converted into cross sections (a) by a slightly modified standard 
method 

o for C#(y,xn) exhibits a peak of ~3.7 mb at ~13.5 Mev and 
the “giant resonance” peak of ~10 mb at ~24 Mev. This latter 
10 Mev } in contrast to C# with 'y~3 Mev 
6 Mev) giant resonance 


peak is broad [Ty 


o for C4(y,p) B" exhibits a broad (Ty 
peak of 8.8 mb at 25.5 Mev. This large p/n emission ratio cannot 
be accounted for by statistical considerations : 

After a reasonable allowance is made for multiple processes, 


I. INTRODUCTION 


LTHOUGH the (y,n) and (y,p) cross sections are 

known for many nuclei,’* the total photon ab- 
sorption cross section (04,,) has been measured for only 
a few light elements. While for heavy elements ops is 
essentially known once o(y,”) is known since the latter 
predominates; for light elements, on the contrary, the 
(y,p) and (7y,) cross sections have comparable magni- 
tudes.* Cross sections for other processes such as (y,d) 
and (y,pn) usually give unimportant contributions to 
the total cross section although in a few instances these 
processes must also be considered. Thus at least o(y,p) 
as well as o(y,n) must be measured for low-Z elements 
to obtain o,,,. Although both cross sections are known 
for some light elements, so far we have no knowledge of 
J» for the very interesting case of two nuclides differing 
by only one mass number. The pair C”, C™ belong to 
this category and are amenable to experimental in- 


vestigation since C"@(y,n)C" has been investigated re- 


ft Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

* Submitted to the Faculty of the Department of Physics, the 
University of Chicago, in partial fulfillment of the requirements 
for the Ph.D. degree. 

tA preliminary report of this work has been published: B. C, 
Cook and V, L. Telegdi, Bull. Am. Phys. Soc. Ser. II, 1, 63 (1956); 
Cook, Penfold, and Telegdi, Phys. Rev. 104, 554 (1956). These 
reports will be referred to as I and IT, respectively. 

§ Present address; Department of Physics, University of Penn- 
sylvania, Philadelphia, Pennsylvania. 

' Montalbetti, Katz, and Goldemberg, Phys. Rev. 91, 659 
(1953). This paper contains a useful table of the properties of 
photoinduced reactions measured by the activity of the residual 
nucleus and also direct neutron counting. 

*R. Nathans and J. Halpern, Phys. Rev. 93, 437 (1954). This 
paper summarizes some results for monoisotopic elements by 
direct neutron counting. 

*E, V. Weinstock and J. Halpern, Phys. Rev. 94, 1651 (1954) 
This paper lists the photoproton yields for many nuclides near 
22 Mev. 

*S. Johansson, Phys. Rev. 97, 1185 (1955). 


these two measurements are combined to give the total y-absorp- 
tion cross section, Gas. Tabs Of C!? is also discussed. Both show a 
giant resonance peak but I'y(C™)>I'y(C'*) whereas the integrals 
of Gab» over the resonance are approximately equal, The idea that 
core excitation is responsible for the giant resonance is supported 
by the approximate equality of the resonance energies of C! and 
C™, but the remarkable difference in the width of these resonance 
peaks suggests a strong dependence of the absorption process on 
the ground-state configurations. The peak at 13.5 Mev found in 
C4(+,n) is still present in a4». and hence is not due to competition, 
but represents a “pygmy resonance.” 

During this work a new half-life for B'? was obtained : (18_,,,**) 
msec, 


peatedly by the activation method®* and by direct 
neutron counting,'*"” and the cross section C#(y,p)C" 
has been measured by detecting the protons directly." 
Enriched C¥ has become available in sufficient amounts 
(grams) that the photoneutrons can be counted directly 
by standard techniques and the B” produced by the 
(y,p) process detected conveniently. 

Measurements of o,, for this particular pair of 
nuclides seems to be especially attractive as op, of C” 
is in some ways unique. For example, the giant resonance 
peak is abnormally narrow and the cross section above 
the peak large. A wide resonance for C' would suggest 
that the narrow resonance in C” may be related to the 
closing of the p; subshell. Thus a measurement of the 
C cross section might bring out special ground state 
effects on photonuclear reactions similar to those re- 
ported at the closing of the neutron shell at the magic 
number 50.” 

Aside from the previous considerations, C™ itself 
appears to be an interesting choice for study from 
several other viewpoints. It has been suggested that the 
well known giant resonance peak in (7,7) cross sections 
occurs at an energy better correlated with the threshold 
energy for neutron emission than with the mass number 
A itself." Although recent work at the University of 
Pennsylvania" has shown that this suggestion is in 
general unfounded, some smal! correlation of the energy 
(E,) of peak in o(y,n) with the threshold is to be ex- 
pected from statistical arguments alone,'® even if the 


5 Barber, George, and Reagan, Phys. Rev. 98, 73 (1953). 

®*L. Katz and A. G. W. Cameron, Can. J. Phys. 29, 518 (1951). 

7R. Sagane, Phys. Rev. 84, 587 (1951). 

*K. Strauch, Phys. Rev. 81, 973 (1951). 

*L. Marshall, Phys. Rev. 83, 345 (1951). 
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“J. Halpern and A. K. Mann, Phys. Rev. 83, 370 (1951). 

”P, Yergin and B. Fabricand, Phys. Rev. 100, 1269 (1955). 

‘8 Katz, Baker, Haslam, and Douglas, Phys. Rev. 82, 271 (1951). 

4 R. Nathan and P. Yergins, Phys. Rev. 98, 1296 (1955). 

* Santos, Goldemberg, Silva, Borrello, Villaca, and Lopes, 
Anais acad. brasil. cienc. 27, 437 (1955). 
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energy EF, of the giant resonance in op, is completely 
independent of all thresholds for particle emission. A 
measurement of the C(y,n) cross section would yield 
further information about the threshold dependence of 
E, in o(y,n) as the (y,n) thresholds of C”® and C* are 
18.72 Mev and 4.95 Mev, respectively. Moreover the 
threshold dependence of Ey in ou. has never been 
measured previously by comparing nuclides of similar 
masses but differing widely in binding energies. 

The o(y,n) of C near threshold is interesting in view 
of the success of a simple model'*” for Be® in explaining 
both the energy dependence of the cross section 
Be*(y,n) Be*® and the angular distribution of the photo- 
neutrons near threshold.'*"* In this model one assumes 
a direct photoemission of the unpaired neutron from Be® 
described as a core plus a single particle in an orbit. In 
some respects such a model might be expected to ap- 
proximate reality more closely for C® than for Be 
inasmuch as the core of C", ie., C?, is closed in j— 7 
coupling while it is unfilled for Be’. On the other hand, 
the existence of a 2* state in C” at 4.43 Mev, some 500 
kev below the C¥(y,n)C” threshold, casts doubt about 
the correctness of the model even near threshold. A 
measurement of o(y,2) can establish the useful energy 
range of validity of this model for C™. 

On the basis of the preceding considerations we de- 
cided to determine o(y,n) and o(y,p) for C™ in this 
laboratory. The (y,z) yield from bremsstrahlung was 
measured as a function of betatron energy at one Mev 
intervals from 6 Mev to 41 Mev by direct neutron 
counting. The (y,p) yield was determined analogously 
at one Mev intervals from 17 to 32 Mev, and at larger 
intervals to 45 Mev by detecting the 13.43-Mev 8 from 
B” in GM counters. Both yield functions were con- 
verted to cross sections using slight modifications of 
standard methods.” Neglecting the (y,2p) process and 
making reasonable assumptions about the (y,2m) and 
(y,pn) processes, the two cross sections were then com- 
bined to give an approximation to o4,.(,). For reasons 
to be discussed later, we confine our derived cross 
sections to £,<35 Mev, although the yield functions 
are presented up to 41 Mey. 


Il. EXPERIMENTAL PROCEDURE COMMON 
TO (y,n) AND (¥,p) 


Betatron Performance 


A discussion of the performance of the University of 
Chicago betatron on obtaining yield-functions is in 
order as the two previous reports” from this labora- 
tory containing activation functions did not discuss this 


16 FE. Guth and C. J. Mullin, Phys. Rev. 76, 234 (1949) ; 76, 682 
(1949). 

17T. Sexl, Acta Phys. Austriaca 3, 277 (1949). 

‘8B. Hamermesh and C. Kimball, Phys. Rev. 90, 1063 (1953) 

% R. Nathans and J. Halpern, Phys. Rev. 92, 940 (1953). 

” A.S. Penfold and J. E. Leiss, Phys. Rev. 95, 637(A) (1954). 

1, §. del Rfo and V. L. Telegdi, Phys. Rev. 90, 439 (1953) 

#2 1,. Meyer-Schitzmeister and V. L. Telegdi, Phys. Rev. 104, 
185 (1956). 
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point and relied heavily upon this work for their validity. 
The betatron energy scale must be linear and accurately 
calibrated to obtain meaningful yield functions. This 
scale is determined here by the integral of the voltage 
induced ina turnaround the centerpiece of the betatron.™ 
The linearity of the electron energy (the upper limit of 
the bremsstrahlung, 4») as a function of this integrated 
voltage was checked by magnetic field measurements 
at 50 and 100 Mev and by measuring the 10.7+-0.1 
Mev threshold*** of Cu®(y,2)Cu®™, and the 19.55-Mev 
“break’”6?7 in the C#(y,2)C! activation curve. The 
nominal energy scale of the betatron was determined 
by a field measurement at 100 Mev. The latter two 
activation measurements determine the absolute energy 
scale. The Cu® threshold was found at a nominal energy 
of 10.5+0.1 Mev, and the C” break at 19.54-0.1 Mev. 
Thus the nominal energy scale of the betatron is linear 
and correctly calibrated to within +200 kev for all 
energies used in this experiment. 

In the actual operation of the betatron the integrated 
voltage mentioned above is compared with an adjustable 
reference voltage calibrated in Mev. An ejection trigger 
pulse is generated when the difference between these 
two voltages is zero. X-rays are then obtained within 
30-70 ysec following this trigger pulse depending upon 
the electron energy. The stability of / is determined by 
the stability of the comparison circuit and the time 
jitter in the electronics following the trigger pulse. The 
over-all stability of 2) was checked by repeated meas- 
urement of the ratio of the C?(y,n)C" and Cu®(y,n)Cu® 
yields at 22 and 38 Mev. The larger fluctuations in this 
ratio, which is a strong function of energy at 22 Mev and 
almost independent of energy at 38 Mev, at the lower 
energy can be attributed to an energy instability of +50 
kev. For runs of the order of an hour or less, such as 
used in the present experiment, a conservative estimate 
for the stability of Hy is about + 100 kev. 


Preparation and Description of Samples 


The C sample was obtained in the form of finely 
divided charcoal by reducing enriched** (64.8%) BaCOy 
to elemental carbon. Libby’s method,” in which COz is 
reduced to C by using Mg in a Fe tube, was used for 
this. It was found that the following modifications im- 
proved the purity of the sample and increased the yield ; 
(1) operating at a CO, pressure of 4 atmospheres or less 
in order to avoid excessive heating of the iron tube with 


In principle this method is superior to the method used at 
other laboratories where the current in the exciting coils of the 
betatron is integrated. Katz, McNamara, Forsyth, Haslam, and 
Johns, Can. J. Research A28, 113 (1950) 

4M. Birnbaum, Phys. Rev. 93, 146 (1954). 

26 Sher, Halpern, and Mann, Phys. Rev. 84, 387 (1951) 

26 1B. M. Spicer and A. S. Penfold, Phys. Rev. 100, 1375 (1955), 

27 Katz, Haslam, Horsley, Cameron, and Montalbetti, Phys 
Rev. 95, 464 (1954). We have identified the 19.3 Mev of Katz with 
the 19.55 Mev break of Spicer and Penfold 

#6 Obtained from the Kastman Kodak Company. 

mW. F. Libby, Radiocarbon Dating (University of Chicago 
Press, Chicago, 1952), pp. 42-51. 
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ensuing formation of carbides; (2) using carbon-free 
iron tubes to prevent isotope dilution. Yields approach 
ing 80% were obtained. A C” sample was prepared at 
the same time for comparison measurements. The 
weight and composition of the C” and C™ samples are 
indicated in Table I. 

It was found that heating the charcoal samples so 
obtained to 1000°F in vacuum and then letting them 
cool in hydrogen made them stable against adsorption 
of air and other gases. In fact the samples finally used in 
this experiment gained ~ 1% in weight over a period of 
9 months. The samples were packed in one-mil-thick 
polyethylene “tubes,” roughly cylindrical in shape and 
# inch in diameter. The C™ tube was about 8 inches 
long; that containing C about 9 inches. 


Experimental Arrangement 


Figure 1 shows a general plan view of the experimental 
arrangement. Of the four x-ray beams available, the 


TABLE I, Chemical composition and weights of C® and C™ samples. 


(a) Chemical composition 
Constituent 
Cc 


Ash (Mg, Fe, Si, Al) 
Others (volatile) 


(b) Weights (grams) 


C! sample C!? sample 


1.738 
0.315 
2.053 
1.888 
1.078 
0.810 


1,930 
0.363 
2.343 
2.155 
0.026 
2.129 


Sample 
Tube 
Total 
Total C 
Total C¥ 
Total C” 


§P=-EHEAVY CONCRETE 


Ry tien 
_1.5"Pb COUNTER 


Fic. 1, Plan view 
of betatron room 
showing physical ar- 
rangement for the 
(yn) and (y,p) ex- 
periments. 
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‘contract” beam was used for the photoneutron work 
and the “lower” beam for the photoproton work. The 
equipment used for the (y,») and (y,p) measurements 
was shielded from the betatron doughnut by a 3 ft 
heavy concrete (Fe-loaded) wall and by 22 X4-inch 
PbO bricks (8 g/cm*) between the field coils. The 
“contract” beam from a 10-mil Pt target was defined to 
0.2° divergence with 8 inches of Pb. It then passed 
successively through a second, somewhat wider 8-inch 
Pb collimator, a 44-inch channel in the Fe filling the 
shield wall, a 1.5-inch diameter passage in the neutron 
counter housing, and finally struck the monitor. The 
defining collimator was at 128 cm, the sample at 386 cm, 
and the monitor at 689 cm from the target. The (y,p) 
equipment was located in the window of the shield wall 
used for the “lower” beam. This beam was collimated in 
8-inch Pb to 1-inch diameter at the sample, 194 cm 
from the target (22-mil W wire). Lead was used to 
shield the equipment adequately. The equipment was 
aligned initially with respect to the beams photo- 
graphically: the position of the latter was found to be 
independent of energy from 10-50 Mev. The sample 
position was checked frequently during the course of the 
experiment. The electron contamination of the x-ray 
beam was found to be negligible. 

The monitor usually used in both experiments was a 
500-mr thimble ionization® chamber set in 8-cm cube of 
Lucite. Its response to Co™ y rays agrees with that of a 
25-r Victoreen chamber such as is often used in photo- 
nuclear work ; for 50-Mev bremsstrahlung the response 
differed by 2.5%. No saturation effects were found at 
the highest beam intensities used. 


” Landsverk Electrometer Company “Gold Band’ Roentgen 
Meter Model L-110. 
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the electronics used for the 
(ym) experiment. (B) Sche 
matic representation of the 
timing 





Ill. (y,n) EXPERIMENT 
Neutron Detection 


A neutron detection system based upon Halpern’s 
design®! was used. Twelve enriched BF; counters (1- 
inch diameter, 10-inch effective length) were embedded 
in paraffin on a cylinder of 13-cm radius concentric with 
the sample. This assembly was shielded by 8-inch 
paraffin and 4'y-inch Cd on all sides except on the 
betatron side where 24 inches of paraffin were used. The 
C” and C™ samples were centered in two Synthane 
tubes (1.5-inch o.d.) which fitted closely into the 
counter housing and were reproducibly positioned. 

Figure 2(A) shows a block diagram of the electronics 
used and Fig. 2(B) depicts the timing used schematically. 
Since a complete description of the operation has been 
given elsewhere," we believe that only the slight differ 
ences need be mentioned. The 12 counters, operated in 
parallel at 1900 v with an input sensitivity of 1.5 mv, 
exhibited a plateau for Ra-Be neutrons (207/100 v) of 
250 v length. The non-overloading amplifier” (Chase 
Higinbotham design) is required to insure quick recovery 
of the counting system after the beam pulse. The delay 
after ejection must be variable as the beam delay after 
the ejection trigger depends upon the energy. An 
oscilloscope was used to set this delay and monitor the 
gate operation 

The counting efficiency (about 6%)) for Ra-Be neu 
trons was stable (about one percent) during the course 
of the experiment. All timing was determined using a 
calibrated oscilloscope. The duty cycle for counting 
measured by counting a random neutron source and 
from the measured gate length agreed. The gate trigger 


Halpern, Mann, and Nathans, Rey. Sci. Instr. 23, 678 (1952) 


? Beva Laboratory Model 152 
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ing was completely reliable and the gate delay and 
length were stable. 


Procedure 


At least three independent runs were made at 1-Mey 
intervals from 6 to 30 Mev. From 30 to 41 Mev only one 
run was made at each yield point using a 5-r thimble for 
monitoring. The energy sequence was selected to mini 
mize systematic errors. Depending upon the energy, 
running times varied between 2 hr and 10 min; above 
20 Mev all runs were 10 min as the approximately equal 
beam intensity was used to keep pileup errors completely 
negligible. A no-sample run was taken after each C™ run 
to determine the background. At 30 Mev the sample to 
background ratio was 9/1 and improved at both higher 


and lower energies 


Yield Function 


\ plot of the yield points V (My) (le backyvround 
and corrected to monitor response at NTP) so obtained 
versus energy Ey is shown in Fig. 3. Their errors, a 
constructed from the reproduc ibility of the data and 
25 Mev, are 


for an individual yield point or about 1.5%, for the 


¢ 
+ 2.1% 


counting statistics at Fp about 
average of three runs. The deviations (about + 2%) of 
the points from a smooth curve in excess of counting 
statistics (~1%,) probably arise in monitoring difh 
culties 

! value” of 


18 Mev. In 


compared to that from 


Che absolute yield is based upon Katz’ 
1.7 10° 
practice the yield from Cu was 


neutrons/mole-100 r for Cu at 


fessor Katz has informed me that 
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the samples at 30 Mev by using a more divergent (0.4") 
beam than that used for the yield function which 
encompassed the samples. The ratio of Cu yields at 30 


[ecm JUNTERS | — 
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Fic. 3. C4(y,xn) and 
C2(y,xn) yield functions 
up to 41 Mev. 
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Mev and 18 Mev was then determined carefully. Cor- 
rections were applied for the finite length of the samples. 
Although the beam did not strike the entire monitor no 
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corrections to the monitor reading need be applied as the 
measured correction was independent of beam energy. 
Table II lists all factors entering this normalization. 

Y,,(E) of C¥ (corrected for the C” in the sample) at 
22 Mevis (2.3+0.2) X 10’ neutrons/mole-100 r while the 
Y,(Eo) of C® is (1.540.2) 10° neutrons/mole-100 r. 
The Saskatchewan group! obtained 3.5X 10° neutrons, 
mole-100 rand Price and Kerst® 0.7 10° neutrons/mole- 
100 r for C” at this energy. A 500-kev shift in the energy 
scale used at each laboratory will bring the measure- 
ments into agreement. ‘These discrepancies justify our 
redetermination of the V,,(/) of C” to correct the 
sample yield for its C” content; for, if published C” 
yield functions were used, the C’ yield function would 
have been considerably distorted. The large discrep 
ancies in published photonuclear yields and cross 
sections has been stressed before by the Pennsylvania 
group.” 

The (y,n) cross section will be discussed in a later 
section. 


IV. C!(y,p)B! 
Equipment 


The short-lived activity of B” is readily detected in 
GM counters by appropriately cycling the betatron 
output. Since the half-life («25 msec) of B” and the 
repetition time of the betatron (16.7 msec) are com 
parable, about ] of the saturated activity from B” can 
be produced in three injection cycles while the activity 
is practically gone after nine more cycles. 

Six GM counters were arranged symmetrically about 
the sample to detect the decay. The counters were 
positioned by iron spacers exclusively as preliminary 
experiments had shown that other materials lead to 
troublesome backgrounds from neutron capture ac 
tivities. Figure 4(A) shows a block diagram of the 
electronics used to program the betatron and record the 
GM counts in the above cycle; the sequence of events 
during the latter is illustrated in Fig. 4(B). Ifa betatron 
injection pulse occurs at / 
within the next } cycle of the magnetic field, the exact 


0, a beam pulse follows 


time depending upon the energy. The pulse is detected 
in a small Nal(Tl) crystal and photomultiplier. After 
appropriate amplification and shaping it is counted in 
the scaler “count 3.” The cycle continues until 3 beam 
pulses are recorded, then [shortly after cycle 3 on Fig. 
4(B) | the injection trigger is turned off so that no 
electrons will be accelerated in the betatron until the 
trigger is again initiated. Two milliseconds later the 
delayed gate is opened, allowing GM counts to be 
recorded in the scaler. After 130 msec the gate closes, the 
scaler “count 3” is reset, and the injection trigger is 
turned on. When the betatron is properly phased, 
electron injection occurs and the cycle is renewed. 

The counts recorded by the scaler are not necessarily 


3G. A. Price and D. W. Kerst, Phys. Rev. 77, 806 (1950 


4 Eck and Krebs—type 1108 


ABLE IT. Factors for absolute normalization of V,, (220 


1.7108 neutrons 
1007 


1. Assumed Cu yield at 18 Mey 
mole 
2. Ratio of Cu yield at 30 Mey 2 2.17 
to yield at 18 Mey 
3. Ratio: moles Cu/moles C 
4. Correction for finite length 
ol samples 
a. yield for O04 
yield for 0.2 


0.0487 
0.82 


0.1058 
OSS 


beam /¢ 1.36 1.26 


beam 


due solely to B” activity and hence are not sufficient for 
yield measurements. In fact a complete decay curve 
must be obtained at each energy (/%) for which the 
yield is to be measured. For millisecond half-lives a 
conventional way to do this is to display each decay 


7\\ 


30 Mev 
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Fic. 5, Reproduction of a typical Varian Record Chart showing 
number of G-M counts as a function I channel 
1 msec) Kun was taken at 1 represent 
2000 count Phe 


component (B') and a background is apparent, 


of channel] 
40 Mey 


decay 
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bull scale 
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hic. 6. Decay of B" 

event on an oscilloscope with linear sweep and_ to 
photograph the screen. In this experiment the oscillo 
scope was an adaptation of a Zaffarano type® ‘dot 
analyzer”; it is indicated in Fig. 4(A) as the 5XP11 
C.R. tube. Its horizontal sweep, started when counting 
beyins and defining a time axis, is derived from the 
weep circuitry of a strictly linear oscilloscope.” 

The Z-brightening circuit for the 5X P11, normally 
inoperative, is turned on by the output of a discrimi 
nator following the GM counters so that each accepted 
GM count appears as a flash at an appropriate point on 
the time axis. The sequence of flashes is photographed as 
dots (10-mil diameter) on Linograph Ortho film using a 
Fairchild Type 314 camera (Summicron F; 2 lens) with 
ixZ Since the film was advanced at 9 
inches/min, successive sweeps appear displaced verti 
cally along the film. To assure satisfactory uniformity of 
dots across the film, push-pull sweep deflection of the 
»X P11 was found absolutely necessary. The sweep was 
made about 10 msec longer than the gate (130 msec) and 
returned automatically to its zero during the bom 
bardment of the sample. In tests the equipment followed 
the above « yi le without exce ption (about 8000 « y) 

\n additional oscilloscope, indicated in Fig. 4(A), was 
used to monitor the beam to ascertain that acceleration 


minification 


occurred after each injection pulse and that the in 
tensities of the three pulses were equal on the average 
lo obtain this condition it proved necessary to sacrifice 
beam intensity as the capture conditions into a stable 
hetatron orbit appear to be too critical for stable pulsed 
operation at the optimum injection phase 

he film was read by using a replica of the automatic 
film scanner developed at Iowa State College® for use in 


conjunction with the “dot analyzer.’ This scanner 


Hunt, Rhinehart, Weber, and Zaflarano, Rev. Sci. Instr. 25 


208 (1954) 
” Tektronix Model 541 
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counts the number of dots in 5-mil channels across the 
film; each channel corresponding to about 1 msec under 
the conditions of operation used. The number of counts 
in each channel was converted to a voltage and then 
recorded on a chart using a Varian recorder advanced 
after the completion of each channel scan. In this way 
decay curves were obtained at each beam energy Eo. A 
typical chart, obtained at 30 Mey, is reproduced in 
lig. 5, where full scale corresponds to 2X 10% counts 
channel. A short half-life component and a background 
are evident. 

Absolute time calibration was achieved by recording 
on each film dots generated by counting the 60-cycle 
line frequency. The sweep length was stable to one 
channel in 160 channels and the zero position did not 
drift more than one channel during any given run. This 
drift introduces an error of about 1 msec in the definition 
of zero time, thus affecting absolute yield determinations 
but not the half-life measurement. As a check a random 
source was used to obtain approximately uniform dot 
density across the film. This showed variations in the 
light output across the SX P11 screen produced system- 
atic deviations (about 2.5%) in the efhic iency for 
counting dots in certain channels through changes in dot 
size. However the net effect upon events monotonically 
distributed in time can be neglected. 


Identification of Activity 


The assignment of the short-lived component to B” 
was verified (1) by an absorption measurement [half- 
thickness of (1.340.2) g/cm* Al corresponding to 
Foinax 15 Mev | (2) a threshold energy of about 18 Mev, 
and (3) the absence of a short half-life activity when a 
C” sample was substituted for C’ 


Half-life of B”’ 


All data were grouped into bins of six channels be 
ginning with the ninth channel from zero time as a 
short-lived (1 
present, All data in runs with 2» 226 Mev were com 
bined and titted by least squares to the expression 


msec) neutron-induced activity was 
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Fic. 7. C! »)B" yield function up to 45 Mev 
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1+ exp| —An |, where n is the bin number. This best 
fit decomposition of the decay curve is shown in Fig. 6, 
in Which A has been omitted 

\ half-life of (18 
be compared with 2 
8B” from earlier work 


following tests: (1 


was obtained, and Is to 
reported for 
This result was subjected to the 


msec 


)2 7 and 27 msec** 


mse 
pomts of the decay curve corre 
sponding to the first half-life were omitted; (2) runs at 
26, 32, and 45 Mev, having widely different activity 

background ratios, were separately decomposed ; (3) a 
recorded sweep of 1.5 
msec/channel. The analysis of all three sets of data was 
consistent with a half-life of 18 msec. The error quoted 
above is not statistical (over 710° disintegrations 
were recorded), but rather reflects variations in the 


series of runs were with a 


efficiency for counting dots across the film. 


Yield Function Determination 


(at 1-Mev intervals) to 
15 Mev 
Al (0.27 g/cm) was interposed between the sample 
and counters to the C"™ background from 
C?(y,n)C". For Eo>32 Mev, the beam intensity was 
reduced to avoid pileup of dots 


Two runs were made at all # 
32 Mev and at wider energy intervals up to /y 


MAnIWize 


Each decay curve was decomposed by least-squares 
fitting into an 18.0-msec activity and a constant back 
ground. ‘The ratio activity/background was 1/1 at 22 
Mev and 12/1 at the highest energy. rom the con 
sistency achieved in runs at the same /o, we estimate a 
relative error of about +4% for each yield point (Hig. 7) 
with £2 25 Mev. 

lable LIT lists the 
experimental data (counts/channel in bin No. 0 per 
Most 


factors are self-explanatory. Correction (3) assumes the 


factors used to convert the raw 


roentgen) to absolute yields V,(4). of these 


x-ray intensity is on the average the same for each 
successive pulse of a cycle. Since reproducible yields 
were obtained although the betatron was operated in 
various runs with different injection phases, this as 
sumption seems justified. Correction (4) is obtained 
from an experimental absorption curve. The axial de 
pendence of the counting efficiency was determined by 
and Y-Sr* ‘These same 


using a pointlike P” sources 


TABLE III. Factors of absolute normalization of V,(45 


Correction to actual time zero 
Correction for bin length (4.95 ms« 
} 


counters and 


\bsorption in sample S 
l/r? correction of monitor 
Mean life in channels (1% 


1 
2 
3. Decay during bombardment (3 cy 
} 
c 


Moles C® (0.0829)~! 
Central efficiency of counter 
6 of & counters used 


. Correction for finite leng 
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rn) yield function. Curve is taken from Montalbetti 
el al. (reference 1 


the effective 
length of the counters and thus the efficiency for a 


measurements were used to determine 
centrally located point source. This calculated efficiency 
agreed (within 1.5°,) with one obtained using a P® 
source” calibrated by 27 counting” if appropriate cor 
rections for backscattering and the absorption of P® in 
the counter walls are made. Since the absorption cor 
rections are small for B™, the calculated efficiency was 
used. 

The estimated absolute accuracy for Y 
Mev) is 12.5%. 7, of B® is 
accuracy of V (4) 

In Fig. 7 we see that V,(4%) does not begin to rise 


p( Eo) (o> 25 
the factor limiting the 


rapidly up to 22 Mev, 5.5 Mev above threshold, in 
marked contrast to the (y,2) yield (Pig. 3) which again 
increases near 18 Mev after a low-energy contribution to 
the yield. A displacement of Y,(22) relative to VC 
has been found in other nuclei such as A®,"' and perhaps 
Mg?® Si? and Si*”.# 


V. CONVERSION OF YIELDS TO CROSS SECTIONS 
Spectrum 


The (yn) and (y,p) yield functions [¥,,(/%) and 
V ,(225) | depend upon the respective cross sections, the 
monitor response, and the photon spectrum, ‘The latter 
was assumed to be the integrated over angles brems 
strahlung spectrum of Schiff modified for target and 
doughnut absorption. The beams used in these experi 


ments give for other reactions, yields which agree 


closely with those from other laboratories. As an ex 


ample, ig. 8 shows the Cu(y,an) yield obtained here 


the smooth curve indicated is taken from Montalbetti 


“TI am indebted to the Argonne Cancer Research Hospital for 
the P® and Sr-Y® solutions used to prepare the sources. The 
nominal calibration of the P® solution (as supplied from Oak 
Ridge) agreed to within 1% with that obtained by 2m counting 
performed here 

” Nader, Hager, and Setter, Nucleonics 12, 29 

" McPherson, Pederson, and Katz, Can. J 
(1954) 

@ Katz, Haslam, Goldemberg, and Taylor, Can 
(1954); see however reference 14 


“1, I. Schiff, Phys. Rev. $3, 252 (1951 
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hic. 9. D(yn)p yield function. The curve is obtained from the 
theoretical D(y,n) p cross section and the assumed bremsstrahlung 
The good agreement is evidence that the x-ray spectrum 
significantly distorted 


spectrum 
used 18 not 


el al.’ However this check supplies little evidence that 
the spectrum is undistorted below 10 Mev. As an 
additional check the (y,2) yield from deuterium (as 
paraflin) was measured as a function of £». The result is 
hown in Fig. 9. The curve is a theoretical yield obtained 
by folding the D(y,n)H cross section“ into the assumed 
spectrum and normalized to the experimental yield 
point at 8 Mev. A further assumption that the detection 
efficiency for neutron is independent of neutron energy 
is implicit in this calculation. The correctness of the 
assumptions appears to be borne out by the excellent 
agreement 

Phe response of a thimble embedded in an 8-cm 
Lucite block for modified bremsstrahlung*® was recalcu- 
lated using a revised value of 33.5 ev“ for W (the energy 
loss per ion pair in air). The materials modifying the 
beam by absorption are listed in Table IV; the absorp 
tion coeflicients were taken from a report by White.” 
Phe resulting response function [in units of (esu/cm*) 
(erg/cm*) | is about 10°) smaller than that used previ 
ously, which entails a corresponding reduction of all 
absolute cross sections obtained from yields monitored 
by ionization."® Although the agreement among reported 
cross sections is improved by the above correction, 20% 


discrepancies™ are still reported. 


“J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 

John Wiley and Sons, Inc., New York, 1952), p. 609. This cross 
section agrees well with experiment. See, e.g., Barnes, Carver, 
Stafford, and Wilkinson, Phys. Rev. $6, 559 (1952) 

1. Katz and A. G. W. Cameron, Can. J. Phys. 29, 518 (1951) 

“WP. Jesse and J. Sadauskis, Phys. Rev. 97, 1668 (1955), and 
other recent determinations give W 2 34 ev while reference 42 used 
ul 42 Sey 

1G. White, 
(unpublished 

Proceeding of the Photonuclear 
Institute of Technology, 1955 (unpublished) 

“For example, recent determinations of J acusdk for 
Cu" (y,n)Cu® are as follows: A. I. Berman and H. L. Brown, Phys. 
Rev. 96, 83 (1954) : 500 mb-Mev; Scott, Hanson, and Kerst, Phys 
Rev. 100. 209 (1955): 410 mb-Mev; L. Katz and A. G. W 
Cameron, Can. J. Phys. 29, 518 (1951): 660 mb-Mev (this can be 
reduced to 590 mb-Mev private communication), V. E. Krohn, 
Jr. and EF. F. Schrader, Phys. Rev 87, O85 (1952): 510 mb-Mey 


Bureau of Standards Report 1003 


National 


Conference held at Case 


Cc; £eoe 
TABLE IV. Materials modifying the spectrum. 


Element Amount (g 


| Si 1.12 
,O 1.68 
Na 

2 

1K 


0.09 
0.02 
|B 0.14 
| Al 0.06 
Target (0:010 in Pt 0.49 


Pyrex doughnut wall (3.10 g) 


Until these discrepancies are resolved, an uncertainty 
of about 20% should be assumed for all photodisintegra- 
tion cross sections. 


Solution of Yield Functions 


The experimental yields V (4) are related to the cross 
section o(#), the monitor response M(£) and the 
effective spectrum \V(E,E) by the identity 


Eo 
V (ko) f (ENE Ea\d | 


Eo 
f M(E)N(E,Ey)dE 
) 


Eo 
y (Eo) ‘ f MNdE. 


If V (E,Eo),were constant for E= Ey and zero for E> Ep, 
direct differentiation of y(/%)) would give the unknown 
o(E) that is sought. Although the actual V(2,£o) are 
not at all of this “block” form, Spencer™ has shown that 
it is analytically possible to transform the spectra 
N(E,Eo) (and the yields Y (2 ) | in such a fashion that 
direct differentiation yields o(£). 

In practice, Y(4,) is obtained only at a finite set of 
values of Eo, and the necessary operations involve 
discrete values for the variables and are most con- 
veniently done in matrix form. Suitable matrices have 
been tabulated by Leiss and Penfold®'; they are im- 
plicitly contained in the tables of Katz and Cameron. 

The straightforward application of these methods 
yields invariably strong oscillations in the derived o(£) 
values, in particular in the energy region where o(£) is 
decreasing. As o(/2) is believed to be inherently smooth 
and no physical significance is attached to these oscilla- 
tions, it has been proposed by Katz and Cameron“ that 
VY (Ey), as well as its first and second differences, be 
smoothed before its conversion to o(4) is attempted. 

In the present work, we have preferred another 
method of smoothing which we shall outline briefly here, 
relegating details to the appendix. It is based on the 
fact that S( Eo) = fo"* o(E)dE isalwaysa much smoother 
function of EZ» than a is of E. By techniques similar to 
those discussed above, and indeed using matrices closely 


(1) 


” L. V. Spencer, Phys. Rev. 87, 196 (1952). 
81 A. S. Penfold and J. E. Leiss, Phys. Kev. 95, 637(A) (1954). 
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related to those of Leiss and Penfold, it is possible to 
obtain S(Ko) directly from V (Ey). This S(2») is then 
smoothed, and o(£) obtained by differentiation from it. 
These latter operations were performed as follows: S 
was expressed near a fixed value of Eo, say EF, as a 
quartic, 


4 


i a,( Ko 


n=l) 


S( Ep) he)", (2) 


the a,’s being obtained by least-squares fitting to 7 
points symmetrically about /. Thus a,=a,(/), where 
FE goes through the energy range of V(o). By the 
definition of .S, we have a;(/)=o(&), and the other 
a,’s need not be computed. 

The advantages of this method appear to be: (a) the 
entire smoothing procedure is analytical and well 
detined, (b) in principle, it is possible to assign a 
precise error to each o(/) knowing the errors in the 
V(ky), (ec) S, a quantity that is itself of physical 
interest, is obtained without any smoothing. Inci- 
dentally, fP/E'o(E)dE, another moment of consider 
able importance, can similarly be obtained without 
smoothing. 

Figure 10 shows the points for S(o) obtained from 
the (y,2) yield from the C'™ sample, indicated in Fig. 3 as 
“CR+C8” The curve in Fig. 10 was obtained by 
summing the o(/) derived according to the above 
procedure. The internal consistency of the method is 
well borne out by this figure. 


Cross Sections 


The cross sections for C'(y,an) and C!(y,xn) are 
shown in Fig. 11, and for C%(y,p)B" in Fig. 12. The 
a(y,xn) for C was determined by subtracting the C” 
contribution to fodE and then differentiating. In 
Table V are listed some relevant threshold values of C“ 
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and C. In Table VI we results and 
earlier results for C!’ 
Our measurement contirms earlier results 


22 Mev 


high-energy tail is 


ummarize our 


C!*(+,x1n) 
that the giant resonance peak is at and 


narrow. The existence of a also 
confirmed. 

C¥(y,x«n).—For E \Mlev the 
be attributed to ( 
a(y,n) for C® exhibits a peak of 3.7-mb height and 
(5+1)-Mev half-width (1,) at (13.3+1.0) Mev. The 


cross section then goes through a minimum of about 1.8 


20.90 photoneutron 


cross section can (vy gp) CU? only 


mb at 17 Mev. This minimum cannot be due to com 
peting processes but is characteristic of a4), itself, At 
up to 22 Mev 
then dips slightly, reincreases to a peak height of 8.8 mb 
at 26 Mev and then falls slowly. Above 17.54 Mev the 


(y,p) process can influence the a(y,n) by competition 


high energies the cross section increase 


and above 20.90 Mev multiple processes become po 
sible. The dip in o(y,xn) and the subsequent reimncrease 
‘ however, In View 
for C! 


used tends to 


may be attributed to these process 
of the fact that the allowance 
could be too large and that the analysi 


made tor of Y,1) 


broaden all cross sections, this dip might be spuriou 
This was the viewpoint taken in our preliminary com 
munication (1). Fortunately no major conclusions that 
we wish to draw depend critically upon the exact shape 
of the cross section in this Since the 


energy revlon 


interpretation of a(y,an) of C™ depends upon the 
a(y,p) for C%, the latter will be discussed first 
C¥(7,p)B"—The C(y,p)B" as CH (y,p)B! 
cross sections are shown in Jig. 12. The latter cros 
section is taken from Halpern and Mann."! .\Vote added 
in proof.—The C"(y,p)B" cross section has recently 
been revised. (dy 
29 mb. The a(y,p 


well a 


22 mb) as a consequence at the peak 


Taba for C' exhibits a peak of 


Patton, Reibel, Stephens, and Winhold, Ph 


1956 


© Cohen, Mann 
Rev. 104, 10 
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Fic. 11. The cross 
sections for C8 (+,xn 
and C!#(y,xn). The 
solid curve is the ex 
perimental cross sec 
tion The dotted 
curves for the cross 
sections C¥(y,)C# 
and C4 (+, pn) B" 
LC18(4 2n)CU are 
based on reasonable 
assumptions about 
the neutron multi 
plicity. The curve 
“CB(yn)C2 + Ci 
vpn) Bu n feu 
(y,2n)C" (hypothet 
ical)” is the assumed 
cross section for all 
yielding 
neutrons The as 
sumptions made are 
discussed in the text 
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8.8 mb at 25.5 Mev; in contrast to the o(y,p) for C”, 
it has a large half-width 

Since it is seen that o(y,p) of C™ is large near 22 Mev, 
the dip in o(y,xn) at that energy might well be real and 
attributed to proton competition, the (y,n) process 
heing the main (y,1n) reaction at this energy. The rise in 
a(y,xn) at 26 Mev would then be attributed to the 
(y,pn) and (y,2n) processes. Similar effects attributed to 
competition are found in the F", S®, and P® cross 
sections,” 
~ Referring again to Fig. 11, the dashed curve labeled 
(4 (y,n)C" is a conjecture that represents a safe lower 
limit for this cross section. The difference between this 
conjectured curve and the experimental curve should 
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The C4(y,~)B™ cross section. The dotted curve for 
Pp) B" cross section is taken from Halpern and Mann 


hic 
the C# 
(reference 11 


] ) 


Phys. 32, 238 (1954 
81, 815 (1951) 


® Taylor 


L. Katz and 


Robinson, and Haslam, Can. J 
\. S. Penfold, Phys. Rev 


then represent of C"(y,pn)B" |+-20[.C8(y,2n)C" J as the 
neutron multiplicity is two for the second process. 
Assuming proton and neutron emission to be equally 
probable, the cross section for multiple-particle produc- 
tion would be two-thirds of this difference. The curve ob 
tained with these assumptions, indicated as “C¥(y,n)C” 
| C¥(y, pn )BU+-C#(y,2n)CU (hyy vothetical),” repre 
sents our conjecture of the total cross section for 
processes leading to neutron emission [ o((y,n)+ (y,pn) 
+-(y,2n)) |. This estimated cross section follows o(y,p) 
(a(y,n) f) quite closely above 22 Mev. 

Total cross section 0 sy.-—0(y,p) and a ((y,pn) + (y,2n)) 
can be combined to give an estimate for o,),, as all other 
modes of dec ay are expected to be weak above the 
single particle emission threshold. For C™, oa», (Fig. 13) 
exhibits peaks of 3.8 mb and 16 mb at 13.5 Mev and 
25 Mev, respectively. Both have large ';: (441) Mev 
and (8.5+2) Mev, respectively. a4», of C” in the energy 
interval from 19-23 Mev is also indicated in Fig. 13. 
Below 16 Mev only a or y emission is possible and above 
23 Mev the o(y,p) has not been measured. The contrast 
in the widths of the high peaks of the C” and C® cross 


sections is remarkabk 


DISCUSSION 


In the introduction three main questions concerning 
the C' cross sections were raised. (1) Are the resonance 
energies /, in the photoneutron and absorption cross 
section of CC® and C the same although the neutron 
thresholds differ widely? (2) Is o4,, of C™ similar to that 
of C” in the giant resonance region? (3) Can the low- 
energy cross section of C™ be described by a simple 
model such as used by Guth for the Be*(y,) cross 


section ? 
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TABLE V. Thresholds (Eqn) for C#® and C! 
photodisintegration processes. * 


Etn (Mev) 
Reaction for C!2 


18.72 
15.96 
27.42 
32.04 
27.19 


(y,n) 
(y,p) 
(y,mp) 
(y,2n) 
(y,2p) 
* From A. H. Wapstra 


Physica 21, 367 (1955 


We can on the basis of the present experiment answer 
as follows: 


(1) The resonance energies /, in o(y,m) and op, for 
C” and C™ are approximately the same. This is addi 
tional evidence that the observed A dependence of £, is 
not accidental," and supports the idea that the giant 
resonance is a core effect. 

(2) The integrals of a4), over the resonances in C? 
and C™ are approximately equal; however, the detailed 
shapes of the resonance peaks differ widely. In particu 
lar, the width, T'y of the giant resonance peak is 
(8.5+2.0) Mev for C® and (2.541.0) for C®. This 
difference in I’; for the neighboring nuclides C” and C™ 
shows clearly how strongly ground-state configurations 
influence photoabsorption. In fact, since it has been 
observed that giant resonance is narrow at the closing 
of the neutron shell .V= 50, the narrow resonance in C¥ 
may perhaps be similarly related to the closing of the P, 


shell in 7— 7 coupling 
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13 


It should further be pointed out that /"dEoy,, over 
the resonance is in both cases } of its sum-rule value 
while a» So® Mev(g in. E\dE is also below its sum-rule 
limit (~10 mb) [a,(C) 4.75 mb, 0,(C!8) = 7.54 mb | 
These values are consistent with the systematics of 
photo-cross sections. It is also seen that I'y of C! fits the 
empirical formula of Halpern, while Py of C! appears to 
be quite anomalous. The large high-energy tail observed 
in the oa», of C™ does not appear in the o of C’. This 
fact is perhaps related to the narrowness of the C” 
resonance and need not represent a general feature of 
the o for light elements. 

(3) While the oan, of C™ exhibits a low-energy peak 
at 13.5 Mev, the integral ff!’ om,,d/ is an order of 
magnitude too large to be attributed to the single 
particle process proposed by Guth and others.'® 7 We 
first observe that similar peaks are reported in the cro 


FABLE VI, Summary of C” and C photodisintegration data. The limits of integration in 
the last three columns are given in parentheses 


experiment 


y,xn) 


(y,p) BY 


C2(y,p) BY 


* Reference § 
4 Reference | 


* This paper 
» Reference 2 
7 122 (1955 


41, S. Levinger, Phys. R 


Sy oa Si: 
mb-Me mb-Me 
/ EF 


70-95(17.38 


38 (18 3% 


35(18,24 
63 (20,24 
125-140(17,30 
22(5,17 


) 


100(18,24 
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© of O'8, Nand F'%, and conjecture that 

such a “pygmy resonance” is perhaps a common feature 
for all light elements. In addition, if this be true, the 
absorption is likely to be of £2 character, since Spicer 
has identified the pygmy resonance of O'* to be of this 
type. The difficulty with this interpretation is that 
S Ou E of C exceeds the £2 sum rule value. This 
difficulty can be overcome if one assumes a constant M1 
or #1 “background” contribution to the cross section 
from about 12 Mev to 17 Mev. Then fou,.dE over the 
pygmy resonance would be 5 mb-Mev, consistent with 
the £2 sum-rule, 1’; for the “true” resonance is then 2.5 
Mev. Wilkinson®’ has interpreted the pygmy resonance 
as the first surface vibrational level of the nucleus. We 
note that F,, Jow dE, as well as Ty of the pygmy 
resonance of C™ are all consistent with this interpreta 

tion, although the pygmy resonance may only be a 
chance grouping of levels in C™. Further work at 


sect ions”” bb 


tempting to resolve this resonance would be useful. 

In addition to the points mentioned in the introduc- 
tion, a further question arises: (4) Can statistical argu- 
ments alone explain the observed proton/neutron ratio 
for C'? This question is particularly pertinent here as 
the observed p/n ratio for C is correctly predicted by 
statistical arguments.4°® However, for C™ the theo 
retical p/n ratio is only 2.5% if the level densities of 
Bb" CC! as estimated in reference 58 are used for B’, C™. 
We further observe that the density of levels in C” 


should exceed that of B’ (no 7 
( 


() states exist). Thus 
the above p/n estimate of 2.5% is certainly an upper 
limit for the correct statistical estimate. We conclude 
that statistical arguments fail completely in predicting 
the observed p/n ratio for C™, Although the correct p/n 
ratio is given for C”, Wilkinson has shown previously 
that the observed energy and angular distributions of 
photoprotons from C™ is incompatible with the sta 
tistical assumption.” His single-particle model for the 
giant resonance will unambiguously explain the ob 


served p/n ratio for both C’ and C! 
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APPENDIX 


Conversion of Yields to Cross Sections 
and Smoothing” 


Although the transformation method™ for the solu- 
tion o(£) of bremsstrahlung yield functions Y (Zo) is not 
original with us, it has been described as yet only in 
abstract form. While it is equivalent to the ‘total 
spectrum” and “photon difference’’’ methods if applied 
without smoothing, we shall show that if smooth solu- 
tions are sought its use has advantages. We believe that 
a brief summary of the method is warranted, particu- 
larly since the problem of smoothing has not been 
properly discussed. 

The basic integral equation to be solved for @ is 


Eo 


Y (ko) f dhta(k)N (i,k) exp —u( hk) X \/ 


Eo 
f dEM(E)N(E,Eo) exp —w'(E)X? | 


y( Ko) /m( Eo), (A.1) 
where ao, NV, and M are: defined in the text, while yu, uw’, 
and X, X’ are the absorption coefficients and thick- 
nesses for attenuation at sample and monitor, re- 
spectively. y() may be called the “reduced yield” and 
s(E)=o exp| 
has the “reduced form of (A.1)”’: 


ux | the “reduced cross section,” and one 


Eo 
V( eo) [ dK s(BE)N(E,E). (A,.2) 


Note that in this form (A.2) is independent of the 
particular experimental situation. Following Spencer, 
we operate on both sides with an arbitrary transforma 
tion 7(i,F’) such that T=0 when ky) 2 F’ 
that V=0 when E2 £y): 


y( ie’) i) 
Eg’ Eo= I 
[ ato f di s(FE)N(E,Fo)T (ho, F’) 


E’ E 
f dk s(K) f 


Detining the transformed spectrum N, 


N(E,E’) f 


® A. S. Penfold and J. E. Leiss plan to include a thorough dis 
cussion of the matrix method and the assumptions underlying its 
use as an introduction to their tables of inverted bremsstrahlung 
matrices (to be published 


(note also 


I 


dK oy( Eo) T (Eo, E’) 


dEoN(E,Eo)T(Eo,E’). (A.3) 


I 


dEoN(E,Eo)T(Eo,E’), (AA) 
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we have a transformed yield j(£’ 


v(E’) = i) 


in complete analogy to (A.2). We choose 


I 


dEs(E)N(E,E’), 


(A.6) 


With this choice of the transformed spectrum N(E,E’), 


we have 
o 


y(h’) J s(E\dE=S(L’), 


s( ft’) dy dk’ =ds dE’, 


(Note that for w=0, S—S and sa.) The distinction 
made for rigor between a, s and $, S will be dropped for 
convenience hereafter. Thus if y() is a given analytic 
function, we obtain a solution o(/’). However, in 
practice y(£) is known for a finite number of values of 
Ko, usually separated by equal intervals, AF». We 
therefore replace the above relations for continuous 
variables by equivalent discontinuous expressions in 
matrix representation. 


Ko Fo, 
E—-E, 


nAl, 

nAliy 

(Eon); 
NV (Em, Eon)AEo 


AF) /2, 
Vv ( Ko) 
V(E hy )dkE 


Vn \) 


>\ 


nm 


With these definitions, we have 


r 


V( Eom) G(E)N(E, Eon) dE 


We now perform the analog of the transformation (A.4) : 


i l 


¥ / lmVm ») 


— 
m 


Vi T im no 3)(L im =0, L> m) 


l 
— 
/ 


m=! 


where 


l 
N 1;= >. TinN mj (A.4’) 


m 


Penfold and Leiss effectively choose N’),=6,, (so that 


T= N-') to obtain 
(AR 


GRATION OF 


whereas we take 


so that 


S; ‘| alk \dh 


Equations (A.8) and (A.7’) give equivalent (a) if 
(A.7’) is solved algebraically for (0); however if the 
additional physical requirement is made that (a) be a 
slowly varying function of #’ an alternate method is 
dS/dk. Vrom the experi 
mental yield points y, we first obtain S; using relation 
(A.3’). The S;’s are then assumed to approximate a 
smoothly varying function of /’, and S(/") and 6 are 
dS/dk’. (In practice, 
6 is expected to be a good approximation to the averaged 
Tad.) OL) be differentiated i 
principle by any standard method. We adopt piece-wise 
fitting of polynomials to S; over limited energy intervals 
to obtain S(/2’) 
of a (#2), i.e., the fact that inflection points are exhibited, 


possible using the fact that o 


determined from .S; by using 6 


cross sections, can 


In view of the resonance-like behavior 


/ 


a quartic is a reasonable fitting function for S(/2’) over 


a suitably chosen energy interval. Thus we set 


4 
2: a,;( hy) ( I’ 


p~) 


SCR) hk)! 


and have 

6=dS/dE=a,(E) (A.9 
Thus to obtain o(/), the a,;(/2) with 741 need not be 
computed Although the S,’s are not independe nit, we 
determine a;(/) by least-squares fitting at seven points 
K’ about each point #. The resulting o for any choice of 


fitting interval will have the form 


On(E)=205Cs \.10) 


a linear combination of S,’s 


Actual Computation Procedure 


rhe matrix 7 used in this analysis is not tabulated, 
but the problem is readily transformed into one for 
which the transformation matrix is available. By the 


trapezoidal rule, 


En , } 
rh dha() 2 athe, 
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where B,, is the matrix tabulated by Penfold and Leiss 


n- | i n 
: hy & Biyi+ kn ss Brij; 


VOLUMI 


Relativistic Corrections to p-p Scattering 


G 


106, 


Cc. vos 


(A.12) is an explicit relation between the required 
matrix 7 and the tabulated matrix B. 


Error in the smoothed cross sections é—From (A.10), 


we have 
m=) 5 CugS5 
> sr Cash sa¥e 
> & 95 Cong] suVe, 
A?(am) =>. «| D5 CngT ju |2A?ye. 


(A.13) gives the error of o for given weighting factors 
C 


mj 
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I:ffects of wave function distortion by nuclear forces of nonelectromagnetic origin are qualitatively 


considered 


It is found that the relativistic corrections to the Coulornb wave contain effects of wave function 


distortion which may affect these corrections by reasonably large fractional amounts, The spin-orbit inter 


actions arising from the action of the electric field are found to be affected by wave function distortion 


Since these interactions affect the polarization of proton beams in double and triple scattering, the analysis 
of high-energy data is affected. The theory of spin-orbit interactions is brought into relation with that of 


atomic spectra. The unreliability of contact terms contained in the relativistic corrections is brought out 
\ concise proof of the vanishing of first-order tensor force effects on the polarization applying independently 


of the 


I. INTRODUCTION AND NOTATION 


| ELATIVISTIC corrections for p-p scattering have 

been discussed by Garren,! Breit,’ Ebel and Hull,’ 
and again by Garren.’ The corrections worked out in 
these papers apply to Coulomb scattering. The view 
point taken’? was that specifically nuclear forces intro 
duce phase shifts of their own which can be defined in 
the center-of-mass system and which require no addi 
tional consideration regarding relativistic effects. ‘Two 
procedures were considered’ for carrying through the 
rigorous solution of the problem. Their discussion is 
(16.4) and Eq. (17) of the 
an approximation to “procedure 


contained between Eq. 
reference, Ags 
(a)” the distortion of the wave function by specifically 


above 


nuclear interaction effects was neglected and the rela 


S. Air Force through 
\ir Research 
18(600)-771 
Contract 
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2G. Breit, Phys. Rev. 99, 1581 (1955 

4M. E. Ebel and M. H. Hull, Jr., Phys. Rev. 99, 1596 (1955 

‘A. Garren, Phys. Rev. 101, 419 (1956 


ommand 


origin of the tensor force effects is supplied in an appendix 


livistic corrections to the undistorted Coulomb wave 
were calculated. Garren’s'* approach is equivalent to 
this approximation. In some of the applications* it is 
tacitly assumed that the approximation is good enough 
although the question was left open for future con 
sideration in the work referred Further 
examination shows that specifically nuclear interactions 
may affect the relativistic corrections to Coulomb 
scattering to an appreciable degree. ‘This applies in 


other to.” 


particular to the corrections which matter most for 
polarization, The quantities involved are large enough 
to make the application of these corrections to the 
polarization questionable in any but a qualitative sense. 
Improvements on the corrections can be made, as will 
be described below, but a definite value even in the 
first order of e® will be seen to require knowledge of 
wave functions in the presence of nuclear interactions. 
It will also be seen that the terms‘ caused by the 
anomalous part of the proton magnetic moment which 
have their origin in the divergence of the electric field 
can be expected to be especially seriously modified. 
Some of the most frequently occurring symbols used 
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below are as follows: 


e= proton ¢ harge, 
M = nucleon mass, 
6=scattering angle in the center-of-mass system, 
vector formed by Pauli’s spin matrices, 
absolute value of relative velocity of the two 
protons in the laboratory system, 

k=Mo0/(2h), 

p= kr, 

n=e'/(hv), 
oo=argl'(1+7n). 


oO (F 2,0 y,02) 


II. SPIN-ORBIT INTERACTION 


The understanding of the effects is helped by a 
consideration of the relationship of the problem to that 
of the ordinary spin-orbit interaction between two 
charged particles.’* For Diracian particles the inter- 
action energy, discarding the relatively small spin-spin 
interaction, may be expressed as 


he \e{1 
~ 
2Mc/ cl2 


ry | ©) Po Sa" Sh Pi 
, x | a; | x wn. (1) 
; M ad M 


Here r; and ry are the displacement vectors to the 
positions of the charges from the origin; e is the charge 
on each particle; p; and py are the momenta; r= |r—Tre! 
is the distance between the charges; 0; and o» are 
Pauli’s spin matrix vectors; M is the mass of each 
particle; &; and &» are the electric fields at particles 1 
and 2, respectively. The first two terms in Eq. (1) 
contribute each the negative of the Thomas term to 
the Hamiltonian. Their form applies whether &; and &, 
have their origin exclusively in the field caused by the 
two particles or not. They may be thought of as arising 
through the combined effect of the energy of the electric 
dipole caused by the motion of the magnetic moments 
in the electric field and of the Thomas term. The 
electric dipole effect is —2 times the Thomas term. 
The third and fourth terms represent the interactions 
of the spin magnetic moments with the magnetic fields 
which are produced by the motion of the charge of each 
particle. If the electric fields are caused entirely by the 
two charges, 


~f2)/r’, r,)/r’, (oR) 


&; e(ry e(fe 


then 


H’ = (o?/hr*){{ (t11— 2) KX (2p2— pi) |-o; 


+[ (t2—11)X (2pi— pz) |-o2}, (1.2) 


po=eh/(2Mc). (1.3) 
5W. Heisenberg, Z. Physik 39, 499 (1926). 
6G. Breit, Phys. Rev. 34, 553 (1929); 36, 383 (1930); 39, 616 
(1932). 
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2p2— pi the 
py, comes 


It will be noted that in the combination 
2p2 arises from the magnetic effect while 
about partly through the dipole and partly through the 
Thomas acceleration effects. This association of terms 
will be helpful later on in obtaining the anomalous 
moment effects 

Since the two particles are now supposed to interact 


only with each other, 


(pit pow = 0, (1.4 
and hence from (1.2), 

H'y 
Employing the method of Coulomb phase shifts? and 
the above-mentioned 
paper, one justifies the inclusion of the effect of //’ in 


terms of its matrix element in momentum space. A brief 
the 


(3u0?/hr*)| (ri—re) X pr | (ort+-an)p. = (2) 


the consideration of Sec. 4 of 


calculation gives then, on including the effects of 
e*/r in the potential energy, the combination 


Kk” | (2.33 


in the expression for the momentum space matrix 
element. Here k’ and k” are respectively the tinal and 
initial values of p/h, while p may be, identified a 
pi; k= |k’| =|k” 


for the center-of-mass system, Corrections 


Mov/2h, the formula being meant 
to the main 
term e?/k? are not discussed here since they are available 
elsewhere.?~* The effect of the spin-orbit term in (2.1) 
is to add to .S*, the scattering matrix of the Coulomb 
field,’ a correction term, so that it becomes 


” | 
exp_i(b—y Ins*) 
2ks* 
h 
$1 [ky Xk, | 

1M 

where 
p n In2p to 


k,, k” 


so as to indicate more clearly 


k, have bee I mac he re 
tate 


The replacements k’ 
initial and final 


and the abbreviation 


8 in(@/ 2) (2.4) 


is used. For low energies the spin-orbit term of (2.2) i 
the same as the effect of A’a;= A’ay of reference 2 and 
it is essentially the same as the Dirac part of the spin 
That hq. (18.2) ol 
represents a spin-orbit interaction | 
fact that it arose from J, 


dire tly its spin orbit origin in hq 


orbit correction in.! relerence 2 
from the 
vhich show 
and (1% 


previous work 


clear 
of that reference 
(12.8 

The connection with the formulas of 
having been described, the effect of the anomalou part 
of the proton magnetic moment will be consi 
making use of the interpretation of effect 

7G. Breit and M. H. Hull Jr 


Phys. Rey. 97, 1047 
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which has been mentioned immediately after that 
equation, The anomalous part of the proton’s moment 


will be written as 
(ch/2Mc)pa, (3) 


© that wa is the anomalous moment expressed in units 
of the nuclear Bohr magneton. Neglecting relativistic 
corrections, the yw, part of the moment is acted on by 
the magnetic field of the other particle in the same 
way as the Diracian part. The motion of the proton 
produces an electric doublet associated with mw, also in 
the same way, this effect being a purely kinematical 
one. There is no additional Thomas term effect to take 
into account, however, because this effect is already 
(1.2) the combination 
2p, before 


Since in Eq 
pi which was 


included in (1) 
2po— py contains the part 
the Thomas correction reduced it to — p,, the anomalous 


moment contributes 


HY = Qu ry) X (po— pr) |-on 


hr®){{ (4, 
r:)X (pi— pz) |-o2). 


~! (fs (3.1) 


Consequent ly 


Wy bg ( po" hr*)| (ry r.)X py |" (a, + G2). (3,2) 


Comparing with Eq, (2), it is apparent that the anoma- 


lous moment contributes 


4u./3 (3.3) 
times as much as the Dirac moment and that the origin 
of the factor 4/3= (24-2)/(24-1) is the absence of the 
‘Thomas correction for the anomalous moment part. 
Garren’s results! are in agreement with the above in 
the low-energy limit. As a matter of completeness, the 
Coulomb part of the scattering matrix including the 


effect of HH” may be written down: 


exp[1(@— Ins*) | 


2ks’ 


h° 
tua)t hath) dete |. (3.4) 
Mc? 


x TE 


The spin-orbit terms in this formula are the only 
significant ones giving direct effects on the polarization 
for high-energy scattering. The spin-spin terms are 
much smaller and the tensor-like terms described in 
references 2-4 cannot give rise to polarization directly 
although some modifications of the polarization effects 
caused by the purely nuclear phase shifts are, of course, 
possible, Since one of the primary points of interest in 
connection with relativistic corrections to the Coulomb 
wave is the effect of the spin-orbit terms on polarization, 
the question of their reliability is a natural one. In the 
present note the v®/c? approximation is used throughout, 
all the formulas becoming simplified as a result. 
Spin-orbit effects are well understood in atomic 
spectra. As is well known they have to be calculated by 
employing the actual wave functions rather than free 


particle approximations. One may suspect therefore 
that in p-p scattering, insufficiently accurate results 
will be obtained by neglecting the distortion of the wave 
function by nuclear forces of nonelectromagnetic origin. 
The fact that Coulomb scattering is important only for 
small-angle deflections does not settle the question, 
because the spin-orbit effects do not give the major 
part of Coulomb scattering so that a relatively small 
error in Coulomb scattering as a whole can conceivably 
amount to a non-negligible effect on the spin-orbit 
energy. It becomes necessary therefore to examine the 
effect of wave function distortion on the relativistic 


corrections. 


Ill. WAVE FUNCTION DISTORTION 


The general viewpoint will be the same as that used 
previously.” The particles are viewed in the center-of- 
mass system. The electromagnetic effects are considered 
as a perturbation and the Coulomb phase shifts are 
used to the first nonvanishing order in the electro- 
magnetic interaction. Knowledge of phase shifts enables 
the construction of the wave function outside the range 
of nuclear forces. As has been shown,’ the results of 
such a wave construction agree in the nonrelativistic 
limit, and to first order in e® with those of the standard 
method for nonrelativistic problems. In the latter, one 
starts with the Coulomb calculates the 
modification caused by phase shifts superposed on the 
phases of the Coulomb radial wave functions. The 
procedure of starting with the wave modified by nuclear 


wave and 


interactions is a natural one because the distortion of 
the wave function caused by these effects is larger than 
that caused by the Coulomb field. Experience® indicates 
that even at low energies, in calculations of the 4S 
effects, the Coulomb effects inside potential wells are 
quite well represented by first order approximations. 
At low energies (1.e., at ~7 Mev) it would be a poor 
approximation to use first order formulas outside the 
potential wells, but the parameter 7 is in this case much 
larger than at energies above 100 Mev. The very small 
values of » make first-order formulas for I'(1+ 1+ 1m) 
and related quantities reasonably accurate and the 
proposed method? of calculation is thus satisfactory. 
It is also relevant that the spin-orbit effects can be 
considered for their own sake independently of the 
order in which the e?/r and the nuclear potentials are 
taken into account. In either case it is the phase shift 
introduced by the spin-orbit interaction that matters 
and the distortion of the wave function caused by the 
nuclear potential cannot be neglected in estimates of 
this phase shift 

Before considering the reliability of estimates of 
spin-orbit effects with neglect of wave function distor- 
tions, the analogous problem will be considered for the 
main part of Coulomb scattering. The usual non- 


Phys. Rev. 50, 825 (1936); 
55, 1018 (1939). 


* Breit, Condon, and Present, 
Breit, Thaxton, and Fisenbud, Phys. Rev 
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relativistic expression for the Coulomb-scattered wave 
is 


exp{iLkr—n |n(2ps*)+ 200 |} 


k(r—z) 

” e* 
exp(—7n Ins’) (4) 

28° , 


The angle-dependent factor in this expression may be 
expressed as 


1 Dor 
exp(—in Ins?) 
2s’ 
. e r 
pa (2L+1)P,(cos@) 
(21) 
This formula is essentially the same as Eq. (21) of 
reference 2 with the difference that 
S* 7 (2L+1)P1(cos6) / (27) 


(1/7)6(1—cos6) + ae (4.2) 


has been subtracted from the right side. Here 6(1—yp) 
is used in the convention of giving unity rather than } 
on integration over » in the limits from —1 to +1. 
The subtraction does not affect the value at 640 and 
is permissible therefore. It is convenient to make the 
subtraction because the right-hand side is made thereby 
to contain the factor n if the exponentials are expanded 
in Taylor series. This expansion gives 


exp(— 1 Ins’) 


2s’ 
~nl 3P1+5(14+5)Pot+714+3 4+! (4.3) 
The approximation to individual terms in the series 
breaks down when 2n(1+-3-+-- ++ -+-1/n)&2n Inn=&1. For 
Ik=150 Mev the value of ZL at 
L~10". The relative contributions of the P;, to the 
series may thus be estimated by means of (4.3). If 
k=150 Mev then 7=0.0129 and for 6=10°, Ins? 
0.063, so that exp(— in Ins*)1, 1/(2s*)=65, while 
3P1+ (15/2) P2t+-7 1.83P;-=23. The sum of the first 
three terms is about 30%, of the whole and the sum of 
the first two terms is about half this amount. The main 
nuclear force effects on the wave function are probably 


which this occurs is 


confined to L<3 at this energy. Since n occurs on both 
sides of (4.3), the estimate is affected by going to higher 
energies mainly because of larger distortions at higher 
L. For 6=20°, 1/(2s8*) 
tions to the square bracket in (4.3) are 2.8-+-6.248.5 
+--+, For the larger L the P;, change sign, making the 
relatively small value of the sum possible. For 6= 20° 
the contribution of L=1 and 2 amount to ~50% of 
the whole. An appreciable distortion effect thus has a 
good opportunity of affecting the Coulomb scattering 
amplitude. 


16.6. The successive contribu 
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In the nonrelativistic approximation these distortion 
effects are taken into account by the usual procedure 
of calculating phase shifts which have to be superposed 
on the Coulomb phase to obtain the complete asymp 
totic phase. It clearly does not matter whether the 
latter phase is obtained by starting with the nuclear o1 
the purely Coulombian phase shifts. The calculation of 
the relativistic corrections to Coulomb s« attering is, on 
the other hand, affected by the nuclear forces in an 
additional way. That this should be the case is clear 
intuitively from the fact that if the nuclear forces 
increase the relative velocity of the two protons, the 
relativistic corrections should be larger. In the calcu 
lations this effect enters through a change in the factors 
connecting x1, Xu, and ¢ with W in the derivation? of 
Since the 
value of the relativistic » brings in the successive L in 


the relativistic effects. calculation of the 
about the same proportions as obtain for the non 
relativistic effect, the value of the relativistic correction 
to n 1s seen to be somewhat uncertain. The effect of 
wave function distortion on this correction depends 
on the assumed nuclear potential. 

lor the spin-orbit terms, the interaction has a shorter 
range and closer collisions are therefore relatively more 
important. ‘The effect of wave distortion is accordingly 
more serious. Both terms in (3.4) correspond according 
to (2) to an interaction energy which is a multiple of 

(L-s)/r’, L=[(rm—1)X py |, (5) 

so that L is the orbital angular momentum. The values 
of (L-s) for the triplet system are (1, —1, —L—1) 
On the other hand, for non-Coulombian functions one 
has’ 


‘ 


| (I ,*/p*)dp= 1 [2L(L4 1) |. 


0 


(5.1) 


The contributions of the phase shifts for different L to 
the scattered amplitude are therefore as in the series 


Y 1 (2L4+1)Pr(u)(L, —1, —L—1)/[L(L+1)], (5.2) 


p= COSO (5.3) 


In the three cases the coefficients of P?; have the form 
2—1/(L+1), (1/L)+1/(L+1), 2—-1/L. The 


rapid decrease of the contributions correspond 


least 
to the 
2 and —2 in these coefficients. In these contributions 
the smaller 1 may be expected to be emphasized the 
least, and the correction for spin-orbit interaction 
arising from such terms is likely to be the least sensitive 
to wave function distortion. These contributions can 


be discussed therefore by considering 


s 
») 
a 

1 


* Gluckstern, Lazarus, and Breit, Phys. Kev. 101, 175 
Equation (6Q) of this reference gives the desired integra! 
1 ‘ k 


1956 





31% G 


The term in L=0 is not included because for L=0 
there is no spin-orbit interaction, but its inclusion does 
not make much difference in the present qualitative 
considerations. 

For 6=10°, [1/(28) |—1=4.7 while P)+P2= 1.94. 
Thus the values L=1 and 2 contribute 0.41 of the 
whole sum. For 6=20°, [1/(2s)|—1=1.88 while 
P,4+-P2=1.76. If there is sufficient wave function 
distortion to affect the value of J*F :*dp/p', the spin- 
will be in error by roughly the same 


orbit. effects 


percentage as the integral. The magnitude of the spin- 
orbit effect arising from the Coulomb wave is therefore 
questionable whenever the first few values of L are 


subject to appreciable wave distortion. 

‘The degree to which this is the case depends on the 
energy. As the energy increases, the shorter wavelength 
makes the first maximum of /; move toward shorter 
distances and higher values of L become affected by 
nuclear distortion, At =150 Mev the first maxima 
of F, fall at r= 2.0% 10°" cm for L=1, at r= 2.9K 10~" 
cm for L=2, and at 3.7*10-" cm for L=3. For the 
lower ZL the first maximum of F, is seen to be well 
within the range of nuclear forces and the wave function 
distortion effects may be expected to be appreciable. 
There is a chance that some compensation of effects 
within the range of nuclear forces by effects outside 
will take place, but no general reason for expecting 
such a compensation, I:xamples to the contrary can be 
found and wave function distortion is well known to 
matter for spin-orbit interaction in optical spectra. 

The presence of a phase shift indicates wave function 
distortion. Some idea of the magnitude of the effects 
involved can be obtained therefore from present indi 
cations regarding the phase shifts present. The analysis 
of experimental data is not sufficiently definite to make 
a clear-cut assignment possible. It appears probable!” 
from polarization studies, however, that there exist *¥ 
phase shifts at 280 Mev of the order of 15° and the fits 
obtained by Hull, Ehrman, Hatcher, and Durand"! 
indicate similar conditions. Some of the P-wave phase 
shifts obtained by them are appreciably larger than 15 
The first maximum of F;? is displaced by the phase 
shift. A crude estimate of the magnitude of the effects 
dealt with may be obtained from this displacement, 
which can be approximated by 


L(L+1) | 
€) ~ At : aco 
po 


Here po is the value of p at the maximum, 6, is the 
phase shift, and e, the displacement in the position of 
the maximum. For L=1 this approximate equation 


WIVES € 6,/0.83, so that for 6,=30° the first maxi 
BR. D. Fried, Phys. Rev. 95, 851 (1954); Breit, Ehrman, 
Saperstein, and Hull, Phys. Rev. 96, 807 (1954) 
" Hull, Ehrman, Hatcher, and Durand, Phys. Rev. 103, 1047 
(1952); H. P. Stapp, University of California Radiation Labora 
tory Report UCRL-3098 (unpublished) 
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mum is displaced from 2.75 to 2.75—0,63= 2.12. The 
value of p’ at the maximum changes by a factor 0.46 
and p’ by 0.60. Such a change indicates an unreliability 
in the value of the radial integral for spin-orbit inter- 
action of perhaps 40°. The 6; used is on the large side 
and there may be compensating effects in the interaction 
region between nucleons. The error may be somewhat 
smaller therefore, say 20%, but there appears to be no 
general reason for expecting the compensation. 

The employment of the complete interaction for the 
anomalous proton magnetic moment includes an effect 
of the interaction of this moment with divé, where 6 
is the electric intensity at the proton. This effect is 
contained in the diagonal terms of matrix L of Garren’s 
second paper.’ Its diagonal elements do not vanish at 
low energies and give an angle-independent contribution 
to the scattering matrix. This effect cannot be reliably 
estimated without taking into account wave function 
distortion because of the entrance of ¥’(0), the square 
of w for r=0, in the expectation value of divé. An 
extreme case of the effect of wave distortion occurs for 
a hard-core interaction which makes ¥(0)=0. The 
value of ¥°(0) is also affected by the Coulomb field 
and especially so at low energies. 

The fact that Garren’s result contains a dominant 
s-wave effect at low energies has been pointed out to 
the writer by Mr. Loyal Durand, III, who has also 
pointed out that in addition to Garren’s L his matrix 
Y contains related terms.'* The nature of the latter is 
readily understood since Y enters the scattering matrix 
with a coefficient y,”. They arise from the interaction 
of the two anomalous moments with each other. An 
interaction of this type is well known to given an energy 
proportional to ¥*(0), being very similar to that occur- 
ring in the theory of hyperfine structure of atomic 
energy levels.’* Wave function distortion caused by 
nuclear forces affects this interaction as well. 

Garren’s matrix 2 contains a related angle-inde- 
pendent effect on the cross section. Its presence is seen 
in the trace Yy;!+Zoo!'+2Z_,.’, which at low energies 
becomes 3—16(e—1)s*, with eMc? standing for the 
energy of each proton in the center-of-mass system. 
The term in s* becomes multiplied by 9/(2k), and since 
7 is proportional to 1/k and ¢ to k® the contribution of 
(e—1)s’ approaches a constant at low energies. This 
term is analogous to the ¥*(0) effect in hyperfine 
structure and is subject to wave function distortion 
corrections just as the other two terms. The same 
applies to the analogous terms of the wg-independent 


” The writer is very grateful to Mr. Durand for having drawn 
his attention to the features of Garren’s results which have been 
just mentioned 

4G. Breit and F. W. Doermann, Phys. Rev. 36, 1732 (1930). 
Terms of the type under discussion have been considered in that 
paper in the discussion of the difference in the interaction of an 
intrinsic magnetic moment as contrasted with the Diracian 
moment of the electron when these moments interact with the 
nuclear magnetic moment. A factor —4 arises in their comparison 
\ less formal consideration of this factor is found on pp. 159, 
160 of G. Breit, Phys. Rev. 53, 153 (1938) 
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contributions of the paper by the writer? as well as 
that of Ebel and Hull.’ A term of this type appeared" 
in a phenomenologic introduction of the electron’s 
anomalous moment where it entered as an interaction 
of the electron’s moment with the proton. Independ- 
ently Foldy'® used this type of contact interaction to 
explain the major part of the electron-neutron inter- 
action, and the relation of the two ways of calculating 
the effect has also been discussed.'® Referring to the 
latter presentation, the low-energy limit, after the 
elimination of “small” components, in the absence of 
an external magnetic field gives a contribution to the 
Hamiltonian of the form 


[u/(2Mc) {—h div6+[px6]-0-[8Xp]-0}, (6) 


where y is the anomalous part of the magnetic moment 
in cgs units. This interaction energy is seen to include 
the interaction of the electric field with the electric 
dipole produced by the motion of the magnetic moment 
in the same order of the calculation as the term in 
div&. The inclusion of the latter term employing 
undistorted wave functions is obviously unreliable at 
high energies because of the strong short-range inter- 
actions in § states. Thus a hard core can keep the 
protons from making contact and can eliminate the 
contact-type interaction if the latter is taken literally. 
At low bombarding energies the effect of the Coulomb 
field on the probability of the protons making contact 
needs to be considered also unless a hard core suppresses 
the effect. The fact that the hard core can produce a 
serious effect on this term and its related sensitivity to 
the potential in absence of a hard core may conceivably 
make the term of interest in comparisons of p-p and 
n-p data from the viewpoint of charge independence. 


IV. CONCLUDING REMARKS 


It is thus seen that the relativistic corrections to p-p 
scattering made on the basis of corrections to the 
Coulomb wave as though the Coulomb wave were not 
affected by the nuclear interactions are of questionable 
accuracy. It is true that at small angles the Coulomb 
wave dominates the scattering and that in classical 
analogy most of the collisions are distant ones. But the 
Coulombian spin-orbit interaction originates in appreci- 
ably closer collisions than the main part of the Coulomb- 
scattered wave and the contributions of the smaller L 
form an appreciable fraction of the whole effect. The 
contributions of different Z are not all of the same sign, 
the Legendre functions for small L and 6 being nearly 
1 but changing sign if Z is large enough. This circum 
stance contributes to the relatively large importance 
of the first few L. The alternation of signs is present 
also for the spin-independent part of the scattered 


4G. Breit, Phys. Rev. 72, 984 (1948); 73, 1410 (1948); 74 
656 (1948). 
16. Foldy, Phys. Rev. 83, 688 (1951). 


16G. Breit, Proc. Natl. Acad. Sci. U. S. 37, 837 (1951 
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amplitude and the contribution of the first few 1 was 
seen not to be negligible. While the relativistic correc 
tions to the undistorted Coulomb wave give an approxi 
mation to the desired effects for small scattering angles 
such as 10° at 150 Mev, the present considerations do 
not exclude errors such as 20 or 40° % in these estimates 
lor an assumed nucleon-nucleon interaction potential, 
a treatment substituting the wave function of that 
interaction potential for the free-particle wave function 
of previous work? would provide the answer. In 
principle such a calculation has to be made in terms of 
states with definite J and, if there are two participating 
L, in terms of the two eigenstates for these J. Since 
the distortion effects are largest for the small L, a 
practical arrangement would be to correct only the 
first few ZL for the distortion effect, thus making it 
feasible to have the relativistic corrections appear as a 
sum of the correction for undistorted waves available 
now and an additional term representing the difference 
between employing the distorted and undistorted wave 
functions. With 
difficulty in summing over the larger 1 and the problem 
is largely a computational one. 

The procedure just described is “arrangement (a) 
of page 1591 of the paper quoted.’ The existence of the 
errors discussed in the present note was brought out 
there and the scattering matrix of that paper was 
presented as an approximation corresponding to re 


such an arrangement there is no 


placing distorted by undistorted wave functions. ‘The 
Coulomb interference effects obtained‘ from formulas 
of this type may not be regarded as certain, however 
It is also not probable that obvious relativistic covari 
ance at this stage of the calculation is helpful since it 
properly belongs to the stage in the theory in which 
nuclear forces are derived, 

If the potential energy description is inadequate, the 
pion field and other fields responsible for the nucleon 
nucleon forces have to be brought into the considera 
tion. On account of the likelihood that the potential 
energy between a pair of nucleons is not a wholly 
applicable concept, the relativistic corrections may not 
be sufficiently completely calculable for data analysi 
without a thorough field-theoretic consideration 
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APPENDIX 


A relatively large importance of (L-s) terms as 
compared with the tensor force regarding their effect on 
polarization has been referred to above. Since this 
matter does not appear to have been clearly brought 
out in the literature, the following consideration is 
appended. It is of interest for other aspects of nucleon 
well. The Hamiltonian with 


nucleon scattering as 





$20) 


central forces alone is called Ho. This Hamiltonian is 
allowed to be quite general except for spherical sym 
metry and freedom from entrance of the particle spins. 
The central potential may, e.g., be different for every 
L. This generality, it will be observed, allows the 
construction of a Green’s function since the latter may 
be formed as 


Dt mV 1m )*V 1 m(DGL(rr') = Grr). 


Here the vectors | and I’ are abbreviations for the 
polar angles of r and r’, the V,,,, are normalized 
spherical harmonics, and the G, are suitable radial 
equation Green’s functions. The tensor force is supposed 


to enter through a change in the Hamiltonian //, to 


He Hy +l, 
H’=X(r)Si2, S; 


(Al) 


sia) rile 


The wave function 


vo +y'+- 
so that 
(i 


I by! A(r),S yap 


One has 


(A2) 


fo me AT Sor Wr de’ 


. 


Phe expectation value of the spin component in the 
triplet state caused by Sy, 1s 


Yi sw) + (WV s¥'), 


the inner product applying here to spin coordinates 


only and s, standing for (0),4-02,)/2. The above 


expectation value is 


[cern Sot Wir’) W'(r)) 
t (Y’(r),s Sy (r’)W'(r'))}de’ 


statistical mixture of states 
v "= OX 


with equal probabilities for each triplet spin function 
y,;, the mean over the three 7 is next obtained from the 

above s,. Under the integral one deals therefore with 
Ll S(r yr) oC ))+W(p),s-Se(ry(r)) |, 

so that one is concerned with 

(A3) 


Tr(s,Syo(t')) = Tr Sio(0')s.}. 


Here 


2 Tr{o; (oy 6) (oor)} 
Trio1.,(o-6)(ao:r) |, = Tr{22(oo-r)}. 


Similarly 


2 Tro;.(@,-02) = Tr} o1.,(0;-a2) 2 Tro, 
’ 


and hence 


Tr{s,Si2} = Tr{32(s-r)— s7°} =0. 


‘The first-order effect of Sy. on the polarization vanishes 
therefore. The proof applies independently of the origin 
of the tensor force. 

On the other hand, an addition to the Hamiltonian of 
the form 


H" = X(r)(L-s) 


causes the appearance in place of (A3) of the quantity 


Tr{s,(L-s)}=4 Tr{Z,}, (A4) 


which does not vanish. Strong polarization effects are 
thus more readily accounted for by (L-s) than by Siz 
forces. 

It may be noted that the absence of first-order effects 
of Sy. in the polarization may be generalized to a 
modified Sj, obtained from the usual one by the 
replacement of r/r by p/p. The only essential condition 
is the structure of Sy. in terms of o; and @». 

In isotopic spin space a factor a+-6(*,-42) may be 
included with A(r) without affecting the conclusion, 
such a factor behaving like a constant in all of the 
operations. Thus A(r) may have one value for *P, *F, 
‘77, --» and another for 4S, *D, °G, --+ as is clear from 
the fact that S;. does not couple the two sets of states 
to each other. 

The vanishing of first-order effects of Sy» is essentially 
implied by Wolfenstein’s analysis of nucleon-nucleon 
scattering! 

‘7 L.. Wolfenstein, Bull. Am. Phys. Soc. Ser. II, 1, 284 (1956). 
rhe considerations of Wolfenstein [Phys. Rev. 76, 541 (1949); 
$2, 308 (1951) ] also come very close to implying the same relation. 
Wolfenstein’s presentation is put in terms of different orders of 
the Born approximation which is often understood in the sense of 
first order effects for the whole nucleon potential. In this sense 
the earlier work of Wolfenstein does not prove the point under 
discussion. The relations used by him apply, however, to the first 
order effects of the tensor force to a central nuclear potential. 
Thus essentially even the earlier work of Wolfenstein has implied 
the relation referred to here. An independent verification supple 
mentary to Wolfenstein’s work and the consideration in the text 
above has been given by M. S. Wertheim in a part of his Yale 
dissertation. In this verification first-order effects of Sj. on the 
phase shifts are worked out including the case of coupling of 
states of the same J and different L and the effect on the polar- 
ization is calculated by means of known formulas employing 
Goldfarb-Feldman symbols [L. J. B. Goldfarb and D. Feldman, 
Phys. Rev. 88, 1099 (1952) ] 
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An analysis of polarization in neutron-proton scattering experiments is described, and phase shifts of 


and D waves for 310 Mev are presented. The calculation to obtain the S and D phase shifts has been at 


ranged, assuming charge independence, to make use of experimental p-p polarization information in order 


not to depend on specific phase shift analyses of these data 


rhe results indicate ranges of values of the 


phase shifts in which charge-independent fits to n-p and p-p data may be expected to exist 


I, INTRODUCTION 


N this note an account is given of a phase shift 

analysis of the data on polarization in neutron- 
proton scattering at 310 Mev, and some preliminary 
results of the analysis are presented and discussed. It 
makes use of an Argand diagram treatment! of polar- 
ization data and an equivalent analytical computation. 
Resultant phase shifts are limited in size by the total 
scattering cross section. 

If it is assumed that states for L> 3 are not important 
at 310 Mev, then the analysis of polarization is in 
terms of ten triplet phase shifts: 6)°, 69”, 6:”, 62”, 6,”, 
6y?, 53”, 52”, 63”, 64”. The possible couplings between 
55, and °D, as well as */, and 4/, states, such as might 
arise as a result of tensor forces, add two additional 
parameters. These couplings are neglected in the 
present note in order to obtain a simplified, though 
incomplete survey of the possibilities. 

In Sec. H, the formula for polarization in neutron- 
proton scattering taking into account partial waves 
with LS3 is presented. Section III is devoted to the 
analysis of experiments on n-p polarization in terms of 
Legendre polynomials. In Sec. IV a phase shift analysis 
for D and S waves is made, and the effects of experi 
mental uncertainty are considered. In this analysis 
the theoretical expressions for the coefficients of a 
Legendre polynomial expansion of n-p polarization are 
separated into a part containing ? and F phase shifts 


in the same combination as they appear for p-p polar 
ization, and a part containing S and D phase shifts 
only. The experimental values of the coefficients of a 
Legendre polynomial analysis of p-p polarization were 
used, assuming charge independence, for the former 
part in order to make the present analysis independent 
of assumptions about the number or values of phase 
shifts in p-p scattering states. 

In Sec. V selected sets of D and S phase shifts are 
used together with sets of ? and F waves from analyses 
of p-p data to calculate theoretical values of the n-p 
polarization coefficients. Since only the coefficients of 
odd polynomials can be 
described, specific values of S, ?, D, F phase shifts 
must be assumed in order to compare the theoretical 
fit with the experimental data. In Sec. VI the effect 
on the fits of introducing small *G phase shifts is 
looked into 

The spirit of this investigation has been more that of 


separated in the manner 


providing knowledge of regions of phase shift space 
where over-all fits are to be sought, rather than that 
of finding final solutions, which probably can be 
obtained more effectively by means of high speed 
computing machines once the region in which the phase 
shift search is to be made is sufficiently limited. Starting 
points for such searches, intended to lead to charge 
independent fits for n-p and p-p data, will be found in 


results given below 


II. FORMULA FOR POLARIZATION IN NEUTRON-PROTON SCATTERING FOR L<3 


greit, Ehrman, and Hull.’ 
An expression for the calculation of polarization taking into account wave for L<3 is shown below. Coupling 
between 4S, and *D, and between */2 and *F, states is neglected, but otherwise the most general condition described 


The general formula for polarization in neutron-proton scattering was given by 


by a set of phase shifts for states of definite orbital as well as total angular momentum is considered. The result 
is written in a form convenient for numerical work. 
If P is the polarization, defined as twice the expectation value of the y component of the spin, then 


hk? (Po) » p ‘sind = aPy(cosé)4 BP (cos) +7 P2(co0s8) +6 P3(cos0) + €P4 (C088) + 925 (cos8), (1 


where a is the differential cross section for single scattering, k the wave number of the incident nucleons. Explicit 
expressions for the six coefficients are as follows: 

* This research was supported by the | Work 
done under a Fulbright grant 

t Now at the Yokahama National University, Yokohama, Japan 

1 Hull, Ehrman, Hatcher, and Durand, Phys. Rev. 103, 1047 

? Breit, Ehrman, and Hull, Phys. Rev. 97, 1051 (1955 


S. Atomic Energy Commission and by the Office of Ordnance Research, | Army 
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9 7 7 3 5 17 
(f4,D3) ~ -(h 4D) — (84, Di) +-(F'4,Dy) (F3,D,)+—(Fo,D3)+—-(Fe,D2)+—(F2,D;) 
1 j > | 24 2 } 12 


14 


9 / : 9) ] 1 5 
(a Si)4 (15.5) 994) (D3,P2) (D;,P;) (D3,Po) '” (Do,P>) 
5 24 } 2 } 


J 5 3 1 
+~ (Dy, Po) — ~(P 2,81) +-(P1,$1) +-(Po,S1), (1.1) 
) 4 } 2 


2 


| 
(F'3,P2) 
8 


3 
(f'4,Po) { 
2 


13 5 ] 
(D3,D,) (Dy,D) (D3,$1) 
4 | 2 
5 9 9 3 
+—(DeS1)+-(D,,S)) (Po,P1) (P2,Po), (1.2) 
| j | 2 


25 25 . 35 51 5 1 
(14,Ds) (f4,De) (1 4,D\) +5(F3,D3) (Fs,D1) +—(F'2,D3) +—-(F'2,D2) +-(F'o,D) 
14 é 24 7 ) 3 


15 5 5 9) 


(D3,P:)——(D4,Po)+—(Do,P:)+—-(D1,P2), (1.3) 
) ) ) 


3 
*o91) (D3,P2) 
} 


15 2 


(D3,D2) (D3,.D:), (1.4) 
} j 


13 15 
(1'4,D5) —5(F'4,D2) —9(8'4,D1) +—(F'3,D3) +— (2, Ds), . (1.5) 
28 1 7 


/ 


where 


L 


(/ vm be )=siné,! sind’ sin(é, by" ). 


If charge independence for nucleon-nucleon interactions is assumed, then some parts of expressions B, 6, and ¢, 
namely, 


51 i) 3 
(Fy, Po) (14, Py) (F'4,Po) 
4 ) 


8 


d 15 9 3 
(fi Ps) T (F's, Po) + (F's,P,)4 (F's, Po) 
} } 2 


Y 3 
(P2,P1) (Pere), (4:2') 
4 2 


21 7 21 15 
F'4,P2)——(Fa,P1) —~(Fa,Po) +—(F, Ps) + —(F 2, P2), (1.4’) 
2 : 


(1.6’) 
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can be replaced by the numerical values of §’, 5’, and ¢’, which are the coefficients for polarization in proton 


proton scattering : 


k? (Po) p-p/sind=' P(cosé) +6’ P3(cosd) +2’ Ps5(cosA). 


Coulomb interference is omitted in Eq. (1’). 


III. ANALYSIS OF EXPERIMENTS ON POLARIZATION 
IN TERMS OF LEGENDRE POLYNOMIALS 


The data of Chamberlain, Donaldson, Segré, Tripp, 
Wiegand, and Ypsilantis* (Fig. 1) are analyzed in 
terms of Legendre polynomials. The coefficients in the 
Legendre polynomial expansion were obtained by 
numerical quadrature from curves through the data, 
employing the orthogonality of the polynomials. Five 
curves were drawn, representing various interpretations 
of the data, and the experimental values of the coefti- 
cients are averages of the five values of each coefficient 
obtained in this way, while the errors measure the 
spread in the values. 

The results of the analysis are given below and are 
shown graphically in Fig. 1. The subscript e on the 
coefficients signifies that the experimental value is 
meant. 

0.101+0.033, 0.827+0.081, 
Ye=0.581+0.079, 


€,=0.433-+0.059, 


0.459+-0.065, (2) 
~().084-+0.053. 


Moreover, the results of a least squares Legendre 
polynomial analysis of proton-proton polarization cata! 
are added, giving the experimental! values of the coeffi- 
cients in Eq. (1’), 

B.’=1.0154-0.057,  6,’=0.3164-0.009 


’ 


(2') 
t,’=0.099-+0.073. 


’ 





hic, 1. The experimental data’ used in this analysis are repre 

sented by solid circles, while open circles designate the points 
calculated from the experimental coefficients of Eq. (2). Experi 
mental uncertainties are represented by vertical lines through the 
points, the extent of the uncertainty being indicated by v -shaped 
ends. The possible spread in the value calculated from the experi 
mental coefficients is indicated by straight ends. Four sample 
theoretical fits are shown for comparison. Theoretical coefficients 
were taken from Table IV, and the curves carry the same desig 
nation which labels the table entries 


* Chamberlain, Donaldson, Segré, Tripp, Wiegand, and Ypsi 
lantis, Phys. Rev. 95, 850 (1954) 


(1’) 


It will be noted that }¢,’#¢,, contrary to what would 
happen if only states for L<3 are necessary and charge 
independence is obeyed. However, the uncertainties in 
determining the coefficients from the data are numerous 
enough so that a concrete conclusion is hard to draw 
from this disparity. Taking the disagreement literally, 
one might expect to find phase shifts for L>3 entering 


in a significant manner if charge independence is 
maintained, 


IV. PHASE SHIFT ANALYSIS FOR 
D AND S WAVES 


» were chosen, and the 


I'rial values of 6,2 and 6» 
coefficients of the Legendre polynomial analysis were 
used to determine 6,” and 6,°. Since the expression for 6, 

56=46'+3[9(D,,Ds)4 


5(Do,Ds) |, (3,1) 


depends only on the *D phase shifts under the assump 


D dD 


tions made, selection of 6,” and 6,” determines 6; 


from the experimental values of 6 and 6’. Similarly, 


the expression for 8, 


B=48'+4[5(D,,D2)+15(D2,Ds3) 
+41 9(D,,81)+5(Do,S)) 


13(D3,D,) | 


14(Dzs,S,) |, (3.2) 


depends only on the #2) and 4S phase shifts. Selection 
of 6,” and 62”, and the corresponding 63”, therefore 
determines 6;° from the values of 8 and f’. 

It is to be emphasized that the experimental values of 
B’ and 6’ were used in the following calculation. Thus 
the analysis is independent of the phase shift analysis 
of proton-proton polarization at this stage 


From Eq. (4.1) 


£(5,—4165,') = Im[ (90,2 +502” )Oq?* 
where 


) 


O,! 21 


; | exp(216,") 1 | 
On an Argand diagram, the points representing (90,? 
+ 502”)O3"* for given 6,”, 6,” lie on a circle passing 
through the origin with radius }!90,?4-50,”|, 
with a diameter which passes through the origin at 
an angle arg(9O0,?+4- 50,” 


and 


measured counterclockwise 
from the negative imaginary axis. The intersections of 
the line parallel to the real axis giving the experimental 
15.) 


value of 4(6, 0.5 with the circle give the value: 


of 6,” which are desired: they are the angles measured 
clockwise from the line through the origin at angle 
arg(90,?+-502”) with respect to the positive real axis 
(namely, the tangent to the circle at origin) to lines 
joining the origin with the points of intersection 
Equivalent analytical computation is as follows 


from Eq. (4.1 


p 8inb,” sin(@— 6,” 








A K 


ANO 


AND 


M H 


where 


p=([(9 sind,” cosé,"+-5 sind,” coséy”)? 


+ (9 sin’6,2+5 sin’5,”)? }}, 


9 sin’6,;2+5 sin*.? 
#=arctan 


9 sin6;” cos6,?+5 sind,” coséy? 


(5.1) 


The sum of the two values of 6;? which are solutions 


of this equation must equal arg(90,2+-50.”). If one 
uses 
(63?) + (62? )o=0 
together with Eq. (5.1), the two values of 63” can be 
checked or one of them can be computed. 
In order to obtain 6,;°, the same method can be used 
for the following equation : 


18,— 8.’ —[5(D,,D2)+15(D2,D5) — 13(D3,D,) | 
Im[_ (90, +502? — 1403”)0,5* ]. (4.2) 


Moreover, only sets of triplet phase shifts satisfying 
the condition 


| Ae +3) sin’, } 1 + (27 { 1) sin’6,/ 


k? 1 
+ (2. 1) sin’6, i” 1G" } 1 Trot » (6) 


were accepted. The total neutron-proton scattering 
cross section at 310 Mev is 35 mb,’ and the total 
proton-proton nuclear scattering cross section at 310 
Mev is about 4% 3.75 mb.° Therefore, the condition 
of Ky (6) implies 


3 sin’, °4+-3 sin’6,”24+-5 sin’6.2+7 sin’6,?<2.79. (6.1) 


Results of this phase shift analysis are given in 
lables I and IH. Table I contains values of 6,”, 69”, 63”, 
and 6,* in degrees which fit the experimentally deter- 
mined coefficients 8,, 6, in the expansion of Po, as 
limited by the total cross section, for 6,;°>0. Table II 
is the same for 6,;°<0. Entries in the table are as 
follows: the position of squares in the table corresponds 
to a choice of 6,2 (column) and 6.” (row). In the 
square will be found values of 6;” (no parentheses) 
and 6,° (in parentheses). The same values of 6,” 
and 6.” were investigated for 6,°<0 as for 6;°>0 but, 
as Table II indicates, a more limited range was found 
for allowed values 

The effects of the experimental uncertainty in the 
values of the coefficients was investigated by solving 
Eq. (3.1) and (3.2) using not only the central values 
of 6 and 8 given in Eq. (2), but also the extreme values 
5+ 46, B+ AB, 6— Ad, and B— AB. It was found by this 


‘Kelly, Leith, Segr?, and Wiegand, Phys. Rev. 79, 96 (1950) ; 
lox, Leith, Wouters, and MacKenzie, Phys. Rev. 80, 23 (1950); 
J. DeJuren and B. J. Mayer, Phys. Rev. $1, 919 (1951) 

Chamberlain, Pettengill, Segre, and Wiegand, Phys. Rev. 83, 
923 (1951); 93, 1424 (1954); 95, 1348 (1954 
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TABLE II. 8S and 4D phase shifts resulting from the analysis. Table entries are labeled as in Table I 
6,5 <0 are included. The same range of choices for 6)? and 5.” was investigated as for Table I 


means that the boundaries of the region of allowed 
values of 6,” and 6.” showed in Tables I and IT was 
changed by at most +5° in any case. The solutions 
6,” and 6,° also changed relatively little: of the order 
of +2° in the first case and +4° in the second. 

The regions of fit and ranges of phase shifts shown In 
Tables I and I, therefore, are relatively stable against 
small changes in the coefficients, and provide a reason 
ably reliable indication of the limits within which a 
charge-independent fit is to be found 


V. REPRODUCTION OF EXPERIMENTAL DATA 


In order to compare the theoretical fits with the 
experimental data, some sets of S and D phase shifts 
were selected, and P and F phase shifts available from 
analyses of proton-proton data® were used. The selected 


sets of phase shifts are shown in Table IIT, and desig 


nations for convenient reference are indicated. 
Results are given in Table IV and Fig. 1. Table IV 


TABLE III. Selected sets of S and D, and P and F phase shifts. 


Designation of set 


a 


axrans=x 


6 Hull, Ehrman, Hatcher 


Saperstein, Dissertation, Ya 


PAB! 
nomials 


Ill 


IV. Theore 


obtained fre 


' 
276 
| 
279 
293 
270 
254 


411 
$03 
147 
144 
390) 
177 


1432 
129 
197 
1340 
0.190 
O310 


0.010 
0.037 
O.OXG6 
0.029 
0.104 
0.256 


0.344 
0.319 
0.350 
0.460 
0.331 
0.4/6 


0.134 
0.096 
0.112 
0.196 
0.071 
0.045 
{) 1 ") 


‘) 1&6 


) 215 
0.170 


0.214 


0.000 


tical values of coefficients of 
mm the sets 


S18 
SOO 
815 
821 

KI) 
874 
&)1 

O45 
1X 
824 


817 
4) 
3% 
29 
9] 
44 


8432 


0.855 
O81) 


0.432 


0.826 


) 72/ 
0.06; 
0.786 
Q) KAN 
O.680 
0.901 


0.787 
0.708 
i atee| 
0.943 
0.746 
0 963 


1.158 
1.142 
1.085 
1.037 
1.023 
O.8KS 


0.716 
() OM 
0.748 
0.763 
0.712 
O.816 


1.016 
() Rx? 
() ® 1? 
0.823 
1.040 
(). 4452 
0.764 


(869 


0995 
0.834 


1.299 


0.737 


of phase 


ING 


Only solution 


0.4] 


0.474 


0.455 
0.430 


0.454 


0.457 


shift 


how n 


‘ 


0.020 
0.046 
0.022 
0.022 
0.020 
0.1052 


0.020 
0.046 
0.022 
0.022 
0.020 
0.1052 


0.461 
0.294 
if Tad 
) 227 
0.361 
O1115 


O.554 
0.4455 
0.4434 
O.444 
0.553 
0168 


O.100 
O11 
0.0928 
092% 
0.100 
0.0840 


0.494 
0.400 
0.414 
0.314 
0494 
0.164 
0.400 


(). 44% 


) 19 
0.404 


().00% 


0.382 


Lege ndre poly 


in Tabk 


0.0243 
0.0500 
0.0249 
0.0239 
0.0243 
0.00138 


0.0243 
0.0300 
0.0249 
0.0239 
0.02438 
0.00138 


0.0243 
0.0300 
0.0249 
0.0249 
0.0244 
0.00138 


0.02434 
0.0400 
0.0239 
0.0239 
0.0243 
0.0015 


0.0244 
0.03500 
0.0249 
0.0249 
0.02434 
O.O0O13% 


0.0244 
0.0400 
0.0259 
0.0239 
0.0243 
0.001 4> 
0.0249 


HV O249 


0.0259 
0.0296 


QO O249 


0.0249 
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Pane V, Choices of %G phase shifts. 


Designation of set 


I 
Il 
If 
IV 

I’ 

IT’ 


vives values of 44 theoretical sets of coefficients of 
Legendre polynomials obtained from these sets of phase 
shifts. Four of them are also drawn in Fig. 1. A com- 
parison of the results in Table IV with the experi 
mental values of the coefficients given in Eq. (2) shows 
that none of the sets of calculated coefficients is entirely 
satisfactory. For example, set cA gives coefficients 
reasonably close to the experimental values except for 
vy and ¢. The discrepancy in ¢ has already been dis- 
cussed, and is general for all fits. The error in y is smal! 
enough to allow the order of magnitude of the experi- 
mental n-p polarization to be reproduced, but doubling 
the /,(cos#) contribution compared to the experi- 
mentally determined amount prevents the fit to angular 
distribution from being anything but qualitative. Set 
/'A gives a value of y only a little larger than allowed 
by the errors on the experimental value, but a is of the 
wrong sign. Set (f)A is a fit of similar characteristics, 
giving coefficients even closer to the experimental ones. 
From the standpoint of using the present results as a 
basis for further work, this is the most promising type 
of fit, since the angular distribution is fairly well 
reproduced and the whole curve needs only to be 
shifted up 0.2 mb/sterad or so. Such an adjustment is 
more easily accomplished than other types. 

Since no special attempt has yet been made to 
arrive at final fits by further adjustment of phase shifts, 
the present results are considered to be hopeful indi 
cations that charge-independent fits to n-p and p-p 
data can be obtained. 


VI. EFFECTS OF G WAVES 


Effects of higher angular momentum states were 
investigated by introducing small ‘G phase shifts. If it 
is assumed that states for L<4 must be taken into 
account and G phase shifts are comparatively small, 
the general formula for polarization by Breit, Ehrman 
and Hull [ Eq. (18) of reference 2 | can be expressed as 
a sum of two terms such that the first term is just 


M. H. HULL, JR. 
Eq. (1), and the second includes the effects of G waves 
to first order. To estimate the second term, for sim- 
plicity, numerical values were used. For S, P, D, F 
phase shifts two sets, cA and (f)A, were employed. 
Choices of G phase shifts are shown in Table V. Sets 
I, IJ, ILI, [V were used with cA and sets I’, II’, TIT’ 
with (f)A, respectively. Results are plotted in Fig. 2, 
where additions to the polarization due to the G waves 
are shown on the same scale as the theoretical curves 
cA and (f)A. 

The addition of the *G waves has little effect on the 
angular distribution above 6=60°, even for 5° phase 
shifts. At smaller angles, the effects become appreciable, 


0.2 





Fic. 2. The curves labeled cA and (f)A were obtained from 
coefficients with the same labels in Table IV. The curves labeled 
I, IT, III are additions to curve cA resulting from the inclusion of 
sets of 4G waves from Table V used with the S, P, D, F phase 
shifts of set cA. Curves labeled I’, II’, III’ are to be added in 
the same way to curve (f)A. The additions between 6=60° and 
140° are similar for all cases and near zero, so they are plotted 
with an expanded vertical scale in the inset. 


especially for the larger phase shifts, but the data are 
less certain here also. The calculations indicate that 
the addition of *G phase shifts of the order of 5° or 
less, when used with the present fits, is not excluded by 
the data, but also that such an addition does not 
improve present fits, so that immediate improvement 
is probably not to be sought in the adding of higher L 


states 
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A new upper limit on the #° lifetime has been obtained by using 12 Kat endings in nuclear emulsion where 
the r® decays by a direct pair, r°-—+(e++-e~) +7. The distance traveled by the r® before decay was measured 
from the intersection of the K* and r* tracks to the intersection of the pair and 7° (colinear with r*), The 
inherent accuracy of the measuring technique was found to be ~0.5 micron per event by using r* secondaries 
as mock events. With the statistics of 12 events it should be possible to detect a mr decay length of ~0.2 
micron or greater. Our data give no indication of a displacement of pair origins from the K endings. Thus 
the r® decay length is probably less than ~0.2 microns. This corresponds to a lifetime of less than 5X 107" 
sec. Information on the upper limit of the r® lifetime is obtained from a plot of the likelihood function vs 
r lifetime. The likelihood function is down by a factor of 30 for a lifetime of 1X10! sec and is rapidly 


decreasing for longer lifetimes. 


INTRODUCTION 


NE of the by-products of our experiment to 

measure heavy meson lifetimes! is a measurement 
of the lifetime of a light meson, the neutral pion. In’the 
decay of the K,.*, a neutral pion is emitted with a 
velocity B=0.835 in the direction opposite to the 
observed w* track. About 1.2% of these neutral pions 
should decay according to the alternate mode, 
mw°—(e++e-)+7.2 We have observed six such events 
during the course of examining about 3500 K+ endings. 
In addition to our six K,9’s with direct pairs, we have 
measured six others which were found by other emulsion 
groups. 

If the neutral pion had a lifetime of 1 10~" sec, the 
mean decay length from the A+—* intersection to the 
mw*-pair intersection should be 0.455 micron. The 
experimental determination of this distance gives a 
straightforward determination of the 2° lifetime which 
is free from the various assumptions upon which 
previous estimates depend.** The decay distance per 
event was measured with an accuracy ~0.5 micron as 
determined by measurements of r+ secondaries of com- 
parable grain density. Within the accuracy of the 
technique used, our data give no indication of a dis- 
placement of pair origins from the K endings. The 
twelve decay distances and their individual errors are 
listed in Table I. The full information which can be 
obtained from this data concerning the 7° lifetime is 
shown in Fig. 1. It is seen that the probability of getting 
our results when one assumes a lifetime 10~' sec or 


greater is much smaller than the probability when one 


assumes a lifetime ~10~"* sec. 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission, and by a 
National Science Foundation research grant. 

1 Orear, Harris, and Taylor, Phys. Rev. 104, 1463 (1956). 

2 R. H. Dalitz, Proc. Phys. Soc. (London) A64, 667 (1951). 

3B. M. Anand, Proc. Roy. Soc. (London) A220, 183 (1953) 

‘Schein, Fainberg, Haskin, and Glasser, Phys. Rev. 91, 973 
(1953). 

5 Brisbout, Dananayake, Engler, Fujimoto, and Perkins, Phil. 
Mag. 1, 605 (1956). 


MEASUREMENT TECHNIQUE 


The measurement involves establishing three inter- 
secting lines: the A* direction, the r* direction, and the 
pair direction. This is done by drawing the event grain 
by grain using a camera lucida. The magnification at 
the drawing board was 6000 to 1, Figure 2 shows one 
of the twelve drawings. In this case the pair appears to 
originate at a distance of 0.42 micron along the at 
rather than the w°, In Fig. 2 this is the distance between 
the two arrow heads. After correcting for the wt dip 
angle this decay distance becomes — 0.64 micron, 

One might expect the inherent accuracy of this pro 
cedure to be about one grain diameter or ~0.5 micron. 
The inherent standard deviation in this procedure was 
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Fic. 1. The ordinate is the likelihood function or the relative 


probability that our twelve measurements turn out the way they 
did if one assumes different values for the w° lifetime. 
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hic, 2, Camera lucida drawing of event No. 10. The measured 
decay distance is the distance between the arrow heads. In this 
case the measured decay distance is negative since the pair line 
happens to intersect the w® line on the wrong side of the K ending 


determined empirically by measuring 32 intersections 
of tau endings with two of the pion secondaries. Pion 
secondaries ~30 Mev were used. In this case the true 
decay distance must always be zero. Figure 3 shows one 
of the tau meson drawings where the angle between the 
two secondaries which were used is 8.0°. One would 
expect the accuracy of determining the intersection of 
two tracks to go as cscé. We assumed the error of an 
individual event would be of the form 


a =| a?+ b*(csc70)4+ csc62) |, (1) 


where 6; is the angle between the At and at, and 6, 
is the angle between the w* direction and the angle 
bisector of the pair. The 32 tau “decay distances” gave 
the 0.332 micron, and b=0.103 micron. 
Equation (1) was used in determining the error of each 
of the 12 events. This error is then multiplied by seca, 


values: a 


where a is the original dip angle of the wt. Table I lists 
each of the 12 decay distances and their individual 
errors. A check can be made on this error procedure by 
examining the internal consistency of the 12 decay 
distances. In this check, the error of each measurement 
is assumed to be proportional to, but not equal to, the 
value given by Eq. (1). Then the rms error of the mean 
is calculated assuming these are 12 repeated measure 
ments of the same quantity. This internal rms error of 
the mean is 0.11 micron which is quite consisitent with 
the value 0.16 micron which is obtained when the errors 
in Table I are used directly 


Fic. 3. One of the r* endings used in the determination of the 
accuracy of the measuring technique. Only the light secondary 
tracks (in this case the two w*’s) were used to simulate a K,2 with 
direct pair 
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Individual variations were found to exist in the 
criteria used to draw the best-fit track directions and 
occasionally in the interpretation of grains near the K x2 
ending. Comparison of drawings of the same event by 
different observers showed variations which were usually 
well within the error given by Eq. (1). Repeated drawings 
hy the same observer showed remarkable reproducibility. 
In order that our results not be subject to individual 
variation, all the K,.and 7 data used in this paper were 
obtained from the drawings of the same person. 


RESULTS 


If the 2° always decayed at a fixed distance from the 
K ending, the correct statistical procedure would be to 
determine the weighted mean of the 12 decay distances 
with 1/o? as the weighting factor. Our data give a 
value 0.02 micron for this weighted mean. The rms 
error of this mean is 0.16 micron when one uses Eq. (1) 


TABLE I. List of the twelve K,.2 events with direct pairs. The 
measured value of each decay distance is x. The rms error of each 
measurement is a. The angle a is the original dip angle of the r*. 
6; is the angle between the K and the w*, and 62 is the angle 
between the w* and the pair. 


a 
microns) a 


0.68 0)" 
0.44 A)? 
0.46 28° 
0.7 20° 
0.82 43 

0.76 61° 
0.42 27° 
0.53 ~0° 
Qa 0.49 40 

10" ; 0.61 49° 
11° le 0.45 24° 
12 : 2.90 82 


he 


®* Berkeley event 
+b Massachusetts Institute of Technology event 
© Rochester events. 


for the errors of the individual measurements. However, 
since the distance at which the pair appears is dis- 
tributed according to an exponential decay, the pro- 
cedure of the weighted mean is statistically efficient only 
in the limit where the decay length is much smaller than 
the errors of each measurement. In general, the correct 
statistical procedure is to calculate the relative prob- 
ability that our 12 decay distances and their 12 errors 
turn out the way they did as a function of the lifetime. 
This relative probability is known as the likelihood 
function and is plotted in Fig. 1. Let « be the measured 
decay distance of a single event; then, if / is the true 
decay distance, x will be distributed according to 


(x—l)? 
p(x,o ; l) = (210") hexp| _ , 


20° 


where o is the erter of the individual measurement. We 
know that / is distributed according to 


(I= (1/L)e"*, 





LIFETIME OF 


where = cr is the true decay length and + is the r 


lifetime. Thus 


P(x,0; T) f p(x,a; Dq(l)dl, 


when considered as a function of 7, is the likelihood 
function for a single event. The likelihood function for 
a collection of 12 events is 


12 
O(r) =I P(x,,0;; 7). 
t=] 
The quantity L(7r)=Q/Qmax is plotted in Fig. 1. Note 
that a 7° lifetime of 1X10~' sec is down by a factor 
of 30. 
DISCUSSION 

As seen from Fig. 1, the 2° lifetime is most likely 
less than 1107 sec. The value which corresponds to 
a 10% relative probability is 7 10~'® sec. Our result is 
consistent with the evaluation of the lowest order term 
in perturbation theory for pseudoscalar coupling in a 
pseudoscalar field, which gives a lifetime of 7 107"? sec 
for g’/4arhc= 10.® 

Our result is in good agreement with the experimental 
limits 0<7<4.8XK10°'® sec obtained by Schein et al. 
However, we are in poor agreement with the value 
2.5<7<14X10~ sec obtained by Anand* and _ the 
value 0.7<7r<5X10~' sec obtained by Brisbout et al.® 
In both of these papers the limits are set to include a 
90% confidence interval. 

Perkins’ has pointed out that the value of Anand 
should be revised downward because of the effect of 
the reduction in ionizing power of a pair when the 
electron and positron spacing is less than the maximum 
impact parameter for ionization loss. This effect has 
recently been observed in high-energy pairs.?: 

One possible systematic effect in the work of Brisbout 
el al. that would contribute to an overestimate of the 
lifetime is that of the nonzero angle between the pair 
direction and the initial gamma due to nuclear recoil.’!" 
This effect may possibly be enhanced when one selects 
pairs with small opening angle. Brisbout ef al. base 
their x° lifetime limits on three pairs which were selected 
from a large number of high-energy pairs occuring in 
high-energy cosmic-ray jets. 

Some of the advantages of using direct pairs from 
K 2's are: the r° direction is known, the 7° energy is 
known, the pair is known to originate from a 7°, the 7° 
is known to originate from the AK ending, there is no 
selection bias which can influence the lifetime result (at 
least for lifetimes this short), the accuracy of the 
measuring technique is known, and the result is inde 
pendent of variation of ionizing power of the pairs. In 

® J. Steinberger, Phys. Rev. 76, 1180 (1949); H. Fukuda and 
Y. Miyamoto, Progr. Theoret. Phys. (Japan) 4, 347 (1949); and 
J. Schwinger, Phys. Rev. 82, 664 (1951) 

7D. H. Perkins, Phil. Mag. 46, 1146 (1955). 

*W. Wolter and M. Miesowicz, Nuovo cimento 4, 648 (1956). 


*H. Bethe, Proc. Cambridge Phil. Soc. 30, 524 (1934) 
 G. E. Modesitt and H. W. Koch, Phys. Rev. 77, 175 (1950) 
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our experiment we estimate that at least 80°; of the 
events used are A ,»’s with direct pairs. The main source 
of false events would be direct pair decay of ’s in 
K.3—et+v+nr° and K,;-utt+v+n’. If all A.3 and 
K,3 mesons decay by the r® mode, then the frequency 
of this type event is determined by the relative abun 
dances of K,3; and A, s as compared to the Ays. At 
cording to the most recent relative abundances'' this 
would contribute a background of less than 20°, 
Actually the background would be less because a sig 
nificant number of such events would have low-energy 
electrons or muons, or the pair would clearly be of the 
wrong energy. Other background sources would be the 
possibility of the direct decay modes Kt—>mrt+-y-+ pair, 
Kt—>pt+v+pair, and Kt-et+-v+pair. Upper limits 
can be put on these direct modes by comparing them 
with the respective modes: At->rt+pair, Att 
+v+y, and Kt +e++ r+." Of these three modes, the 
first has never been seen, and the other two would be 
included in the A, s and A,,. 

Direct pair decay of m'’s from 7’ 
track is noticably above 


rr! + 2° does not 


contribute because the a 
minimum ionization. We have found three such events 
out of the 3500 A endings examined at Columbia. In 
each of these events the heavy secondary stopped in 
the stack and m-p-e decayed. 

All twelve of the events used in determining the w 
with direct 


lifetime appeared consistent with a Aye 
pair. In two of these events one member of the pair was 
assumed to be of low energy since only one definite 
high-energy electron could be found. No correction was 
made for the possibility that one or two of the twelve 
events might have been non-A,» events. The effect of 
a 20% contamination of non-A,» events would be to 
reduce our 7° lifetime result by no more than 20%, from 
its true value. 

We are indebted to the nuclear emulsion groups at the 
University of Rochester, the Radiation Laboratory of 
the University of California, and the Massachusetts 
Institute of Technology for contributing half of the 
events used, We are particularly grateful to Dr. T. F. 
Hoang who supplied three events from Rochester, Dr, 
R. W. Birge who supplied two events from Berkeley, 
and Dr. R. A. Schluter who supplied one event from 
the Massachusetts Institute of Technology. In addition 
we wish to thank Mr. P. Baumel, Mrs. EF. Bierman, 
Mrs. J. Impeduglia, Mrs. M. Johnson, Miss J. Lee, and 
Mr. E. Levin of the Columbia Nuclear Emulsion Group 
for locating and analyzing the data, 

Two more events have been found at 


wr lifetime result. Event 13 has 
Event 14 has x 0.80 


Vole added in proof 
Columbia which shorten our 
1 0.77 micron and a=1.77 
micron and o 1.28 micron 

\ private communication from D. H. Perkins informs us that 
more recent cosmic-ray jet data indicate a lifetime shorter than 


micron 


that reported in reference 5 


" Birge, Perkins, Peterson, Stork, and Whitehead, Nuovo 


cimento 4, 834 (1956) 
We thank Professor T. D. Lee 
possible A-meson decay modes 


for helpful discussions on 
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The mechanism by which negative ~ mesons catalyze nuclear 
reactions between hydrogen isotopes is studied in detail. The 
reaction rate for the process (p+d+p —-He*+y°+5.5 Mev), 
observed recently by Alvarez et al., is calculated and found to be 
meson binds two 
hydrogen nuclei together in the w-mesonic analog of the ordinary 
H-* molecular ion. In their vibrational motion the nuclei have a 
finite, although small, probability of penetrating the Coulomb 
barrier to zero separation where they may undergo a nuclear 
reaction. The intrinsic reaction rates for other, more probable, 
reactions are also estimated, The results are ~0.3X 10° sec”! for 
the observed p—d reaction, ~).7 XK 10" sec? for the d—d reaction, 
and ~0.4X%10" sec?! for the d—t reaction. For the reaction 
observed by Alvarez rough estimates are made of the partial 


in accord with the available data. The yu 


1. INTRODUCTION 


T has been found recently' at Berkeley that negative 

mw mesons incident on a hydrogen bubble chamber 
containing both light hydrogen and deuterium act 
as a catalyst for the nuclear reaction 


pt d+p—He'+p>4+-5.5 Mev, (1) 


with the ~ meson carrying off the available energy. 
‘The lifetime for the reaction is comparable to the mean 
life of the meson (2.1% 10~® sec). 

The catalytic can be envisioned in the 
following way.” In the first step, the negative » meson 
rapidly comes to rest® in the chamber and is captured 
into a stable, though highly excited, orbit around a 
hydrogen molecule. In the further process of de- 
excitation, most frequently a w-mesonic hydrogen atom 
is formed,’ but at high densities subsequent molecule 
formation takes place in a time short compared to the 
u-meson lifetime (see Sec. 4 and Appendix D). We are 
interested in those mesons which form a bound molecule 
consisting of a proton, a deuteron, and a w~ meson. 
The largeness of the meson mass compared to the 


proc ess 


* Visiting Guggenheim Fellow, 1956-1957; permanent address: 
McGill University, Montreal, Canada. 

'L. W. Alvarez et al., post-deadline paper, American Physical 
Society Meeting, Monterey, California, December 28, 1956; 
Phys. Rev. 105, 1127 (1957). 

* After the completion of this paper, the author’s attention 
was called to a ten year old paper by F. C. Frank, Nature 160, 
525 (1947), in which, in the course of examining and rejecting all 
possible alternative explanations of the r—mw decay events ob 
served in emulsions by Powell and co-workers, he discussed the 
catalysis mechanism in the same physical terms as presented here, 
although in rather less detail. See also Ya. B. Zel’dovitch, Doklady 
Akad. Nauk U.S.S.R. 95, 493 (1954). 

*A.S, Wightman [Phys. Rev. 77, 521 (1950) and Ph. D. thesis, 
Princeton University, 1949 (unpublished) ], has estimated that a 
10-Mevy w meson in liquid hydrogen at 20°K and 1 atmosphere 
(density 0.071 g/cm’) will take of the order of 10~ sec to reach 
100 kev, and will take only a few times 10~ sec more to reach a 
speed at which it is captured by a hydrogen molecule, Once bound 
around the molecule the meson takes about 10°" sec to cascade 
down to its lowest atomic orbit. For higher densities the time 
scale is correspondingly reduced. 


widths for nonradiative and radiative decay of the excited He? 
nucleus. The ejection of the w~ meson by “internal conversion” 
seems somewhat less likely. Speculations are made on the release 
of useful amounts of nuclear energy by these catalyzed reactions. 
The governing factors are not the intrinsic reaction rate once the 
molecule is formed, but rather the time spent (~10~* sec) by the 
# meson between the breakup of one molecule and the formation 
of another and the loss of u~ mesons in “dead-end” processes. These 
factors are such that practical power production is unlikely. In liquid 
deuterium, each ~~ meson will catalyze only ~10 reactions in its 


lifetime, while for the d—¢ process it will induce ~100 disinte 
grations. A longer lived particle will not be able to catalyze 
appreciably more reactions, 


electronic mass means that the bound (p+d+y7) 
system will be much smaller than electronic orbital 
distances. Consequently any electrons that may be 
present can be ignored. The bound system will be the 
u-mesonic analog of the (H'H?)* electronic molecular 
ion. 

Once the meson has formed the u-mesonic molecular 
ion the second stage of the process begins. This consists 
of the existence of a well-defined molecular system, 
with its typical rotational and vibrational motions, 
for a very long time compared to the characteristic 
molecular periods. For a u-mesonic hydrogen molecule 
the vibrational period is of the order of 510~'* 
sec, and the “electronic” period about 10 times shorter. 
This is to be compared with the mean life of process 
(1) of ~10~* sec. Even for much more likely processes 
with other hydrogen isotopes (see Sec. 2) the molecular 
periods are always very small compared to the charac- 
teristic reaction time. 

The third stage occurs when the two hydrogen nuclei 
in their vibrational motion penetrate the classically 
forbidden Coulomb barrier and come within a nuclear 
interaction distance of each other. They then have a 
certain probability of forming a compound nuclear 
system which subsequently de-excites with the libera- 
tion of energy in the form of kinetic energy of particles 
or radiation. For reaction (1) the excited He® nucleus 
de-excites by electromagnetic interaction with the 
w~ meson (internal conversion), or, perhaps more 
probably, by the emission of a gamma ray (see Appendix 
C). In other reactions the energy may be carried off 
mainly by nuclear particles, with the u~ meson receiving 
only a small energy (see Sec. 2). The net result is the 
occurrence of a nuclear reaction through the inter- 
mediary of a w~ meson, the meson being set free 
unaffected in the process.‘ 


*One may ask whether molecule formation is necessary for the 
catalytic action in view of the fact that the uw meson is quite 
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CATALYSIS OF NUCLEAR 


The w* meson serves as a catalyst for the nuclear 
reaction in the usual sense of the word, being an added 
agent which accelerates the reaction rate without being 
consumed itself. The efficacy of a u~ meson as a catalyst 
compared to an electron is due to its much larger mass 
which causes the nuclei bound together in the u-mesonic 
molecule to be about 200 times closer together than 
in the normal molecule. The “leakage” through the 
barrier to zero separation is exponentially dependent 
on the linear dimension. Consequently the catalytic 
action is a very rapidly increasing function of the mass 
of the binding particle.® 

The molecular potential energy curve as a function 
of the separation r between the nuclei, and the lowest 
vibrational wave function are shown schematically in 
Fig. 1. The drawing is not to scale, and is deliberately 
simplified to illustrate the important features of the 
process. The molecular system exists in the lowest 
vibrational energy level,’ with binding energy ¢ and 
equilibrium separation r,. The radii r; and re are the 
classical turning points. Inside r; the vibrational wave 
function falls off rapidly but still has a finite, although 
very small, value at zero separation. The reaction rate 
can be written 


1/T=A|W(0) |? (2) 


where A is a constant of the nuclear reaction (dimen- 
sions of cm*/sec) which can be determined from 
available reaction data (see Sec. 2), and (0) is the 
value of the molecular wave function at zero separation, 
or more correctly, at the interaction distance between 
the nuclei. It is found (Sec. 3) that |W(0)/? can be 
approximated by 


WV (0) |?-~const (M /p)'a~* exp(—A), (3) 
I 


where M is the reduced mass of the nuclei in the mol- 
ecule, u is the mass of the binding particle (u~ meson), 
a=h*/ye* is the Bohr radius of the binding particle, 
and A is the barrier penetration factor. For u-mesonic 
hydrogen molecules, the factors are such that 


|W (0) |?~10” exp(—A) cm™, 


effective in lowering the Coulomb barrier between two nuclei by 
virtue of its very small orbit around one of them. Even if the 
screening effect were perfect and the u-mesonic atom acted as a 
neutron in its penetration up to another nucleus, the collision 
reaction rate would be of the order of 10~¢ times the intrinsic rate 
once a molecule is formed. A more realistic estimate is obtained 
by saying that once a nucleus gets inside the u-mesonic atom the 
harrier penetration will be similar to that in the molecule, Then 
the relevant ratio is the cube of the ratio of the average sepa 
rations between an atom and an ordinary gas molecule and 
between the two nuclei in the w-mesonic molecule. With ~10% 
molecules/cm*, this ratio is ~10~%. 

5 Particles heavier than the u~ meson would be more efficient 
catalysts, but the particles must interact appreciably with nuclei 
only by electromagnetic forces. r~ mesons or K~ mesons would 
in genera] disappear or be transformed by nuclear interaction, 
and so violate the requirement of survival after the reaction 
occurs. 

® Even at room temperature higher vibrational states are not 
populated appreciably; rotational levels are suppressed for 
simplicity. 


REACTIONS 





Fic. 1. Nuclear potential energy curve in w-mesonic hydrogen 
molecule, and ground-state vibrational wave function for the 
relative motion of the two nuclei. r, is the equilibrium separation, 
while r; and r. are the classical turning points. The bound state 
energy level is —e. 


and for the (p+d+ yu") system in particular, A~S5.5. 
lor process (1) the reaction constant is A~10°” 
cm®/sec [ Eq. (9) ], so that the reaction time is estimated 
at T~2.5X10~® sec, the observed order of magnitude.’ 
More careful estimates of the reaction rate will be 
given in Table IT. 

A word needs to be said about the use of molecular 
arguments with a particle as heavy as the w~ meson. 
The expansion parameter in the usual separation of 
the “electronic” and vibrational-rotational motions is 
is (u/M)*. For electroni 
parameter is of order 0.15, whereas for pu-mesonic 
hydrogen molecules it is of the order of 0.58. This 
would seem to cast doubt on the validity of such a 
separation in the present problem. A counter argument 
seems possible, however. First of all, the molecular 


hydrogen molecules this 


approximation to electronic molecules is much better 
than the value of (u/M)* would first lead one to expect. 
It is perhaps easier to speak of the relative periods of 
the various types of motion. In an electronic hydrogen 
molecule the vibrational periods are of the order of 


100 times the electronic 
~10-'* sec), and the separation of the two types of 
motion can obviously be expected to be a good approxi- 
mation. In u-mesonic molecules the vibrational periods 
are about 10 times the “electronic” periods (~5X 10~"* 
sec versus ~5 X10" sec). While this is not as favorable 
as the electronic case, it may be expected that the 


periods (~10°™ sec versus 


errors involved will not be too large, especially as only 
semiquantitative estimates are being made. 

In the next section we discuss the determination of 
the reaction constant A for the process (1), as well as 
other possible reactions between various hydrogen 
isotopes. Section 3 is devoted to the molecular vibra- 

7 For electrons we can estimate the reaction rate very crudely 


by noting that A is roughly proportional to (M/y)* (see Appendix 
8B). Thus the electronic rate relative to the w-mesonic rate will be 


(m/u)*? exp{ —[(u/m)§—1 A, J&10%, 


a completely negligible value. 
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the determination of the barrier 
penetration factor A. The intrinsic reaction rates for 
several reactions are estimated in Sec. 4, and the actual 


tional motion and 


observable rates are discussed. Some speculations on 
the release of useful amounts of nuclear energy are 
presented in Sec. 5. Section 6 contains a brief summary. 
Four appendices contain details of the molecular 
potential energy curve, a WKB treatment of the barrier 
penetration, some rough estimates of the competing 
modes of decay for process (1), and a Born approxi- 
mation treatment of molecular formation problem. 


2. POSSIBLE REACTIONS AND 
REACTION CONSTANTS 


In addition to the process (1), there are several other 
hydrogen that im- 
mediately come to mind as ones that can also be 
catalyzed by wu 
reactions between hydrogen isotopes for which there 


reactions between isotopes of 


mesons. Listed below are some exoergi 


are detailed data at low energies: 
5.5 Mev (4) 


p+d 
d+d 


He'+7, 0 
l+ p, ©) 
He®+n, O 


*Het+-n, O 


4.0 Mey 


(5a) 


3.3 Mev (5b) 


d+t 17.6 Mev. (6) 


Reaction (4) is the normal version of process (1), and 
is discussed by Salpeter* in connection with energy 
production in stars. The d—d and d—t reactions have 
been studied in detail, the latest work at low energies 
being that of Arnold et al.® We shall imagine all these 
reactions to occur at low energies through the formation 
of a compound nucleus and its subsequent de-excitation. 
At very low energies the probability of re-emission of 


the incident particle will be negligible, and the observed 


cross section will be the same as the cross section for 
compound nucleus formation. 

If aw 
of de-excitation of the compound nucleus may be 
altered. 
nuclei only by electromagnetic 


meson is present in the vicinity, the method 
Because the ~~ meson interacts with light 
forces, de-excitation 
by m-mesonic “internal conversion” will 
favorably only if the normal mode of decay is by gamma 
emission. Hence, for example, reaction (4) can occur 


either as indicated by Eq. (1), or in the manner 


compete 


uo +pt+d—-He'+y+4 , (1’) 
where Eq. (1) is the “internal conversion”? mode and 
Eq. (1') is the radiative mode. Rough estimates of 
these rates of decay (see Appendix C) show that the 
“internal conversion” mode is somewhat less likely. 
On the other hand, for reactions (5a) and (5b) the 
compound nucleus will presumably de-excite by the 
emission of a nucleon, even in the presence of a yu 
* E. E. Salpeter, Phys. Rev. 88, 547 (1952) 


* Arnold, Phillips, Sawyer, Stovall, and Tuck, Phys. Rev. 93, 
483 (1954). 
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meson, the competing “internal conversion” mode 
[ (He*)*+y°—>Het+y> | being unimportant in spite of 
the large Q value (23.8 Mev). Similarly, reaction (6) 
will behave the same way whether w~ mesons are 
present or not. 

The concept of compound nucleus formation is of 
questionable validity for light nuclei such as are dealt 
with here. A perturbation theory viewpoint is perhaps 
closer to the truth. It would then be argued that the 
presence of the ~~ meson around the reacting nuclei 
gives an added mode of decay and the transition rate 
will be increased correspondingly. From the previous 
remarks it is clear that this will be of importance only 
in the (p+d) reaction. For this process, the effective 
reaction constant in Eq. (2) would be the value deduced 
below multiplied by (1+a), where a=N,/N, is the 
usual internal conversion coefficient. The rates in 
Table II for the (p+d) process will be altered by the 
same factor. For our semiquantitative discussion we 
will ignore this possible correction. 

At very low energies the cross section for the fore- 
going reactions can be written in the form, 


a= (A/v)Ce, (7) 


where A is the reaction constant (in cm*/sec) of Eq. 
(2), vis the relative velocity of the incident particle, and 
Cy’ is the s-wave Coulomb penetration factor. If the 
finite size of the interaction volume is neglected, the 
Coulomb factor at low energies is 


Cy’~2an exp(—21n), (8) 


where n= e?/hv. The combination of Eqs. (7) and (8) 
gives the familiar Gamow formula, o=const#"! 
Xexp(—constE~4). 

For reaction (4) there are no data at low energies, 
but Salpeter® has argued that the mirror reaction 
[d(n,y)t| should have essentially the same cross 
section, except for the Coulomb barrier factor. The 
low-energy neutron capture in deuteron does show a 
(1/v)-law behavior, and the value of the thermal cross 
section is 0.57X10°%7 cm*. This corresponds to a 
reaction constant, 


A,4= (1.25 10~**) cm*/sec. (9) 


Following Salpeter, we will assume that this value 
holds for its mirror reaction (4). 

Reactions (5) and (6) are much more probable than 
(4). Below 100 kev, the cross section® for (5) follows the 
form of Eq. (7) with a reaction constant, 


As=2.01X10~"* cm*/sec. (10) 


The two modes of decay. (Sa) and (5b) are very 
nearly equally abundant. It is notable that the reaction 
constant As, is over 10° times as large as Ay. The d—t 
reaction shows a resonance at around 80 kev in addition 
to the barrier effects implied in Eq. (7). At very low 
energies, however, the cross section appears to follow 
the Gamow form, the cross section having an absolute 
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magnitude of about 100 times the d—d cross section.’ 
Thus the reaction constant for reaction (6) 
approximately 


is 


Ago~2.0XK 107" cm?/sec. (11) 


It is clear from Eqs. (9), (10), and (11) that the 
reaction rate in the u-mesonic d—d or d—t molecule 
will be of the order of 10° times the observed rate of 
~10° sec! for the p—d molecule. ‘Thus, in pure 
deuterium or a deuterium-tritium mixture, the yu 
meson should be able to act as a catalyst a very large 
number of times during its lifetime. Quantitative 
discussion will be reserved for Sec. 4, where the question 
of the time spent by the u meson between molecular 
formation will be considered, as well as an important 
loss mechanism. 


3. MOLECULAR ION AND BARRIER PENETRATION 


The problem of two hydrogen atoms bound together 
by an electron to form a molecular ion is one of the 
earliest and simplest problems to be treated quantum 
mechanically." The transcription to a u-mesonic (or 
other particle) type of molecule is elementary. Fine 
effects, such as the spins of the particles and the 
statistics of the nuclei, are ignored since they have little 
influence on the problem at hand. 

The ground state molecular potential energy curve 
has the form shown in Fig. 1. If lengths are expressed 
in units of the Bohr radius a of the binding particle 
and energies in units of (e/a), the potential is in- 
dependent of the mass of the binding particle. The 
details of the potential curve, the equilibrium sepa 
ration of the nuclei, etc., are described in Appendix A. 
The radial wave function for the lowest vibrational 
state is just the harmonic oscillator eigenfunction: 


Uyin (x) = (a/m)! expl — }a(x— x9)" ], (12) 


where x is the equilibrium separation in units of a, 
and a=Mhw/y is the usual oscillator parameter in 
units of a~*. The wave function (12) is only an approxi- 
mate description of the vibrational motion in a p- 
mesonic molecule, even in the region between the 
turning points, since the energy level [Eq. (A3) | is 
raised up sufficiently from the potential minimum 
that anharmonic terms in the potential begin to be 
important. For our rough estimates, however, Eq. (12) 


TABLE I. Barrier penetration factor \(xy) for 
u-mesonic hydrogen molecules 


p+d d+d 
8.3 
7.6 
6.9 


6.0 
5.6 
5.0 


For detailed references, see for example, Eyring, Walter, 
Kimball, Quantum Chemistry (John Wiley and Sons, Inc., New 


York, 1944), p. 192 ff. 
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Pasie II. Nuclear reaction rates 1/7 (sec ! 


u-mesonic hydrogen molecules 
pP+d 
0.11 10" 


0.2310" 
0.5710 


0.35 10" 
0.70% 10" 
1.4% 10" 


0.18 10° 
0.20X 10° 
0.48 X 10° 


will be adequate, except that it must be extended into 
Coulomb barrier region towards zero separation, 
small 


the 

The determination of the wave function at 
separations of the nuclei is treated by means of the 
WKB approximation in Appendix B. ‘There it is shown 
that for very small separations of the nuclei the vibra 
tional wave function can be written approximately as 


SA(x) |. (13) 


Uy in(x)™(a/ 2m) 'x exp| 


The parameter a is that appearing in Eqs. (12) and 
(A4), while the factor A(x) is the barrier penetration 
factor defined by Eq. (B6). The values of \ appropriate 
for the combinations of hydrogen isotopes appearing 
in reactions (4), (5), and (6) were computed numerically 
for p-mesonic The are in 
Table I. Three values are given for each molecule, 
corresponding to a nuclear interaction distance xy=0, 
0.02, 0.05. These are equivalent to the sum of the nuclear 
“radii” being 0, 5X10°" cm, and ~1.2K10°" 


molecules. results shown 


cm, 


respectively. To find very rough values of \ for other 


binding particles and/or other combinations of hydrogen 
isotopes, the numbers in ‘Table I can be scaled according 
to (M/u)', as implied by the form of V?(x%) in Eq. (B2’). 


4. INTRINSIC AND ACTUAL REACTION RATES 


The rate of the catalyzed reactions is given by Eq. 
(2), where the reaction constant A was discussed in 


Sec. 2. The wave function ¥(0) in Eq. (2) is given by 


1 Uy jp (X) 
W(O) , 
(47ra*)! 


(14) 


r=IN 


where the factor 49% comes from the rotational wave 
function, and the factor a* from the introduction of 
proper units of length. Combination of Eqs. (2), (13), 
(14) result for the 


reaction rate, 


leads to the basi intrinsic 


A a 
~ ( Jew A). 
4ra'\ 29 


With the help of Eq. (A4) and the value a= 2.53107" 


cm, Eq. (15) can be specialized for u-mesonic hydrogen 


and 


(15) 


molecules: 


1/T~0.70X 10"A (M/M,)' exp(—A) sec, (16) 


where M, is the proton mass. 
The values of A from ‘Table I can be inserted into 
Eq. (16) along with the appropriate reaction constants 
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from Sec, 2 to yield the intrinsic reaction rates for the 
catalyzed reactions corresponding to Eqs. (4), (5), 
and (6). These rates are displayed in Table II. For the 
p-—d reaction the most likely value of the interaction 
distance is xy=0,02, while for the d—d process it is 
closer to 0,05. For the d—t¢ reaction an intermediate 
value is probable.'' We see from the figures in ‘Table II, 
first of all, that the rate for process (1) is of the ob- 
served order of magnitude. Whether the agreement is 
quantitative or not cannot be said without further 
experimental data, Secondly, the rates for the d—d 
reaction and the d—¢ reaction are of the order of 10° 
to 10’ times that of the observed p—d rate.!*? The 
possibility consequently arises that the ~~ meson may 
serve as a catalytic agent for these reactions over and 
over again during its lifetime. 

The actual reaction rate that will be observed is 
smaller than the intrinsic rate of ‘Table II because of 
the time spent by the w~ meson between catalyzing 
events and also due to loss of the w~ meson to the 
catalytic chain. Three important effects are: 


(1) slowing-down time, 

(2) time spent by the w~ meson bound in a p- 
mesonic hydrogen atom rather than a molecule, 

(3) loss of 4 mesons in “dead-end” processes from 
which they cannot escape to serve as catalysts. 


None of these processes will appreciably affect the 
rate of reaction (1) since its intrinsic rate is compara- 
tively slow. They are of vital importance, however, 
in the d—d and d—t reactions. The slowing-down 
time can be estimated from Wightman’s work.’ From 
the discussion of Sec. 2 it is evident that in the d—d 
and d—t processes the ~~ meson will be liberated with 
only a few kev energy. Consequently the time taken 
to slow down and form a w-mesonic hydrogen atom in 
its ground state will be of the order of 107" sec. If this 
were the governing factor the ~~ meson could still 
~108 Un- 
fortunately, the slowing-down time is short compared 


catalyze reactions during its lifetime. 


"One might question the significance of any value in Table IT 
other than xy =0 in view of the fact that the reaction constants A 
of Sec, 2 were seemingly deduced from the zero-range penetration 
factor (Eq. (8) ]. Actually the experimenters® determine the 
exponent in the penetration factor empirically, and its value 
me nee in some way the finite interaction radius. In any event 
the uncertainty in the (1/7) values which may be present from 
this effect is of no importance in the subsequent discussion. 

" The rates in Table II do not take into account the nuclear 
spins. The most important effect of the spins occurs for the d—¢ 
process, The d—t molecule will be formed in its lowest state with 
a combined nuclear spin equal to 4 one-third of the time, and 
equal to i two-thirds of the time. The large reaction constant 
[ Eq. (11) ] at zero energy is due to the resonance at ~80 kev, 
and this resonance is known [ Argo, Taschek, Agnew, Hemmen 
dinger, and Leland, Phys. Rev. 87, 612 (1952) ] to have J= jt. 
Consequently the rate in Table IT actually applies only for two 
thirds of the d—¢# molecules formed. The other one-third will react 
at a much slower rate, perhaps comparable to the d—d rate. This 
is of no importance for the observed rate of reaction because 
these intrinsic reaction times are very small compared to the 
other relevant times discussed below. 
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to the time spent by the y-mesonic atom finding a 
partner with which to make a u-mesonic molecular ion. 

There are two mechanisms for molecule formation, 
the first being radiative capture and the second being 
the ejection of orbital electrons by direct electrostatic 
interaction. The latter process is the more likely of the 
two, and it is discussed in Appendix D. ‘The calculation 
is based on the first Born approximation, but rough 
estimates have been made of the corrections necessary 
on account of the distortion of the incident wave of 
relative motion at very low velocities. When these 
corrections are included, it is found that the molecular 
formation time in liquid hydrogen or in hydrogen gas 
at room temperature and ~1000 atmospheres it is 
about 10~* sec. With this estimate we see that each 
uw meson will catalyze only ~100 reactions in liquid 
deuterium or deuterium-tritium mixture during its life- 
time. 

The other limiting factor is the loss of ~~ mesons to 
the catalytic chain by trapping in bound orbits around 
the helium nuclei formed in the nuclear reaction.” 
At the moment of breakup of the excited nucleus in 
all the reactions treated here, the u~ meson is in a 
K-shell orbit of a helium atom since it responds 
adiabatically to the relatively slow motion of the 
nuclei, The fragments are ejected suddenly, and there 
is an appreciable probability that the ~~ meson will 
form a bound state around a charged fragment. The 
problem is a standard one of “sudden perturbation,” 
and involves a simple overlap integral. For those 
reactions in which a helium isotope and a neutron are 
ejected, the probability that the u~ meson is bound in 
the (1s) orbit is 


P=[1+ (0/40)? }-4, 


(17) 
where v is the velocity of recoiling He fragment and 1 
is the Bohr orbit velocity in hydrogen (c/137). It is 
noteworthy that the trapping probability P depends 
only on the velocity of the fragment and not on the 
mass of the catalyzing particle. When the small contri- 
butions to excited states are included, it is found that 
when He? is emitted in the d—d reaction the u~ meson 
is caught about 16% of the time, while in the d—t 
reaction the ~~ meson is trapped around the Het 
fragment only 1.0% of the time. When a proton and a 
triton are emitted in the d—d reaction the probability 
that the u~ meson is caught by either particle is about 
2%. In all d—d reactions, then, the ~~ meson is trapped 
around the He’ fragment in about 8% of the events, and 
around the proton or triton in 1°). This effect is 
cumulative and means that for the d—d reaction the 
#~ meson will catalyze only about 12 reactions on the 
average before being caught by the He fragment. For 
the d—t process the corresponding figure is ~10* 
reactions. 

8 This mode of loss was pointed out to the author by Professor 
E. P. Wigner. 

“L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), p. 211. 
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If the w~ meson cannot be stripped off the helium 
fragment it is lost to the catalytic chain since the 
u-mesonic helium ion cannot form a stable molecular 
ion with hydrogen. In actual fact the (u~+-He) system 
will behave like a hydrogen isotope as far as the elec- 
trons are concerned, and will capture an electron to 
form a pseudo-hydrogen atom when it slows down to 
velocities of order v. Then a u-mesonic molecular ion 
could not be formed even if it were stable. The only 
question is whether the u~ meson can be stripped off 
during the slowing-down process. Bohr'® has discussed 
the problem of loss of electrons by partially ionized 
fragments passing through matter, and his arguments 
can be applied to the present problem by simple 
scaling from electronic sizes to u-mesonic dimensions. 
For a helium fragment with a w~ meson bound to it 
and passing through hydrogen, Bohr’s result [his Eq. 
(4.2.4) | becomes 
(18) 


7 los 2ra* (v9 v)?, 


where a is the u-mesonic Bohr radius. Equation (18) is 
expected to be valid for 0>>v», and to give considerably 
too large values for the loss cross section for v~%p. 

The probability that the ~~ meson will be stripped 
off during the slowing down will be given by 


po J Newslie 


where JN is the number of atoms/cm? and the integral is 
taken over the range of the fragment. This can be 
converted into an integral over energy: 


* —dx 
Nom) ( jae. (19) 
Emin dE 


The (u-+He) system loses energy as if 
hydrogen isotope, so that in 
the energy loss is approximately 


—dk é 2mv* 
—~4nN in( ), (20) 
dx mv" I 


where /™16 ev is the effective ionization potential in 


were a 
hydrogen gas or liquid 


hydrogen. In Eq. (19) the lower limit E,,in is roughly 
the energy where v= 2% since, on the one hand, the loss 
cross section falls rapidly for lower velocities, and on the 
other hand, the energy loss departs from the simple 
form (20). Using Eqs. (18) and (20) in (19), we find that 
for the He’ ion in the d—d process the probability of 
loss of the u~ meson during slowing down is about 13% 
For the He‘ fragment in the d—¢ reaction this stripping 
probability is about 40°). These values are, however, 
definitely too high because of the overestimation of 
Eq. (18) at low velocities. If one takes the experimental! 
data’ for the equivalent electronic loss cross section 

WN, ‘Bohr, Kgl. Danske Videnskab. Selskabs, Mat.-fys. san 


18, No. 8 (1948), Chap. 4. 
is Allison, Cuevas, and Murphy, Phys. Rev. 102, 1041 (1986). 
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and scales it down in the ratio of the squares of the 
electron and p-meson masses, one finds loss cross 
sections much smaller than Eq. (18). If these data are 
extrapolated in such a way that they approach (18) 
at very high velocities, and are substituted into (19), 
we find that the stripping probabilities are reduced to 
about 4%, for the d—d reaction and about 22°; for the 
d—t reaction. 

From the above analysis it appears that stripping 
is not prevalent enough to affect the “dead-end” 
appreciably, even for the d—¢ process. 

It is noteworthy that at liquid hydrogen densities 
the “dead-end” loss process and the molecular for- 
mation times lead to roughly the same limit for the 
number of d—¢ reactions catalyzed by each u~ meson. 
An increase in the density can decrease the molecular 
formation time, but cannot affect the mean number of 
reactions before loss in “dead-end” capture. Similarly 
a longer lifetime for the meson (or some other 
particle) is of no avail against this particular form of 
loss. 


loss 


5. SPECULATIONS ON USEFUL ENERGY RELEASE 


Consideration of these reactions which are catalyzed 
by »~ mesons leads naturally to speculation concerning 
the release of useful amounts of nuclear energy by this 
means. The process is especially attractive because the 
energy is released at low temperatures and the confine- 
ment problems are less severe than for thermonuclear 
reactions. We propose to make a few tentative remarks 
on the energy release problem, without having 
attempted to study the matter exhaustively. 

One possible line of pseudo-realistic reasoning goes 
as follows: At the present state of the art, in order to 
have appreciable numbers of ~~ mesons one must first 
generate m~ mesons, and in order to generate 7” mesons 
one must first produce high-energy nucleons in some 
sort of accelerator. For purposes of argument, let us 
consider an accelerator which produces ~1-Bev 
protons. Higher energies can be attained only at the 
expense of intensity; lower energies are not as useful for 
m -meson production. In order to get a high absolute 
power, as well as high efficiency, a fixed-frequency 
machine of the FFAG type or a linear accelerator is 
probably desirable. It is perhaps not beyond hope to 
expect an ultimate efficiency of 20% in conversion of 
power from the ac mains to proton beam power. Thus 
one 1-Bev proton corresponds to an input of 5-Bev 
energy from the ac mains. One 1-Bev proton incident 
on a suitable target will produce at least one meson, 
but probably not two. For definiteness we suppose 0.5 
negative m mesons per 1-Bev proton. If these w~ mesons 
are suitably collimated, they can be allowed to travel a 
few meters and decay in flight (stopping them in some 
absorber immediately after production would lead to 
their disappearance by nuclear interaction). The 
resulting w~ mesons can then be allowed to stop in 
liquid hydrogen, or better, in hydrogen gas at room 
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temperature or above and 10’ atmospheres (technical 
questions of hydrogen vessels, entrance windows, etc., 
will be ignored), If the engineer has been clever enough, 
we may suppose that there are very nearly 0.5 » mesons 
in the hydrogen per 1-Bev proton initially produced. 
Let x be the number of reactions catalyzed by each 
w meson during its lifetime, and y be the energy 
release (in Mev) in each reaction. Then O.5¢y Mev 
nuclear energy is produced per 5-Bev input energy to 
the accelerator. The ratio of energy release to energy 
input is thus ~10 ‘xy. For the d 
and y~4, so that this ratio is ~410~*, far smaller 
than unity. For the d—/ process, x~10° and y~18, and 
the ratio of nuclear energy release to input energy is 
~0.2. The d—d reaction is hopeless as a power source, 
while the d—¢ reaction misses by a factor of 5, if one 
disregards further losses in the conversion of nuclear 
heat energy to electrical energy. It seems unlikely that 
useful power production is possible with these reactions, 
even though one may question individual estimates of 
the various factors involved, unless an energetically 


d reactions, x~10 


cheaper way of producing « mesons can be found. 
Even if the process had an efficiency greater than 
unity, it is questionable whether really useful absolule 
amounts of power could be produced. The limit here is 
the input power to the accelerator. This can probably 
not be more than a few megawatts. Even with a ratio 
of output energy to input energy of 10, this would mean 
only ~10' kw power. When this is compared to the 
capacities of steam generating plants or nuclear power 
plants (~10' to 2X 10° kw), it is seen that the absolute 


power is small. 


6. SUMMARY AND CONCLUSIONS 


‘The mechanism whereby u~ mesons serve as catalysts 
for reactions between hydrogen isotopes has been 
discussed in detail. The reaction rate for process (1), 
observed by Alvarez and co-workers,’ has been calcu 
lated and found to agree approximately with experi 
ment. Intrinsic reaction rates for catalyzed d—d and 
d—t reactions have been estimated (Table IL) and are 
found to be 10° and 107 times the rate for process (1). 
The actual rate of release of energy by the w -mesons 
is limited, however, by the time spent in molecule 
formation and in loss of w~ mesons in “dead-end” 
processes, For liquid deuterium (or gas at equivalent 
density) it is estimated that each ~~ meson catalyzes 
only ~10 nuclear reactions before its loss into a bound 
orbit around the He® nucleus produced in the reaction. 
lor the d—/ reaction, the ~~ meson can catalyze ~10? 
reactions in its lifetime. The question of liberation of 
useful amounts of power by these reactions is considered 
briefly. It is very unlikely that the system can be made 
exoergic, even with the d—1¢ reaction. 

Only reactions between the different 
isotopes have been considered in the present paper. It 
is possible that other reactions such as (d+Li®) could 
be catalyzed by ~~ mesons. It would appear, however, 


hydrogen 
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that even if a molecular system were formed with 
dimensions comparable to the yu-mesonic hydrogen 
molecule, the Coulomb barrier for the larger Z values 
would be sufficiently large that penetration would be 
negligible and the reaction rate small. 
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APPENDIX A 
The ground state molecular potential energy curve 
for H»* will be approximated by the following analytic 
form for calculational purposes : 


1 1.5 


V (x) (Al) 


(140.127x)* 


The energy is expressed in units of (e/a) and the 
distance in units of a. This analytic form is a reasonable 
approximation over the range of interest (O<x*x<3). 
The equilibrium radius is a= 2.03, and the minimum 
value of the potential is V (a9) = —0.106. The vibrational] 
energy is related to the reduced mass M of the nuclei 
and the curvature of the potential at «=». For V(x) 
given by Eq. (A1), the vibrational quantum is 


hu0.302(u/M)! (A2) 


in units of (e?/a), where uw is the mass of the binding 
particle. The lowest energy level of the system, shown 
in Fig. 1, is therefore 


—«~—0.106+0.151(u/M)!. (A3) 


The radial vibrational wave function u(x) is given by 
Eq. (12), where the oscillator parameter a is 


a=0.302(M/p)'. (A4) 


APPENDIX B 


‘The radial wave function, Eq. (12), is an approximate 
representation of the vibrational motion only between 
the classical turning points. The potential departs from 
a simple quadratic behavior rapidly outside these 
points, and the wave function differs accordingly. The 
WKB approximation will be employed to extend the 
wave function in towards the origin from the inner 
turning point in Fig. 1. 
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In our dimensionless units the radial wave equation 
for nuclear motion takes the form 


ad 
+ 044) fut 0) 
dx? 
where 
2M 

[- e— V(x) |. 
m 


Qo? (x) (B2) 


The binding energy ¢ is given by Eq. (A3, and the 
potential by Eq. (Al). Langer’? has shown that the 
ordinary WKB connection formula, 


|O(x) | re(-f QO ix) »2[ O(x) }4 


z 


uf i 
xcos( f Odx— ), (B3) 
z\ 4 


can be applied to the radial wave equation (with the 


boundary condition u(0)=0) only if the function 
Q(x) in the original wave equation is modified by the 
addition of the term (—1/4x*). Thus Eq. (B2) must be 
replaced by 


2M 


0? (x) V (x) | : (B2") 


u 4y? 


The problem of normalization of the WKB solution 
can be handled approximately in several ways. Furry'® 
has discussed WKB normalization, with special 
attention to the harmonic oscillator. He finds that the 
normalization constant by which both sides of Eq. 
(B3) need be multiplied for the ground state oscillator 
wave function is (a/2mr)'=0.40e'. Another more direct 
way is to make the WKB solution at the potential 
minimum have the same value as the exact solution 
Eq. (12). This leads to the normalization constant 
0.38a', essentially equal to that of Furry. Furry showed 
that with his normalization the WKB wave function 
equalled the exact wave function within 4%, in the far 
wings of the curve. Consequently we can assume that 
with Furry’s oscillator normalization we can connect 
the solution Eq. (12) in the classically allowed region 
to the WKB solution [left side of Eq. (B3)] in the 
classically forbidden region without appreciable error. 

The WKB wave function can therefore be written, 
in the region inside the inner turning point: 


a\! #1 
wwn(2)~( ) (x) ven(—f 7) uw), (4) 
2dr z 


where Q(x) is given by Eq. (B2’). The turning point 


x=, is defined as the smallest root of Eq. (B2’). We 


are interested in the value of u(x) for « very small. In 


17R, E. Langer, Phys. Rev. 51, 669 (1937). 
'46W.H. Furry, Phys. Rev. 71, 360 (1947) 
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that QO(x)|~™~1/2x, and it be shown that 
uwkn(X) varies linearly with x for small enough x. ‘To 
exhibit this linear dependence explicitly Eq. (B4) can 


be rewritten in the following form, valid only for very 


4 
a 
uvn(a)( ): expl —A(a)/2 ], (B5) 
ar 


Zi 1 
A(x) -{ (20 - )as +In(a/2). (16) 
s 


a 


case, can 


small x: 


where 


The integrand in Eq. (B6) is finite at «=0; thus A(x) 
approaches a finite limit at x=0. The form of V(x) in 
Eq. (Al) is such that the integrand in Eq. (B6) is not 
amenable to simple analytic integration. The integration 
was performed numerically for the w-mesonic molecules 
appropriate to the reactions (4), (5), and (6), The 
numerical values appear in ‘Table I. 


APPENDIX C 


We wish to make rough estimates of the partial 
widths for the two modes of decay [ Eqs. (1) and (1’) | 
of an excited He’ nucleus. In the catalyzed reaction (1) 
the two nuclei bring in no orbital angular momentum 
Consequently the compound state formed in He* has 
J=} or 4, and even parity. In 
notation the state is most probably *S;* or 


Russell-Saunders 
‘Si. This 
state decays to the ground state (J = 4, even; *S;*), by 


either gamma emission [Eq. (1’)] or “internal con 
version,” ejecting the w« meson | Eq, (1) |. 

The gamma emission will occur predominantly by 
magnetic dipole radiation. The radiative width can be 
written 


I, = (4/3) (w/c)? | M7, (C1) 


where JI is the matrix element of the magnetic moment 


operator. Equation (C1) can be written in the con 


venient form 

I’, (ev) = 2.77 XK 10-4 | i |7,3 (Mev), (C2) 
where the effective magnetic moment is expressed in 
nuclear magnetons. An upper bound can probably be 
put on the width by putting |9!*=1. With #,=5.5 
Mev, this estimate gives 


I’, (ev) <0.46 (C3) 


Blatt and Weisskopf give estimates of radiative 


widths based on single-particle transitions. Their value 
for this M1 transition is 6 times larger than Eq. (C3), 
because of their use of a larger effective magnetic 
moment. Experimentally the values of M1 radiative 
widths are always considerably smaller than the 
Weisskopf estimates, even for low-lying states. As a 
result, the estimate (C3) is probably more reasonable 


i] 


in the present problem. If the J/ 3 state were a 4D, 


J. M. Blatt and V. F, Weisskopf, Theoretical Nuclear Physics 
John Wiley and Sons, Inc., New York, 1952), p. 627 
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state, it could make an £2 transition as well. The 
Weisskopf estimate for such a transition is only about 
10~? ev, showing that the transition will be mainly M1 
in any case. 

We now turn to the internal conversion problem. 
In the w-mesonic molecule, the meson wave function 
adapts itself adiabatically as the nuclei move back and 
forth in their vibrational motion. When the nuclei 
come together to form a compound nucleus, the 
yw 6meson is in the K-shell orbit around a helium 
nucleus (Z=2). The conversion process is thus 
K conversion, The results of the usual theory,””! 
which treats the nucleus as a point, can be transcribed 
directly from electronic conversion to y-mesonic 
conversion. For the present transition the result is a 
conversion coefficient of only ~10~ for a M1 transition, 
and ~0.2 for an £2 transition. This would imply that 
the ejection of the ~~ meson according to Eq. (1) 
would be very unlikely compared to the radiative 
decay of Eq. (1’). These results are in error however, 
because of the neglect of the finite size of the nucleus. 
In light elements this is allowable for electrons, but 
not for «~ mesons because of their closer proximity to 
the nucleus. We shall now make a rough estimate of 
the conversion width taking into account the region 
inside the nucleus, If, for simplicity, we neglect the 
spin of the ~~ meson, and assume that the nuclear 
states are L=0 states, the discussion follows closely 
the treatment of 0-0 transitions in reference 19, 
p. 620-621. If the variation of the ~~ meson’s final 
(plane wave) state wave function over the nuclear 
volume is neglected (even though its wavelength is 
only ~5.8X10-" cm), the perturbation matrix element 
is approximately 


4n 2 
H' — e(z festrenavn oui) (C4) 
3 


The integral over the nuclear wave functions will be 
written as BR, where R is some sort of nuclear radius 
(~310-" cm), and @ is a constant of order unity. 
‘The expression for the nonradiative width is 


1, = 2m| His |4mup/ (2ah)*. 


With y;,(0) = (1/m)4(2/a)!, and the estimate Eq. (C4) 
for H',;, the width becomes 


128 é R\‘/p 
red (1091 Oat 
9 he a mT 


land R= 3X10 cm, we obtain the estimate 


With g 
1',~0.07 ev. (C6) 


*”S._ M. Dancoff and P. Morrison, Phys. Rev. 55, 122 (1939). 
"S. D, Drell, Phys. Rev. 75, 132 (1949). 
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This value is about 6 times smaller than the upper 
bound [ Eq. (C3) ] for the radiative width I',. Since the 
actual radiative width is likely considerably smaller, we 
conclude that the “internal conversion” mode of 
de-excitation is dominant, although the radiative mode 
need not be negligible in comparison. 

The estimate (C6) is valid only for the decay of the 
*S, state. For the 4S; state the ~~ meson must carry off 
2 units of orbital angular momentum. In this case the 
conversion will be very small, and the state will de- 
excite by gamma radiation. 

Note added in proof-—The observed branching ratio 
of u-meson ejection to gamma emission is some mixture 
of the ratios for the J=1/2 and J=3/2 compound 
states. On the basis of statistical weights the J=3/2 
state will occur twice as often as the J=1/2 state. 
Consequently gamma emission will probably be favored 
over internal conversion, although the numerical value 
of the conversion coefficient is uncertain. 


APPENDIX D 


In this appendix we consider the problem of formation 
of a w-mesonic molecular ion by collision of a u-mesonic 
hydrogen atom with an electronic hydrogen molecule. 
For definiteness we shall assume that the nuclei 
involved are both deuterons, although the results are 
insensitive to the actual hydrogen isotopes involved. 
The w-mesonic hydrogen atom is such a small structure 
that it penetrates easily through the electron cloud 
and can come comparatively close to one or the other 
of the nuclei in the electronic hydrogen molecule. 
Consequently we can simplify the discussion by 
considering the collision between the mesonic atom 
and an ordinary hydrogen atom, without introducing 
appreciable error. There are two mechanisms of 
molecular formation, the first being radiative capture 
and the second being direct ejection of the orbital 
electrons. The radiative capture will be small, especially 
for homonuclear molecules, and will not be considered 
here. The direct ejection of electrons will be treated in 
the Born approximation. From Appendix A it can be 
seen that the O value is ~310 ev, so that the outgoing 
electron can be described reasonably well by a plane 
wave. The use of a plane wave to describe the relative 
motion between the mesonic atom and the struck 
nucleus at low velocities is undoubtedly a poor approxi- 
mation. Some remarks are made at the end of this 
appendix on the errors introduced thereby. 

If the » meson is initially bound around nucleus 1, 
and the electron around nucleus 2, the final state 
perturbation energy is 


(D1) 


where the subscripts have obvious meanings. The 





CATALYSIS OF 


initial and final state wave functions are 


Te2 Tul 
W <> (wag*)~* (xa*) bexo| —' - HER], (D2) 


do ad 


VV noi (t,,R) exp(ik-r.), (D3) 


where do and a are the electronic and u-mesonic Bohr 
radii, respectively, R is the relative coordinate between 
the two nuclei, K = Mv/h is the wave number of relative 
motion of the two atoms, k is the wave number of the 
ejected electron, and Wmoi is the u-mesonic molecular 
ion wave function, including the nuclear vibration as 
well as the mesonic motion. 

For energies of relative motion less than 1 ev, 
K~'>10~* cm. Thus in the overlap integral over R, the 
plane wave of relative motion can be put equal to 
unity in Eq. (D2). Then the perturbation matrix 
element becomes 


e eo rni/a 
H';~ f Rf te.¥oor%(eoR) I(r,,R), (D4) 
( 


(way*)! a‘) 


1 1 
[= fate of -—— Jerraie, (D5) 
r Ter Ver 


ue 


where 


In the integral (D5) the various coordinates 1,., fe1, Te2 
differ from each other by magnitudes of order 
R~5X10" cm. Since Ray and kR<1, the integral J 
can be written 

rel ag 


é€ 
I~— far, é 
VT. 


with the neglect of terms of order R/ao and kR. Then 
the matrix element becomes 


—e 41a?’ ereile 
H' =~ far far, 
(wao*)* (1+ kay?) (wa*)! 


XV moi* (r,,R). 


— 4ra,’* 
ik -re— 


(D6) 


1+ (kay)? 


(D7) 


The remaining integral over r, is a familiar molecular 
two-center integral which is then integrated over the 
rotational and vibrational motion of the nuclei. With 
the simplest possible molecular wave function, 


1 Xvib 
V mot _ (e7tuile + é rys/@) 
p 


(D8) 
v2 (wa*)! 
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where xyi» is just the ground-state oscillator wave 
function, we find a cross section times incident velocity 


of the form 
e kao 
oxi 8"( ) ‘ 
h [1 + (kao)* P 


With kao=4.80 for a Q value of 310 ev, this gives 
ov~2.1K10~" cm*/sec. With liquid hydrogen densities, 
N~4X 10” atoms/cm*, so that the rate of molecule 
formation is 


(D9) 


Nov~8 X 108 sec". (110) 


As was mentioned at the beginning of the appendix, 
the most glaring approximation is the use of a plane 
wave to describe the relative motion of the nuclei at 
low velocities. To assess the error made, a simple 
calculation was performed for the /=0 part of the 
incident wave, assuming that the interaction between 
the mesonic atom and the struck nucleus was a screened 
Coulomb field. It is found that the result (D10) is an 
overestimate by about a factor of 6. Consequently in 
the text we use 1078 sec as a rough value of the molecular 
formation time at liquid hydrogen densities. 

Note added in proof.—The observed saturation of the 
number of catalyzed reactions as a function of deuterium 
concentration can be explained' by the rapid transfer 
of the meson from a proton to a deuteron with the 
release of about 137 ev energy. ‘The transfer process is 
essentially a charge exchange collision, and standard 
techniques can be employed [J. D. Jackson and H. 
Schiff, Phys. Rev. 89, 359 (1953) |. For low incident 
velocities, however, it is necessary to use a distorted 
wave of relative motion. If the time-average hydrogeni 
ground-state potential [ V(r) =e?(r-'+-a"') exp(— 2r/a) | 
is used to calculate the distorted wave function, the 
low-energy cross section for transfer of the meson from 
proton to deuteron is av~9X 107? cm*/sec. 

The relative number of observed catalyzed reactions 
as a function of (small) deuterium concentration is 
given by a constant times A/(1+A), where A is the ratio 
of the rate of meson transfer to the rate of (p+p+y") 
molecule formation. The constant multiplier reflects 
the internal conversion—gamma radiation branching 
ratio, etc. With the estimates from Appendix D on 
molecule formation and the above charge transfer cross 
section, it is found that AX~1.2« 10°N{/N, where Ny/N 
is the relative deuterium concentration. This value of A 
vives rough agreement with the data in reference 1. 
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Interrelations between the nonconservation properties of parity, time reversal, and charge conjugation 
are discussed. The results are stated in two theorems. The experimental! implications for the K-K complex 


are discussed in the last section 


N a recent paper’ the question has been raised as 

to whether the weak interactions are invariant 
under a space inversion. It was also pointed out there 
that similar to the situation for space inversion there 
exists at present no experimental proof that weak inter 
actions are invariant under charge conjugation. Conse 
quently the absolute invariance under charge conju- 
gation is also an open question. 

The present note is devoted to a study of questions 
concerning the invariance under charge conjugation C, 
and under time reversal T (which is defined to be the 
Wigner time’ reversal. It does not switch a particle into 
its antiparticle; nor does it change the sign of the 


spatial coordinates). 


1. CPT THEOREM 


For the discussion of the experimental consequences 
of possible nonconservation of P, C, and/or 7, a 
theorem’ which we shall call the CPT theorem proves 
very important, 

To understand the meaning of the theorem one recalls 
first that the operations ? and C in any many-particle 
system (with possibilities of creation and annihilation) 
are represented by unitary operators that operate on 
the state vectors, The operation 7, on the other hand, 
is represented® by the operator of complex conjugation 
multiplied by a unitary operator. In the Schrédinger 
representation the transformation of a second quantized 
spin O field described by g(r) and w(r) under these 
operations’ can be brought into the following form : 


* Nole added in proof.This paper was written in December 
1956, before parity nonconservation was experimentally estab 
lished 

'T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

*£. P. Wigner, Gott. Nachr., Math. Naturw. KI. (1932), p. 546 

‘See W. Pauli’s article in Niels Bohr and the Development of 
Physics (Pergamon Press, London, 1955). G. Liiders, Kgl. Danske 
Videnskab. Selskab, Mat fys Medd. 28, No. 5 (1954) J 
Schwinger, Phys. Rev. 91, 720, 723 (1953) ; 94, 1366, formula (54) 
and p. 1576, discussions after formula (208), We are indebted to 
Professor Pauli for informing us of the work of Schwinger 

‘We discuss here only the usual “type” of fields. The possi 
bility of the existence of unusual “types”? has been pointed out 
by Wigner. [An account of these unusual types has been given 
by L. Michel and A. S. Wightman, Princeton University lecture 
notes (unpublished). ] An examination of these unusual “types” 
would be an important task if space-time conservation laws should 
indeed be found to break down for the weak interactions. 


Px(r)P-'=np*x(—r), 
Cr(n)\C=ne*r'(r), (1) 
Tr(r)T-'= 


Po(r)P'=nrd(—7), 
Co(n)C = ne! (r), 
7T¢o(r)T'=nrd(r), 
where ¢ means Hermitian conjugate and the phases np, 
nc, and nr have absolute values equal to 1. For the spin 
} field ¥(r), the transformations are 
Py(r)P™ 
Cy(nc! 
Ty(r)TO 


= nr*n(r), 


ney (—r), 
noy' (r), (2) 
nrvivayw(r), 


where the y matrices are so chosen that y,, y2, and ys; 
are real and y,4 is pure imaginary. The phases np, n¢, 
and nr also have absolute values equal to unity. The 
transformation properties of fields of higher spin are 
similar. 

From the CPT theorem one concludes that for any 
local Hermitian Hamiltonian H which is invariant under 
proper Lorentz transformations (i.e., Lorentz transfor- 
mations that involve neither space nor time inversions), 
there always exists a choice of the phases ne, np, and nr 
for the various fields (usually in more than one way) 
with the following properties: (a) /7 commutes with the 
product of the operators P, C, and T taken in any order ; 
and (b) if this choice of phases does not make H com- 
mute with P, then no other choice does, and the theory 
is not invariant under space inversion. (Of course, if 
this choice of phases makes 1 commute with P, then 
the theory is invariant under space inversion.) The same 
holds for C and 7. 

We shall illustrate this theorem by an example where 
H is invariant under proper Lorentz transformations. 
Let Wp, Wn, We, and y, be the fields describing the proton, 
the neutron, the electron, and the neutrino. The neu- 
trino is assumed to be a non-Majorana particle with a 
nonvanishing mass. Consider 


Hi Hiree tf Ceuldervab) eva 


t+ g2(Wp' Yn) (Wel Vavobr) 
+ £3(Wp' Varn) (We Vive) 
+ a(Wp'VavWn) (Wel vay) 
+Hermitian conjugate}d*(r), (3) 


340 





TIME REVERSAL AND 


where ¥5= yivzv27s. This example is a special case of an 
example considered by Pauli.’ 
Writing H/ as 
H H (g1,82,83,24), 

one easily proves that 

PHP” 

CHC A ma H(gi*nc*, — go*nc*, £3*ne . 

THT—=H (gi*nr, go*nr, g3*nr, ga*nr). (6) 


H(ginp, — gmp, Ene, — ganr), (4) 


- ga*nc*), (5) 


In deriving these formulas, use has been made of the 
fact that Tg7~'=g* and Ty,7~'=y,*. The phases np, 
nc, and nr are products of the respective phases of the 
four interacting fields. They are given by 


ne=nr*(p)np(n)np*(e)nr(r), 
nc=ne*(p)nc(n)nc*(e)nce(r), 
nT nr*(p)nr(n)nr*(e)nr(y). 


Using (4), (5), and (6), one can calculate the commu- 
tation relation between H and the six operators TCP, 
TPC, «++, PCT. It is found that with suitable choices 
of the phases n, the Hamiltonian H commutes with all 
of the six, as required by the CPT theorem. In fact the 
conditions on the phases y are simply 


ne=nenr= +1. (8) 


It follows from the CPT theorem that, if one of the 
three operators P?, C, and T is not conserved, at least 
one other must also be not conserved. It is of course 
also possible that all three are separately not conserved, 
In the example above, by assigning suitable values to 
the coupling constants g, one can construct examples 
for all the five possibilities of conservation or noncon- 
servation of P?, C, and 7. These examples are displayed 
in Table I. 


2. LIFETIME OF CHARGE CONJUGATE 
PARTICLES AGAINST WEAK DECAY 


Consider now a Hamiltonian 
H By tesna + vuak, 


where both terms are invariant under a proper Lorentz 
transformation. In all subsequent discussions we shall 
assume that /srong IS invariant under C, P, and 7. The 
phases n of the fields are defined (up to, possibly, some 


TABLE I. Examples of theories with various possible 
nonconservation properties 


Conserved 


Value of operators 


coupling constant 
gi =real, g;=real, g2=¢,=0 Pike a 
g:=real, g3=complex, g.=¢,=0 P. Ga. 3 

gi =real, go=imaginary, g:=¢,=0 EF ok OP iy 

gi =real, g.=real, g,5=¢,=0 T,. CP, P< 

g: =real, g2=complex, g;=g,4=0 PCT, and per 
mutations 


“HARGE 
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arbitrary factors) by this invariance; i.e., by the re 
quirements that 


( et cuncaial = ) etc, 


On the other hand, the weak interactions may violate 

the invariance of C, P, and 7. One can prove the fol 

lowing theorem, 
Theorem 1. 


If a particle A decays through the 


interaction /7 wear, and if the particle and its antiparticle 
A do not decay into the same final products (as e.g. 


when A is charged), then to the lowest order of H \oay 
the lifetimes of A and A are the same, even if Hea is 
not invariant under charge conjugation, 

Proof. 
zero. [The proof for the general case follows along the 
same lines. | Then the final states B and B in the decays 


AmB A-B 


Consider the case that particle A has spin 


also have spin zero, Using the identity 


(Wy Y2)* (Ty, Ty»), 


one obtains 


(Bi HN weak |A)*=(7 B) TH wend | TA) 

(TBiC PR" Deak C\|TA), 
by the CPT theorem. Consider first the case that [wou 
commutes (or anticommutes) with P?. Then 

(B| wear | A)*=+(TB| CH wears | TA). 
For a spinless system, 
|TA)=|A), |TB 
Hence 
(B| H weax|A)* tC BIC a | SO oy A) 
t(CB|H wax |CA)= 4 


(B| H weax | A). 
(11) 


‘This shows that the lifetimes of A and A are the same. 


If H wenk does not commute with P, we write 
A weak = H+ Ho, 


(12) 


where 
| ET weak { Pl oa ; I, 


MH weak — PH wonk P| 


PHP = lM, 
PH,P Hs, 


(14) 
(15) 


The decays of A through 1, and through H» lead to 
states B, and By with opposite parities. They are 
orthogonal to the order considered, and hence they 
contribute independently without interference to the 
decay rate of A. The lifetimes of A and A are therefore 
again the same. 

already been 


this theorem has 


mentioned in a previous paper': ‘The identity of the 


A consequence ol 


experimental lifetimes of w* and of u* does not con 
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stitute a proof that charge conjugation invariance holds 
for the weak interactions. 

For a discussion of a case where A and A may decay 
into the same final channels, see Sec. 4. 


3. DEPENDENCE OF INTERFERENCE EFFECTS 
ON CONSERVATION OF C AND T 

One would like to ask what are the experimentally 
detectable manifestations of a weak nonconservation of 
P, C, or T? For the nonconservation of parity, the 
answer is clearly to be sought in experiments to differ- 
entiate the right-handed screw from the left-handed. 
Some such experiments have been discussed before.' 

If parity is indeed not strictly conserved, some of 
these experiments could also reveal whether C and/or T 
are or are not conserved. 'To illustrate this let us consider 
the experiment of the angular distribution of 6 decay 
from oriented nuclei. The degree of asymmetry was 
given in the appendix of reference 1 as proportional to 


Zé 
Rel Cr ‘9 —CyCa*4+-i—(CuCr'*+-Ca'Cr”) | (16) 
hcp 

Applying the arguments of Sec. 1 we recognize that the 
two terms in (16) are present or absent depending on 
whether C or T are not conserved. ‘To be more specific : 
The first term vanishes if C is strictly conserved, the 
second term vanishes if 7 is strictly conserved. If this 
experiment shows any asymmetry, the p dependence 
and the Z dependence of the asymmetry could therefore 
reveal whether C and/or T are nonconserved. (The 
existence of any asymmetry rules out the possibility 
that both C and T are conserved, a conclusion we 
already drew on general grounds in Sec. 1.) 

We notice that if C is strictly conserved, the asym- 
metry discussed above vanishes in the absence of the 
Coulomb distortion of the electron wave function. In 
fact, when C is conserved the asymmetry is directly 
dependent on the existence of a difference of the 
Coulomb phase shifts for opposite parities, It turns out 
that this is a consequence of a general theorem which 
we state and prove below: 

Theorem 2,—M{, in addition to the assumptions stated 
in Sec. 2 concerning H strong ANd H wear, WE assume that 
H is strictly invariant under charge conjugation, (i.e., 
| H,C |=0) and if the decay products in the final state 
B are free particles, then to the lowest order of H woak 
there is no interference between the parity-conserving 
and the parity-nonconserving parts of H in the decay 
of A, provided the interference is sought for in experi- 
ments measuring a term of the form @-p'. 

Proof.—We again illustrate the proof by considering 
the case that A is spinless, The general proof follows 
along the same lines. We perform the decomposition of 
H weax a8 in Eqs. (12)-(15). The final state B consists of 
two states B, and B, of opposite parities reached from 
A through H, and H,, respectively. Clearly H; commutes 
with C, and also, by the CPT theorem, commutes with 
CPT. Hence using identity (9) and Eq. (10) one obtains 


OEHME 


AND ¥ANG 

(By| H,| A)*=(TB,| THiT“| TA) 
=(B,|TH,T-| A) 
=(B,|P“"C“H,CP| A) 
= (B,| PH,P| A)=(B,|H,| A). 


Thus (B,|H,|A) is real. Similarly one easily proves 
that (B:|H2| A) is pure imaginary. 

In the above the states B, and B, are taken as sta- 
tionary states of Hgtrong Consisting of standing waves. 
[ Otherwise Eq. (10) does not hold.] Transition ampli- 
tudes into them have a relative phase factor which is, 
according to the above, pure imaginary. The observed 
final states are equal to these amplitudes multiplied by 
the outgoing part of the stationary states B, and Bz. 
Such outgoing parts always have real relative ampli- 
tudes if the stationary states B, and By, represent free 
particles. The theorem now follows immediately. 

Using this theorem, one concludes that if any left- 
right asymmetry of the form @-p is found, the part of 
this asymmetry that is independent of the distortion of 
the final-state wave functions can arise only if charge 
conjugation symmetry breaks down for the weak inter- 
actions. In particular, in decays where there is no 
strong final-state interactions, as, e.g., in r—>yu+v and 
u—e+v+y decays, the detection! of parity noncon- 
servation through the observation of #-p becomes im- 
possible if C is strictly conserved. 


4. K*, K° DECAY MODES 


The existence of the particle K° and some properties 
of its decay were predicted® and discussed under the 
assumption that charge conjugation is strictly con- 
served, We wish to discuss in this section the decay of 
K° and K° under the assumption that C, P, and T are 
conserved for the strong interactions, but are not neces- 
sarily conserved in the weak decay interactions. 

In the first place, the conservation of strangeness with 
respect to the strong interactions still requires that two 
particles K° and K°® with opposite strangeness exist. 
To understand their decay processes it is interesting to 
consider the charge conjugation symmetrical and anti- 
symmetrical combinations introduced in reference 5 
(compare, however, footnote 11): 


(17) 


1 1 
K,=-—(K°+R°),  K,=—(K°—R°). 
v2 v2 


Unlike the situation in reference 5, if C is now not 
invariant in the decay process, K,; and Ky can decay 
into the same final states: 

K,yort+nr-, 

Krort+or, 

K,>rt+ eF +», 

Kyrt+eF+ V, 

Kyort+a +r, 

Keort+nro-+n°. 


* M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). 
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Interference effects would therefore set in in these decay 
processes. The questions that one would like to ask are 
then: what the the lifetimes of the particles K® and 
K°? What are the branching ratios into various decay 
modes? 

These questions can be answered by using a Weiss- 
kopf-Wigner type of treatment® of the time-dependent 
Schrédinger equation. We write the time-dependent 
amplitudes of the particles’ K° and K° as a(t) and b(1). 
The various channels of decay are denoted by j. 
F;(w)e~*** represents the amplitude of the decay 
product in the channel j with the energy w.’ [ We choose 
units such that h=1.] The zero of energy is taken to 
be the rest energy of K. The Schrédinger equations are 
then 
da 


dl 
db 


i—=)> Hij(w) F (we ***, 
dt iw 


i > Haj(w)F j(w)e *, (18) 
jw 


(19) 


OF ;(w) 
Pci 


=e H j4(w)at+H p(w) |, (20) 


al 
where H;,=H,;* are the matrix elements. The Weiss- 
kopf-Wigner treatment consists of first assuming an 
exponential time dependence for a and b, and then in 
sums over w neglecting the variation of the matrix 
elements with w in the interval |w|<Suncertainty of 
energy of the original state. Using this treatment, one 


obtains 
a 
b 


The amplitude y and the decay constant \ are given 
by the eigenequation 


(21) 


Ty=y. (22) 


I’ is a 2&2 Hermitian matrix with matrix elements 
given by 
Pu=ln2=>, Tj=), ls;, 
4 4 


_ (23) 
Vi2= > (Tajl'ss)'e*#=T'n*, s 
4 


where 


I'4j= 2| Ha;|? (density of states per unit dw),.0, (0 
; 4 
I',;= 2| Hy;|? (density of states per unit dw),.0, , 


and 
(25) 


e*i= (phase of H;Hsj) smo. 

*V. F. Weisskopf and E. P. Wigner, Z. Physik 63, 54 (1930); 
65, 18 (1930). 

7In this paper we assume that the K® particle (strangeness 
=-+1) is a single state. 

* Each channel j represents a possible decay state that is an 
eigenstate of Hoetrong. Thus it has a definite spin, charge, and 
parity. 
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In the foregoing derivation, use has been made of 
Eq. (11) which leads to 


A,*=+My, 


where j’ is the charge conjugate channel of 7 (which 


may or may not be the same as j/). It is important to 
notice that this equation is a consequence of the 
CPT theorem. 

The two eigenvalues \,, A— of (22) correspond to the 
two decay lifetimes. The general solution is a linear 
superposition of two solutions ¥4 of the form (21), each 
of which is characterized by a pure exponential decay. 
Since the 2X2 matrix I’ is Hermitian, the two solutions 
represent linear orthogonal combinations of the states 
K and RK, 

In writing down Eqs. (18) and (19) we did not 
include a slight difference of mass in the form of a mass 
operation M for the states of the K particle. ‘This re- 
striction can be easily removed by adding to the right- 
hand sides of (18) and (19) the terms 4(M,,a+ M jb) 
and 4(My,a+Myb), respectively. The mathematical 
treatment is very similar to the above simple case 
except that we have now 


—dy/di= (1 +iM)y, (26) 


’ 


where I' is the same Hermitian matrix given by Eq. 
(23). (iM) is an anti-Hermitian matrix representing the 
effects of the mass shifts. By using Eq, (11) one can 
show that, similar to Eq. (23), M is a Hermitian matrix 
with 


Miy1=M 2. (27) 
Equation (26) can now be readily solved. Its eigen- 


states, defined by 


('+iM P.=AsW4, 


v4 ( ‘ Jonins gi), 
tq 


with the corresponding time constants 


A4 Py tiM 4 (pq); (29) 


where p and g are two complex numbers given by 


P lio iM 1», q’* | + 1M » T'12* } iM 1%. (30) 
If at t=0 a K particle is produced, then at a later 
time the state function y can be expressed in terms of 


these two eigenstates y, as 


1 
v(t) ( )lpl+ lal 9Gdse Detepy @ P-0} (31) 
2p 


It is convenient to separate the real and imaginary 
parts of Ay. Without loss of generality, we may write 
(32) 


A=¥4, A =¥-+21A, 
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where y,, y. are two real numbers representing the 
reciprocal lifetimes of the short-lived ones and the 
long-lived ones respectively and A is the mass difference 
between these two eigenstates. One notices that these 
two eigenstates y, and W_ do not in general represent the 
states K, and Ky» introduced in (17). In fact they even 
may nol be orthogonal to each other (see footnote 11). 

A general discussion of the decay processes is rather 
involved. We shall make only the following remarks: 

(A) The fractional number of K mesons that decay 
at time ¢ after its production is given by 


~d yy). 


Using (26), one easily shows that 


N(tjdt (33) 


d 
(Wy J=v'ly. 
dt 


By using (28)-(31), eq. (33) becomes 


V(1) \(1+<a) Nave Vette I-ttae Maret t 


*[(y,+7_) cosdt—24 sinat]j, (34) 


where 


a=V+'¥-=[|p\?— qi? Lipl?+igi?t* (35) 
is a real number representing the nonorthogonality of 
these two eigenstates. The four real numbers y,, y_, A, 
and @ characterize the decay of the K particle. They 
satisfy the inequalities 

447 

as (36) 


(y4+7_)*+ 4?’ 


which follow from the fact that [is a positive Hermitian 
matrix. ‘These conditions also insure that N(t)20 for 
all ¢. 

Experimentally N(¢) is measurable. From V(t) one 
can in principle determine all four constants y,, y_, A, 
and a. Indications from presently existing experiments’ 
show that probably y,/y->100. Equation (36) then 
shows that a? <4y_/7, <0.04. 

(B) ‘The above discussion also leads easily to a deter 
mination of the branching ratio of the long-lived com 
ponent (and the short-lived component) into the various 
decay modes. If charge conjugation is conserved, the 
long-lived component is an eigenstate of charge con 
jugation.’ Consequently its decay into charge conjugate 
channels such as rte v and wet? must be equally 
probable, as is well known. If charge conjugation is 
not strictly conserved, decays into rte v and w-ety may 
have different probabilities for the long-lived com 
ponent, 

A more complete discussion of the charge asymmetry 
of the decay of the long-lived K° will be given in the 


*K. Lande et al., Phys. Rev. 103, 1901 (1956) 
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AND YANG 
appendix. We mention here only that Lederman'® has 
kindly informed us that experimental work in this 
direction is in progress. It is important to notice that 
if the experiments should yield a large asymmetry, and 
a small a@ (as mentioned above), Eq. (A7) would impose 
very strict conditions on the relative magnitudes of the 
amplitudes f;, g:, f2 and go. (To see this roughly we need 
only examine the limiting case a=0 discussed below.) 
(C) Ifa=0, the two eigenstates are orthogonal." Also 
p ='q). [See (35).] This is the case if the mass 
matrix is negligible. In this case y, are both 1:1 super- 
positions of the particle K® and K°. The fraction of 
particles decaying in dl, namely N(t)d/, becomes the 
sum of two pure exponentials by (34). Furthermore 
(A7) shows that the decays of the long-lived component 
into charge conjugate channels such as r*+-e~-+v and 
nw +e*+¢ are equally probable. 
One of us (Reinhard Oehme) would like to express 
his gratitude to Professor Robert Oppenheimer for his 
kind hospitality at the Institute for Advanced Study. 


APPENDIX 


In this appendix we shall show the interrelationship 
between the parameters p, q and the branching ratio 
for the decay of, say, the long-lived component of 
K particle into various charge conjugate states. 

Consider first the following decay channel of the K 
particle 


Kee +nt+p. (Al) 
The final product may be in states with either parity 
+1 or parity = — 1. Let us denote the matrix elements 
for the decay process into these two types of states by 
f, and fo. Similarly, we denote the matrix elements for 
K-et+m +), (A2) 
with the final state having parity=+1 and parity 
—1, by gi and gp. 
By using the CPT theorem and Eq. (11), the corre- 
sponding matrix elements for the decay of A, 
K-et+a-+ 3, (A3) 
are related to that of (A1). These elements are f,* and 
f.*. Similarly the matrix elements for 
Roe +nt+p (A4) 
are g;* and —g,*. Let y, represent the long-lived com- 
ponent K, of the K particle. The matrix elements for 


 L., Lederman (private communication). 

We recall that since the strangeness S is conserved in the 
strong interaction, the phase n, of a A particle (S=+1) under 
charge conjugation is not fixed by the strong interactions. If the 
weak interaction is not invariant under charge conjugation, the 
phase », is defined only up to a factor e'*. If Y, is orthogonal to 
y_, there exists however a most convenient choice which makes 
¥, identical with the K,, K» defined in (17). 





TIME REVERSAL AND 
the decay of K,, 

K,-e +9t+p, (A5) 
into the two different final parity states are proportional 
to pfitggi* and pfz—gqg.*, respectively, while the cor- 
responding elements for 


K,-et+nr°-+3 (A6) 
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are proportional to pgeit+q/i* and pgo— gfe*. The branch 


ing ratio r for the decay of A, into e-+m'+-y and et 


+a +7 is, therefore, 


qgr* |? 


phitqer* | ?+| pfe 
pert qhi* *+ | pg» 


qfo*|* 
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The explicit form for the spin projection operators introduced by Fronsdal is calculated for arbitrary 
spin and applied to first-order processes involving four fermions. The matrix element for the most general 


nonderivative interaction is found for the special case in which two of the particles have spin 4. The method 


of relating matrix elements written in different orders is extended to this case 
The theory is applied to the decay of the mu meson, extending the work of Caianiello. It is found that 


the experimental decay spectrum can be equally well fitted by an assignment of spin § or 


}. The method 


is then applied to the Fermi decay of hyperons. Lifetimes are calculated for decays in which the initial 


) 


particle has a spin of 4 or 3, and the final particles all have spin 4. All the lifetimes are less than 2 orders of 


magnitude longer than the corresponding observed lifetimes for the normal mode of decay 
The hypothesis of a universal Fermi interaction is extended to include fermions of arbitary spin. Under 


this hypothesis, the experimental muon spectrum is most closely reproduced with spin 4 


Ihe results also 


indicate that the muon has the same particle-antiparticle character as an electron of the same charge. 


INTRODUCTION 


ECENT experimental evidence has indicated the 
possibility that the “strange” particles may have 
spins larger than unity. Ruderman and Karplus! have 
found, by an analysis of mesonic and nonmesonic decay 
of hyperfragments, that the spin of the A° is either 4 
or 3. Walker and Shephard? analyzed the angular cor- 
relations between the planes of production and decay 
of the Y and the A° and found the spins to be 4, 3, or 4. 
In addition to the strange particles, the long-known 
mu meson may conceivably have spin higher than 4. 
When considering the possibility that some of the 
hyperons might be fermions with spin higher than 4, 
we meet a difficulty in that some of them are charged, 
and so interact with the electromagnetic field. A gauge- 
invariant way of describing this interaction has been 
given by Fierz and Pauli.’ Only very few calculations 
have been carried out on the electromagnetic properties 
of particles described by the Fierz-Pauli equation, and 
the only result of interest to us is that of Mathews,‘ 
who calculated the Compton scattering cross section 
and the bremsstrahlung in the case of spin 3. His result 


* This work was supported in part by the National Science 


Foundation 
'M. Ruderman and R. Karplus, Phys. Rev. 102, 247 (1956) 
2W. Walker and W. Shephard, Phys. Rev 
3M. Fierz and W. Pauli, Proc. Roy. Soc. (London) A173, 211 
(1939) 


‘J. Mathews, Phys. Rev. 102, 270 (1956) 


101, 1810 (1956). 


definitely rules out the possibility that the muon is 
such a particle, while the conclusions that can be made 
with regard to hyperons are less definite. 

In the present paper we have calculated the lifetimes 
and spectra of Fermi decays of higher spin particles to 
first order, i.e., using the field-free wave functions 
This calculation has been applied to the hyperons, the 
heavy mesons,® and the muon. We have included the 
muon on the basis that the electromagnetic properties 
of higher spin particles might be different than those 
predicted by Fierz Pauli 
Mathews, 


and and calculated by 
FREE FIELDS 
The wave function appropriate for describing a free 
particle of integral spin s is a tensor of rank s, and 
satisfies the wave equation 


(p?+-m?) Pa; (la) 


and the subsidiary conditions 

p..., a; ?P (1b) 
p™ Pa (lc) 
gaia (1d) 
where g*’ is the metric tensor. 


® Results for the 
publication 


heavy mesons will be given in a separate 
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For half-odd-integral spin s=n-+-4, the wave function 
is a tensor of rank m, each component of which is a 
Dirac 4-spinor. Equation (ia) is replaced by 


(p+im)Pa,-- ‘an =O, (1a’) 


and there is the additional subsidiary condition 


‘an = 0, (le) 


Day: 


where the 7“ are the Dirac matrices, and p=~y“p,. 
Following Fronsdal,® we now introduce an orthogonal 
projection operator © with the following properties 


Bi: & 


1° 
©. age 0 Do cages cagees 
’ 


(2a) 


Bi->- 
p™' Oa +++ (2b) 


Bi-*s 
g% "A aiaz:--=0, 


(2c) 


Ai: ae 


one 
Qa; ---Op,---= @a---, (2d) 


and for half-integral spin 


A; eee 
y"Oa,---=0. 
*.* A é2i . 
In addition @a;--. commutes with p. 
This projection operator derives its importance from 
the fact that if %a,--- is any solution of (1a) or (1'a), 
then the wave function 


Mare 
Vay ld Oa, + -Dp;--- (3) 
satisfies all the subsidiary conditions as well as the wave 
equation, i.e., is that part of a,--. that describes a 
particle of unique spin. It is now possible to show® that 


= Bye Bi 
a Vay: + Yee = @a,:--A*=A*Oaq)::-, 


(4) 


where the A* are the usual energy projection operators 
of the spin-4 theory. 

Explicit construction of the © operator is carried out 
as follows. First note that © must be expressed solely 
in terms of the momentum four-vector, the metric 


++ Be ° - ” 
edo ( ) EX | [1 GaP! +41@aya20% [] OaPi+ +--+ 
s! 


Pia) i~1 i=3 


P(p) 
where the sum is over all permutations of a and 8, and 


s! 
a,(*) = (—4)* 


*C. Fronsdal (to be published). 
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tensor and, in the case of half-odd integral spin, the 
y matrices. By going to the center-of-mass system 
Eq. (2b) simply reduces © to a three-dimensional 
tensor, Eq. (2a) is taken into account by symmetriza- 
tion, and Eq. (2d) amounts to fixing a constant. Thus, 
only Eqs. (2c) and (2e) remain to be accounted for. 
As an illustration, we shall calculate © for the spin $ 
case. 
In the rest system we must have 


0,’= gu tary’, 


where the indices run from 1 to 3, while all components 
of ©,” with either yz or v or both equal to 4, are zero. We 
determine the constant a by means of Eq. (2e): 


y’+3ay’=0. 
Thus, in the rest system 
(5) 


The generalization to an arbitrary frame is found by 
noting that in the rest system 


pup” 
(10)= (se - iz 
p* 
1 ( oe) 
“1 60--—— 
1 p’ 


0 


0,’= ‘= hyyy’. 


so that the covariant form of © is (with yw, v running 
from 1 to 4) 


bub’ 1 PuP* 
0,’= («- 4 -)- é."— # ) 
?* 3 P 
pop” 
(50 )rer (7a) 


(7b) 


1 
= bu — dye’ ——( pub" + pu’). 
3p? 


The general expressions for © for arbitrary spin have 
been calculated in the Appendix. For integral spin 


(8) 


, 


44/20 aya, "is - ee @a,-1a,0** Be for even | 


as 1) /2Maiaz +++ @PeaBs 10a,**, for odd } 


1 pap® 


— 0,'= £a’—-—— 


r!(s—2r)! (2s—1)(2s—3)++«(2s—2r-+1) p? 
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For half-odd integral spin 


1 


Bis -Be-4 BB\+ 


+3 Ba-4 
a; or 3(5) =_— sO aa, “+ ea € + 4). 
2s+2 


MATRIX ELEMENTS 


We now consider the decay of a fermion of mass m,, 
spin s;, into 3 other fermions of masses m2, m3, m, and 
spins $2, 53, 54. If any one of the decay products is a 
neutrino we can only consider the spin value }. If the 
neutrino mass is zero, the above theory for higher spins 
does not apply, and the assumption of a small but finite 
mass m leads to lifetimes’? which are proportional to 
m**!, Because most decays involve the emission of 
either two neutrinos or an electron and a neutrino, 
we shall Jimit ourselves to the case s3=sy=4. The 
extension of the following discussion to the most 
general case is quite straightforward. We further assume 
only direct coupling, which limits the value of |5;—s59| 
to 0 or 1. 

Case 1, s:=52=s. There are two possible sets of 
invariants® 


F° (5,5) = (thay- + +ay(2) Pu" *°9(1))(4(4)P%u(3)), (11a) 


F’#(s,s) = (tha ss can (2) Pym’ 22: ‘ -an(1)) 


K (A(4) Py yar'(3)), (11b) 
where n=s—}. Invariants with more than two y®’s are 
zero or reduce to (lla) or (11b) by the subsidiary 
condition (le). No new invariants are obtained by 
changing the order of the wave functions, or by shifting 
the y™ and ya,’ in (11b). Consider first (11a). We 
introduce the notation 
F* = F* (abcd) = (@C1"b) (CCT), 
where C is the charge conjugation operator, and study 
the effect of permuting two of the variables a, b, ¢, d. 
The general method’ developed for the case s= 4, may 
be applied with no modification. Therefore, the F’ form 
a basis for a representation of the permutation group 
on 4 objects. For example: 


Pik” (abcd) = (Pac) 0” F* (abcd). 


The explicit form of the permutation matrices" are 
rhe explicit form of the permutation matrices" 


7S. Kusaka, Phys. Rev. 60, 61 (1941). 

*We define M=1, M=y,, M=i(yyy, 
I*=-+,, where y!=y;, i=1---5, 

9M. Fierz, Z. Physik 104, 553 (1937); E. R. Caianiello, Nuovo 
cimento 10, 43 (1953); R. J. Finkelstein, Nuovo cimento I, 1104 
(1955). 

” See for example, R. Finkelstein and P. Kaus, Phys. Rev. 92, 
1316 (1953). 


v¥u)/22, [Y= ty 5Y mu) 


HIGHER SPIN 


PARTICLES 


reproduced here for convenience : 


—] 


Poc= PoaPaaP oa. 


In order to deal with the invariants of the form (11b) 
we introduce an additional operator, defined as follows 


Q(thay- + -an(2) ue’ 


(thay: + +n (2) 0%" °° 


“9(1))((4) Py" yay’ (3)) 
an(1))(%(4)9CT'yay'4(3)). 


By virtue of the relation 


C~Ya th, 


we have, for example, O 1 for the scalar interaction, 
In this manner the explicit representation of Q is found 
to be (when the subsidiary conditions are taken into 
account): 


By the definitions of P.¢ and of Q, or by actual multi 
plication, we verify that 


OP AO= Pra. 


The fact that O as well as P.g and Py are nonsingular 
proves that no additional invariants may be obtained 
from (11b) by a different ordering of factors. 

Applying the operator — P,4) to (11b), one obtains 


F’'" (5,8) = (0(3)Yas' Tut!’ 42"**4"(1)) 


K (U(4)y "TP ttar «+ «an (2)). 


This is readily seen to be zero or to reduce to invariants 
of the form (11a), except when o= 2, in which case we 
obtain an invariant that we shall designate /°(s,5) : 


F5(s,5) = ((3)y'6%"22" + -4"(1)) 


K (U(4) aia ++ +an(2)). (11) 
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The complete set of matrix elements for this case is 

thus F’(s,s), 7=0---5, as given by (11a) and (11c). 
Case 2, 5;=52+1=s. The possible invariants are 
“(1)) 

x (a(4)0Pyau(3)). 


F""(s, 5 1) (ay ‘ a, (2) 


(14) 
Invariants with more than one yq reduce to zero or 
(14) by the subsidiary condition (le). Applying — Pas, 
we obtain 

(1) 
« (4(4) Ptr 


*(s, ee 1) ((3)ya,lu™ 


wa(Z)); (15) 


The subsidiary conditions give 


= F=0, Ft 
F'=20>P 40F", F* 


20 'PYOF", 
20° POF". (16) 


The complete set of matrix elements for this case is thus 


Fa 2 


a@#0,1,4 


- an (2) Pu" @0(1)) 


«K (U(4)P’yai(3)). 


£o(ta 


(14’) 


We emphasize that the preference for one representation 
over any other is one of convenience in deducing 
identities and calculating matrix elements, since the 
corresponding results in any other representation may 
be easily obtained with the help of the permutation 
matrices, 


TRANSITION PROBABILITIES 


In this section, we shall again restrict ourselves to 
the special cases for which the matrix elements have 
been discussed in detail above, s3= 54= 4. If ms=m,=0, 
the differential transition probability may be written 


d*py 
Vd* po ; ; 
16(29) 8m, Fo(2s+1) 


kedQ ‘ 
ba: (po— pi) 


where F, is given by (11a) and (11c) in the case 5,;= 5.= 5 
and by (14’) in the case 5;=524+1=s. 

As an illustration of the calculational advantage 
gained in choosing a certain representation, we shall 
discuss the case s;=Se4+1=s. If we write the matrix 
element in the form of (14’), then 


4 
\IM|?=S0 ¥ gegeF Fe'=L DL g.’|Fel?, 
spin od spin owO,1,4 
i.e,, there are no cross terms between tensors of dif- 
ferent ranks, and we see that the o sum runs over the 
simplest of the tensors. By using Eq. (4), we may sum 
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FRONSDAL 


over the energy and spin states, obtaining 


B2-* Bn 
Mit= ge Tel pe—im,) One 


oot) 1,4 


XI" (pi— im) Oa: - (poe pal'’yaipsy"'T’}. 


The ©’s appearing here correspond to the half-odd- 
integer spin values s and s—1. We may now use Eq. 
(10) to express these ©’s in terms of the ©’s corre- 
sponding to the integral spin values s+}=n+1 and 
s—4=n. In terms of the latter, 

4s°—1 


F ‘ B'B2: ‘ Br aaj’ **an 
M\*= > g,? arag- > -an( P2) Opi: -Bn( pr) 
om) 1,4 16s(s+-1) 


x (Tr (po—ime)y*'ya 1? (pi— imi) yal} 


x {Tr pal'’yaipsy”'T’)}. (17) 

The traces may now be evaluated separately from 
the product of the ©’s. We have listed, in the Appendix, 
those formulas which are useful in calculating this 
product, and which lead to a straightforward but 
tedious evaluation of |M)\* for arbitrary spin s. We 
have completed this calculation for s=% with the fol- 
lowing result for the differential transition probability 


m,*m2"d* po 
Vd po a one 
3(2e)*E\ Ex 


{(K,’ cosh0+K;’) 


X (coshw—coshé+ te~* sinh*@) 


+4K.'(14+4e°* cosh@) sinh?0}, (18) 


where 


Ky’ go +21° +247, K,’=g,’, K 3! = g0’—g¢’, 


coshé= — pi: p2/mym2, w=1n(m,/mz2). 

This agrees with the result of Caianiello."' It may be 
compared with the expression given by Michel,'? who 
considered the case s= 4. Michel’s formula may be 


written 


m,’m,"d* p» 
Vd py= {(K, coshé+ K 3) (coshw—coshé) 
2(2r)*E\ EF 
+%K,sinh?6}, (19) 
where 
K\= £0" + 2(gr°+ ge + g3")+- 2,7, 
Ke gir'+ 2g2°+ 2:3", 
K3= go’ — 2g°+ 2g7°—g,’. 


"E.R. Caianiello, Phys. Rev. 83, 735 (1951). 
"L. Michel, Proc. Phys. Soc. (London) A63, 514 (1949). 
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MUON DECAY 


It is generally assumed that the mu meson decays, 
through weak coupling, in the following manner: 


petty. 


Depending on the value of the spin assigned to the 
muon, } or 3, the spectrum of the emitted electron is 
given by either Eq. (19) or (18). However, the mass 
of the electron is so small compared with the energies 
involved over most of the spectrum, that we may, 
advantageously, introduce the approximation of ne- 
glecting terms proportional to the electron mass. The 
resulting spin 4 transition probability is given by 


(20) 


7P4(n)dn~4n2dn[3(1 —1n)+2p(4n—1)], 


where 
3K 6 (2m)? 
(KE men) *(K 1 + 2K) 
Ey 2E, 
n ~ : 


Ey max my, 


7 =lifetime= 


For the spin } case, we have 


7'D4(q)dq~10n7dnL 1 —n+yon?+'($n—1)], (21) 


where 


K,’ 
’ T : 
K,’ +K,’ (Fe oa (i + K,’) 


(15/2)(2m)* 


We emphasize that these are the only two possible spin 
assignments for the muon, namely } or 3, since all the 
decay products have spin }. 

In Fig. 1, we have plotted @y(n) for the extremal 
p’ values 0 and 4. In Fig. 2, the spectra given by (20) 
is shown for the experimental value of Lederman et al.," 
p= 0.64, and for that of Crowe ef al.,"* p= 0.50, as well as 
the spectrum given by (21) for p’=0.25. We thus see 
that by properly choosing the coupling constants g,, 
the experimental results can be equally well reproduced 
by a spin assignment of either } or $. 


Bt 


Reictive prodability 


1 








Relotive energy 


Fic. 1. The energy spectrum (Py for extremal values of p’ 


8 Sargent, Rinehart, Lederman, and Rogers, Phys. Rev. 99, 


885 (1955). 
4 Crowe, Helm, and Tautfest, Phys. Rev. 99, 872 (1955). 
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Fic. 2. The energy spectra measured by Lederman et al 
(p=0.64) and by Crowe et al. (p=0.50), and the spectrum 
predicted by the hypothesis of a universal Fermi interaction 
(p’=0 25). 


UNIVERSAL FERMI INTERACTION 


As a criterion for choosing some combinations of 
coupling constants, we shall investigate the conse 
quences of accepting the validity of the hypothesis of 
the universal Fermi interaction. In the case of 4 
interacting spin-} particles the most general matrix 
element may be written 


4 
> ¢,(al%b) (eld) 


aed 


F (abcd) 


gS +eV+goT+e:A+eaP. (22) 
The hypothesis of a universal Fermi interaction may 
be expressed in the form suggested by Finkelstein and 
Kaus," by (i) replacing Eq. (22) by 
PF > F (abcd), 


abed 


(22') 


where the sum is over all modes of all spin-} particles; 
and (ii) by imposing the Jordan-Wigner anticommuta 
tion relations on all creation and absorption operators, 
whether belonging to different fermions or to different 
modes of the same fermion. The latter requirement is 
based on the assumption that all fermions are modes 
of one fundamental field. This effectively replaces 
F (abcd) in (22) by 


,(1 P)F (abcd), (23) 


where P is the permutation operator that interchanges 
the wave functions of either the two particles or the 
two antiparticles in F (abcd). If the order of wave 
function in F(abed) has been so chosen that a and « 
have the same particle-antiparticle character (pac), 
one finds that the most general matrix element of the 
form (23) may be written 


a(S—T+ P)+b(V—A)+c(S—A—P). (24) 


If, on the other hand, a and d have the same pac, one 
obtains 


aS+bA+cP.* 


We propose that the hypothesis of the universal 
Fermi interaction be extended to encompass fermions of 
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different spins, assuming all fermions to be modes of 
the same fundamental field. 

We shall again confine our attention to the inter- 
action of two higher spin and two spin-} particles, as 
given by the matrix elements (11a), (11c), and (14’). 
Four cases must be considered : 

Case 1a, s;=52=5, and the particles 1 and 2 have the 
same pac.—The most general matrix element consistent 
with the hypothesis of the universal Fermi interaction 
is: 

‘ 
= S)  gerh(1— Pea)” (U(4) Tus: (1) 
oa! =®) 
‘ 
XK (thay + + -an(2) TU 3)) {- > go (l ~ Pa!) 0” 


K (1(4)y 10482" (1) ) (thay + + san (2) Yay (3)), 
where 


P a ha ied an(2)Ya'U(3)) == (a (3) a1 Ua ee van(2)) 
0 1P (ta died can(2)¥ar u(3)). 


(P a’) 0” . (O 1P .a)o” = 50’, 


But 


so that (1 


F= Y go(a(4)Peut-**(1))(thas-+-an(2)P%u(3)). (25) 


aot RA 


a )o” =0 and there remains 


Thus of the six invariants, only three remain. 
Case 1b, s:=5,=5, and the particles 1 and 2 have 
opposile pac.—We now have 


4 
I > ge4(l _— P ca)o (thay + + +an(2) Tu ***(1)) 


a0 =) 


4 
« (A(4)TU(3))+ YS perk 1 — Pea’) 0” 


a= 

K (thay «+ -an(2)ue"’*°(1) (i (4)y*ya1'u(3)), 
where 
Pal (H(A) Va't(3)) = ((3)y "yar (4)) 

(1(3) 7 Yay'C'u(4)) = — Pea(ti(4)y™Varu(3)) 

+ 26a,’(ti(4)u(3)). 

The first term gives zero as in case la, while the second 
term is contained in the first part of (26). Therefore, in 


this case as well, only three invariants consistent with 
the hypothesis of the universal Fermi interaction exist : 


Fe ¥Y  ge(thay:+-an(2) Put *°*(1))(4(4)T%u(3)). (27) 


oO 3,4 


Note that if (27) is expressed in terms of the invariants 
used in (25), and vice versa, one obtains the familiar 
forms (24). From a computational viewpoint, (25) and 
(27) are the most convenient representations in the 
respective cases. 
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Case 2a, 5:=52+1=s, and particles 1 and 2 have the 
same pac.—The matrix elements may be written in the 
form (15): 


4 
F=> g.4(1—Pea)(G(3)yasT%u****(1)) 
ont) 


>  (0(4) 1 ttaz: + -an(2)) 
=> gl. 


om) ,3,4 


By (16) this reduces to the unique matrix element 


F= ga(a(3)ysu™ pe "an(1))(a (4)ysYaittas: ° -an(2)). (28) 
Written in the representation (14), this is the Wigner- 
Critchfield interaction S’— A’— P’. The relations F°= F* 
=0 becomes S’—T’+P’=V'—A'=0, in that repre- 
sentation. 

Case 2b, s:=S2+1=s, and particles 1 and 2 have 
opposite particle-antiparticle character.—In this case we 
write 


4 . 
I = Li £03 (1 — Pa) (thay: ° -an(2)¥alu™ ie ‘an(1)) 
a=) 


x (a(4)T'"u(3)), 
which reduces to the unique matrix element: 


F = g3(thay: - -an(2)you™***%™(1))(a(4)yeyait(3)). (29) 


EFFECT OF THE UNIVERSAL FERMI INTERACTION 
ON MUON-DECAY 


These results may be applied to the decay of a muon. 
With reference to the spin and pac of the mu meson, 
the following four possibilities exist : 

(i) Spin 4, same particle-antiparticle character as 
electron.—The matrix elements (25) written in charge- 
retention order will have the form S—~7+P, V—A, 
and S—A-— P, corresponding, respectively, to p=0.75, 
0.75, and 0.50. The results of neutron decay seem to 
favor S—T+P, which, when electromagnetic cor- 
rections are included,'® is consistent with the experi- 
mental result of Lederman. The experiment of Crowe, 
on the other hand, seems to favor S—A—P. 

(ii) Spin 4, opposite particle-antiparticle character to 
electron.—The matrix elements have the form S+P 
and S—A-—P, corresponding, respectively to p=0, 
0.50. The value p=0 is in definite disagreement with 
both experimental results. 

(iii) Spin 3, same particle-antiparticle character as 
electron.—The matrix element (28), written in charge- 
retention order has the unique form S—A—P cor- 
responding to p’=0.25. The spectrum is plotted in 
Fig. 2 for this value. 

(iv) Spin $, opposite particle-antiparticle character to 
electron.—The matrix element (29) has the unique form 


® Behrends, Finkelstein, and Sirlin, Phys. Rev. 100, 1809(A) 
(1955). 
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(29) corresponding to p’=0. This is in disagreement 
with both experimental results. 

We note that in cases (i) and (ii) Crowe’s results 
contradict the assumption that the muon and neutron 
decay by the same interaction. On the other hand, there 
is no basis for such an assumption if the muon is 
assigned the spin-value }. If there is no systematic 
error in either experimental result, we are led to favor 
(iii). The experimental lifetime gives a value of g? of 
the same order of magnitude as the spin-} theory. 


FERMI-DECAY OF HYPERONS 


It has been suggested'® that by considering the A° as 
an excited state of the neutron, one should expect the 
A® to have an analogous mode of decay, i.e., 


A°— 91+ e+ v 
in addition to its usual mode 
A+. 


By drawing an analogy to pion decay through a 
virtual nucleon-antinucleon state, Costa and Dalla- 
porta!’ have shown that some of the branching ratios 
for the various modes of K-meson decay might possibly 
be explained by a virtual A®-antinucleon state. An 
actual experimental indication of the beta decay of the 
> is reported by Hornbostel and Salant,'* who interpret 
their event 4 as 


2—N+e+ v. 


It is apparent that these examples are special cases 
of what is to be expected if the hypothesis of the uni- 
versal Fermi interaction is correct. We again state the 
general rule: Under the hypothesis of the universal 
Fermi interaction, all spinor particles should decay by 
(22’), provided the usual conservation laws are fulfilled.” 
The experimental observation of the allowed processes, 
of course, will depend upon their lifetimes. We list here 
the decay schemes to be expected according to various 
spin assignments, and then calculate some of the 
lifetimes 


A,-N+ y+», 
ZN +y+y, s=h, 
Ye Ant+v+y, 
Be + y+ yp, 
Hay Ast v+y, 


Bay Lat v + V, 


(30a) 
: (30b) 
et, 


s=4, 4, 
3 


| $3— Sa] = (30c) 


s= +, 4, 


| $1—Se| = 


(30d) 


0.1. (30e) 


| s;—52| =0, 1, (30f) 


1©R. J. Finkelstein, Phys. Rev. 88, 555 (1952); M. Markov and 
V. Stakhanov, J. Exptl. Theoret. Phys. U.S.S.R. 28, 740 (1955) 
[Soviet Phys. JETP 1, 593 (1956) }. 

17G. Costa and N. Dallaporta, Nuovo cimento 2, 519 (1955). 

18 J. Hornbostel and E. Salant, Phys. Rev. 102, 502 (1956). 

9 We include the law of conservation of heavy particles in the 
word “usual.” 
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where X is a nucleon, and » is a lepton. Any new 
hyperons will be connected by the proposed generaliza- 
tion of the decay interaction (22’) to the Z, X, A, and N. 
We have calculated the lifetimes in the special case 
in which the heavier hyperon has spin 4 or } and all 
the decay products have spin 4. When two of the latter 
are leptons we may, to a very good approximation, 
neglect their masses. The differential transition prob- 
abilities (18) and (19) are then readily integrated to 
give 
1 2mm 
—=———-{}(Ki'+ Ki’ +} Kye’) 
ty 3(2x)8 


XL 4n0(2no?— 5) (mo? — 1)'+-cosh no 
+ (4/15)e-¢(mo?—1)"}+-4K a’ 4 (0? +2) (mo? 1)! 


— no cosh™no— (1/30)e-2*(mo2—1)9]}, (31) 


mms | 
2 ye CK +-2K »)[ 4no(2no? : 5) (mo? : 1)! 
T 


+cosh™'no }-+4K sl 4 (no?+2) (no? — 1)! 
no cosh ‘no |}. (32) 


The coupling constant is a matter of some uncertainty, 
We have used the value g= 1.374 10°” erg em’, which 
is the experimentally determined value of the Gamow 
Teller coupling constant in neutron decay.”” Justified 
only on the basis of simplicity, we have assumed that 
the coupling constant is independent of the spins of 
the various particles. 

The inverse lifetimes of the decays to which (31) or 
(32) could apply have been calculated, and given in 
Table I, for each of the 8 possible interactions. In 
Table II we have given the lifetimes that would be 
predicted on the basis of the hypothesis of a universal 
Fermi interaction for the various assignments of spin. 
Because of the law of conservation of heavy particles, 
the hyperons must have the same particle-antiparticle 
character. The values of the masses used are as follows: 


Moy = 1836 m,, 
ma, = 2181 m,,”! 
my = 2327 me,” 
mz = 2582 m,.”8 


Processes involving a muon (in place of one of the 
leptons) give differential transition-probabilities which 
are considerably more complex than (18) or (19), which 
are valid when ms=m4=0. We have completed the 
calculation for the decay Ay-9l+py+v with scalar 


*” J. Gerhart, Phys. Rev. 95, 24% (1954). 

2! Friedlander, Keefe, Menon, and Merlin, Phil. Mag. 45, 533 
(1954). 

#2 Fry, Schneps, Snow, and Swami, Phys. Rev. 103, 226 (1956). 

% Proceedings of the International Conference on Elementary 
Particles, Pisa, 1955, Nuovo cimento (to be published). 
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Taste I. Calculated values of reciprocal lifetime for some Fermi modes of decay of hyperons for the 8 interactions 
possible with spin assignments of 4 or 3. 


Spin 1/2 
Interaction s V A 


0.404 10° 
0,215 10° 
0.635 K 10° 
0,151 10" 
0.861 K 10° 
0.983 « 107 


0.134 10° 
0.716% 10° 
0.209 K 10° 
0.501 K 10° 
0,287 K 10° 
0.327 10" 


0.136 10* 
0.728 X 108 
0.233% 10° 
0.519 10° 
0.289 10° 
0.330 107 


Af oN +u+y 
Zr, Mtv ty 
2, +A tet 
Z, oN+ety 
Zy My’ tee 
Zz. 2," tebe 


0.405 XK 10° 
0.216 10° 
0.651 108 
0.152 10" 
0.863 X 10° 
0.985 K 107 


3/2 
P S V P 


0.492 K 10° 
0.477 XK 10° 
0.492 « 104 
0,668 X 107 
0,102 X 10° 
0.685 X 104 


0.128 10° 
0.673 X 10% 
0.212 10° 
0.463 & 10° 
0.274 10° 
0.318 107 


0.128 K 10° 
0.668 X 10° 
0.207 K 10° 
0.456 X 10° 
0.273 10° 
0.317 107 


0.437 K 10° 
0.428 K 10° 
0.807 K 10* 
0.623 « 107 
0.910 10° 
0.773 K 104 


TAsie IL. Calculated values of reciprocal lifetimes for some Fermi modes of decay of hyperons for the interactions predicted by the 
hypothesis of a universal Fermi interaction with spin assignments of 4 or 3. 


Spin 

Interaction S-T+P 

0.540 10° 
().288 K 10° 
0.868 & 10° 
0.203 K 10” 
0.115 10° 
0.131 108 


oa + ety 
M+uty 
*Ay tute 
NM+vty 
Ay tut 
Lyi tety 


bi PIP > 


interaction, The lifetime was found to be 5 times longer 
than for the decay Ay->%+-v+v with the same inter- 
action, This may be expected to be typical, because of 
the smaller amount of energy liberated in the former 
process, The lifetimes for processes involving two par- 
ticles with higher spin, such as Zy-+Ay+-v+-v may be 
calculated in a straightforward way from Eq. (17) or 
the similar one that holds when s;= 52. Decays in which 
3 or even 4 particles have higher spins may also be 
considered, but at present the calculations would be 
quite tedious. 

We shall now discuss some of the branching ratios 
(i.e., the ratio between observed lifetimes for normal 
decay, and the calculated lifetimes for Fermi decay) 
for some of the processes listed above. In general, for 
decays involving the same emitted particles, the 
branching ratio increases with an increase of the initial 
hyperon mass, and decreases for any one hyperon as 
the mass of the final particles increases. As an explicit 
example we consider the branching ratios for the 
universal Fermi interaction. The results may easily be 
obtained for any other combination of coupling con- 
stants. The following experimental lifetimes for the 
normal modes of decay have been used : 


A—--N+ 2, 
*N--a, 
A+, 


r=2.8X10~" sec,” 
t~3X10-" sec,” 
T™ 10 10 Sec 2% 

A, N+ v+v.—For a A spin assignment of 4, the 
branching ratio B~ 1/66; for 4, B~1/140; for greater 
than §, B=0. 

* Blumenfeld, Booth, Lederman, and Chinowsky, Phys. Rev. 
102, 1194 (1956) 


27H. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, 1955), Vol. II, p. 374. 


1/2 


0.540 K 10° 
0.288 XK 10° 
0.866 X 10° 
0.203 K 10” 
0.115 10° 
0,131 10° 


A S-A-P 


0.256 10° 
0.135 10° 
0.423 K 10° 
0.926 x 10° 
0.547 XK 108 
0.635 & 107 


0.539 X 108 
0.287 K 10° 
0.852 10° 
0.202 K 10" 
0.115 10° 
0.131% 10° 


y,-N+v+v.—For a Y spin assignment of 3, the 
branching ratio B~ 7; for 3, B~1/25; for greater 
than 3, B=0. 

y,-Ayt+v+v.—For A and 2 spin assignment of 3, 
the branching ratio B~ 1/4000. 

Z,-N+v+v.—For Z spin assignment of 3, the 
branching ratio B~}; for $3, B~1/11; and for spin 
greater than 3, B=0. 

These branching ratios indicate that the Fermi 
decays for all the hyperons are within the range of 
experimental detection. If more massive hyperons 
exist, say m> 3000 m,, which have lifetimes for the 
emission of a heavy particle and a pion of the same 
order as the presently known hyperons, and they have 
spins of } or $, the dominant mode of decay will be the 
Fermi mode. Even for the known hyperon, the Z, the 
Fermi mode would become an appreciable fraction of 
the normal mode. 

We wish to thank Professor R. J. Finkelstein for 
suggesting this work. We also wish to thank Professor 
M. A. Melkanoff for assistance in the numerical work. 
One of us (C.F.) would like to express his gratitude to 
the Norwegian Government and to Chr. Michelsen’s 
Fund for financial support. 


APPENDIX 
In the rest system the conditions defining © are 


(a) 6?=6=0f, 


a . een 


(b) Lad ‘sag: 


3 


(c) > 0,;...=0, 


Q...¢...=0. 
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The adjoint here means the transposed. Because of (a) 


and (d), © reduces to a three-dimensional matrix: 


Biv: Bs 
Oai-+-as, a;, 8 ;=1, 2 3. 


The most general matrix of this type, that satisfies 
conditions (a) and (b), is the expression (8). The 
constants a,“ are easily determined by imposing con- 
dition (c). Setting i= 7 and summing, we obtain 


(s—2r)(s—2r— 1)a,+[3-2(r+1)+ 2(r+-1)2r 
+2+2(r+1)(s—2r—2) Jani =0, 


which gives (9) immediately. 

In order to prove Eq. (10), giving © for half-odd- 
integer spin in terms of those for integer spin, we use 
the theorem proved in the paper referred to above that 
the conditions (2) uniquely determine ©. It is then 
sufficient to prove that the right-hand side of (10) 
satisfies (2). But this is quite obvious except for con- 
dition (2d). The latter yields the factor (s+ 4)/(2s+ 2) 
as follows. Consider 


BiBe 


~~ (eg jalan 
(e) @Qa,a2 : (n nd 4) Op62- (n a 5) 


: : prare*:. ee 
= Cy y gy? y 7 Oana: (n)Op'p,---(n). 
Since the traces of the © are all zero, the only con- 


B 
tributing part of the ©,...(m) are the first two terms of 
the expansion (8). Of this the second also drops out, 
because 
7 yi Aen 


7h 
VaY VB Oa'ar:-(N)= 7" ¥7Oa'ar--(n) =O, 
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The only remaining part of the right-hand side of (e) is 


1 v1 
Ce > (gage. yy ay" ¥7a'a, 


nN! Pla) 
3 1 iy? 
( + (1 ) Joss (n }), 
n n 


where n=s+ 4. This fixes the constant in Eq. (10). 
In a very similar way, we may prove that 


(n) 


os hoe 
(f) £8:°' a, + -(S) 


while Eq. (8) gives 


1 Ay 


(g) : par: , : pape: ° 
ia 


pea, 
)* sinh**0>° a,, 
r=) 
where cosh’@= (p: p’)?/p’p” and ao" 
(g), we find 


1. Using (f) and 


as A; B, 
84(P) ay +-a4( p’) 


a 


(h) a, 


2s+1 
(sinhd)? n) > a,‘ ). 
(2s—2n+1) tO) 
These various formulas are useful for the evaluation of 
transition probabilities, 
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Parity Doublets and Hyperfragment Binding* 
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The Thomas variation-iteration method is applied to a model of a hypernucleus in which the binding 
arises from a potential which mixes orbital states of opposite parity, a situation which may prevail if the 
A® has the parity doublet structure suggested by Lee and Yang. The P-state part of the ground state increases 
with the mass of the hyperfragment and may have a probability as large as 20% for mass number 8, with 
correspondingly large effect upon the decay rate of the fragment and upon the ratio of mesonic to nonmesonic 


decay. 


I. INTRODUCTION 


EE and Yang! have suggested that the apparent 

mass degeneracy of the @ and 7 mesons may be an 
instance of a new symmetry principle for strong 
interactions called “parity conjugation invariance.” 
Their theory postulates the existence of parity doublets 
of particles of odd “strangeness”, including the A°. 
The members of this doublet (A;,Az) would then be 
bound in nuclei with equal strength. As a consequence 
(as noted by Treiman’) a given species of hypernucleus, 
with definite spin and number, will have 
degenerate ground states of opposite parity: 


We =agy(A)) +by2(Ao), 
Wo ag,(Ag) | beyo2(A,). 


mass 


(1) 


‘The ratio of the amplitudes a and 6 measures the parity 
mixing which influences such properties of the hyper- 
nucleus as its decay rate? (in terms of the free A; and 
A» decay rates) and the ratio of mesonic to nonmesonic 
decay.’ * 

While previous authors have considered the 
problem of hypernuclear binding from the points of 
view of coupling schemes, charge independence, range 
and spin dependence of A—N forces, our chief concern 
here will be the parity mixing of orbital states. To this 
end we consider a potential of the form 


5-11 


V=Vilr)+(@-?)CpV2(r), (2) 


where ? is the unit vector of the A° relative to the center 
of mass of the “nuclear core,” @ is the spin vector of the 


* This work was begun in the summer of 1956 at the University 
of Wisconsin while the author was employed on a U. S. Atomic 
Energy Commission contract. 

''T. D. Lee and C. N. Yang, Phys. Rev. 102, 290 (1956). 

2S. B. Treiman, Phys. Rev. 104, 1475 (1956). 

3H. Primakoff and W. B. Cheston, Phys. Rev. 92, 1537 (1953). 

4M. Ruderman and R. Karplus, Phys. Rev. 102, 247 (1956); 
T. K. Fowler, Phys. Rev. 102, 844 (1956). 

H. Dalitz, Phys. Rev. 99, 1475 (1955). 
. Nishijima, Progr. Theoret. Phys. Japan 14, 527 (1955). 
T. Jones and J. K. Knipp, Nuovo cimento 2, 857 (1955). 
. Gatto, Nuovo cimento 1, 372 (1955) 

Wentzel, Phys. Rev. 101, 835 (1956). 

”R. H. Dalitz, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics, Rochester, 1956 (Interscience 
Publishers, Inc., New York), p. V-40. 

' T), B. Lichtenberg and M. Ross, Phys. Rev. 103, 1131 (1956). 
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A°, assumed to be of spin 3, Cp is an operator! which 
changes A; into Az and vice versa, and V;(r), V2(r) are 
central scalar attractive potentials. The coefficient of 
Cp is the only odd-parity term which can be constructed 
of the vectors r and o. There is no reason, other than 
simplicity, for excluding forces which depend also on 
the spins of the nucleons, such as tensor forces. We may 
therefore expect the present model to apply best to 
hypernuclei having spherical cores, such as He®, and 
to require modification in other cases. 

Following other authors, we shall assume that the 
A—N force has a range short compared to the nuclear 
force range and shall consider V;(r) and V2(r) to be 
proportional to the nucleon density. Evidence concern- 
ing the consistency of this assumption will be considered 
in Sec. III. We shall be content to approximate the 
potential functions by square wells, whose depths will 
be determined from the observed binding energies by a 
variation-iteration procedure. 

The potential (2) can also represent a particle of 
zero spin interacting with a core of spin 4, e.g., a 
K meson bound in a nucleus. For this case, Schwinger’s 
recent suggestion” of a direct (K irKy») interaction, 
which has the parity exchange property, leads in the 
static limit of weak coupling” to precisely the second 
term of (2). While the evidence for such K fragments is 
scant, some observed decays of heavy hyperfragments 
can be interpreted in this way." 


II. CALCULATION 


In this section we will apply the variation-iteration 
method'® to obtain an approximation to the ground 
state solution of the Schrédinger equation with potential 
(2), letting Vi(r)=cV2(r) where c is a dimensionless 


J. Schwinger, Phys. Rev. 104, 1164 (1956); R. Arnowitt 
and B. Teutsch have considered the decay of charged K mesons 
assuming a weak parity-mixing interaction. 

18S. B. Treiman and the author have obtained in this limit : 
the potential 


V = — (20?) (fg/u) (4% 2%) (@%-V) U(r), 


where f and g are the coupling constants of nucleon and K meson 
respectively to the pion field and U(r) is the Yukawa potential. 
While this potential is singular at the origin, it can be cut off, 
for example, by use of an extended nucleon source. 

“Fry, Schneps, and Swami, Phys. Rev. 99, 1561 (1955). 

‘© H. Feshbach and J. Schwinger, Phys. Rev. 84, 194 (1951); 
L. H. Thomas, Phys. Rev. 51, 202 (1937). 
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parameter. Introducing the length a, we define x=r/a 
(and corresponding unit vector #), and additional 
dimensionless parameters 


A= (2ma?/h?)Vo, ?= (2ma?/h?)| El, (3) 


where m is the reduced mass of A° and nuclear core, 
—E is the binding energy of the hypernucleus, and Vo 
is the depth of the parity-mixing potential; that is, 
V o(x) = VoS(x) where S(x) is dimensionless. The corre- 
sponding Schrédinger equation is 


[VP+A(c+Cpa-4)S (x) — 9? W(x) =0. (4) 


For the ground state of this system, having a definite 
parity r= +1 and my;=}, we may write 
xy (x) = f(x) Vo(0,¢)x? 
+Bg(x,—mr) 31 V1°(0,¢)x'—2'V'(0,¢)x- 4]. (5) 
Cp operates on the arguments +7 in Eq. (5), which 
refer to the intrinsic parity of the A°. Thus Cpe-# 
changes the S-state part of (5) into a P state of the 
same over-all parity, as 


1 cos¢ 
v-a( ) ( ) (6) 
0 singe’ 


It must then change the P state into an S state of the 
same parity, as the square of Cpe-# is unity. Similarly 
for m,;=—}4, parity m, we have 

ay (x) = f(x,r) Vox 


—Bg(x,—m)3 LV yx} —2'Vy x4], (7) 


with the Condon and Shortley definition'® of the angular 
functions. After separation of the radial part of Eq. (4), 
we can suppress the variable 7. 

The ansatz (5) gives the radial equations 

[ d?/dx?+-drcS (x) — 9? | f(x) = —AS(x)Be(x), 

[ d?/dx?— 2/x?+AcS (x) —n? |Bg(x) = —rAS(x) f(x). 
The constant B has been introduced for later 
convenience as a measure of the mixing of S and P 
states. 

Following Feshbach and Schwinger,'® we introduce 


— 2 /dx*+1? 0 
. ( 0 @?/dx? 42/224 ) 
cS(x)  S(x) f(x) 
( S(x) tah _ (a) 
and write (8) as 
Ag=)Bg, (9) 


g=AA 'Bg. 


16 E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Macmillan Company, New York, 1935), p. 52. 


(10) 
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Equations (9) and (10) can now be expressed as 
variational principles for the smallest value Ao of the 
well depth parameter A: 
(y,Ag) 
Ext (11) 
(¢,Be) 


(¢,By) 
No = EK) 


xt ’ (12) 

(¢,BA'Bg) 
where “Ext” means extremum. 

We use Eqs. (11) and (12) in the following way: With 
trial functions fo and go, we use (11) to determine 6, 
the best value of 8, and a corresponding Ao“. We use 
the same trial functions and carry out the same pro- 
cedure in evaluating a 8, and A» from (12), Equation 
(12) will provide a better, i.e. smaller, value of Ao than 
Eq. (11) since it contains the iterated matrix" 


f 1 (x) fo(x) 
)-ra( 

Bg, (x) Bgo(x) 
Comparison of the two results will provide an indication 
of the degree of convergence. We may point out that 
in our case the convergence is more regular than in the 


tensor force problem treated by Feshbach and 
Schwinger since 


(13) 


Det |B] = (@—1)S*(x) 


is definite for given c. 
The Green’s functions for A, used in obtaining the 
first iteration, are 
1 


sinhnx. exp( 
u 


1 sinhna. 
G (x,x’) (: oshnx<— ) 
u] kh nxe 


1 
«(14 
NX> 


is the smaller and x, the larger of x, x’. 


G,(x,x’) nx>), for l=0, 


) ex nt>), for t=1, (14) 


where x. 
We let 
S(a) 
(15) 
0 


’ 


and choose as trial functions in the interior region 
(e< 1): 
fo(x) =x exp(—~yx/2), 
(16) 
go(x) =x? exp(—6x/2). 

17 Note that A is absorbed in the definitions of f; and g,. For a 
complete discussion of the variation-iteration method see P. M, 
Morse and H. Feshbach, Methods of Theoretical Physics (McGraw 
Hill Book Company, Inc., New York, 1953). The significance of 
the notations dy and Ag is there made clear. 
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hic. 1. “Effective” well depth parameter (¢4+-1)Ao as a 
function of binding energy parameter » for various values of the 
ratio ¢ of ordinary to parity-mixing potential. The curves labeled 
c= #(S) and c= (P) correspond to pure S and P states, respec 
tively, bound in an ordinary potential 


y and 6 are determined by matching the logarithmic 
derivatives at «=1 to the exact S and P functions for 
the exterior region. Matching amplitudes as well, we 
obtain 


fo(x) =x expl — (1+ )x |, 


exp fe 


(1+) ], 


go(x) = 2" expl — (3+-«n)x |, 


K(14-1/nx) explL —(3—K+nx) |, x>1 


’ 


with e=n(1-+n) '. 

Evaluation of the matrix elements (g,A@), etc., as 
explicit functions of @ is then a straightforward job. 
Each matrix element is a quadratic function of 8 with 
coeflicients which are elementary functions of 4. The 
quantity # is obtained finally as a solution of a quadratic 
equation, the appropriate branch of the solution being 
fixed by the requirement that Ao be positive. For all 
the cases studied this yields a positive value for £. 
Values of Xo and Ay obtained in this way are given 


in Table I as a function of » and may be compared for 


M. 


BROWN 


%P 








) 
Fic, 2. Probability of the A° to occupy a P state, expressed in 
percent. Dashed curves: lowest approximation. Solid curves: 
first iteration. 


convergence. A more intuitively valuable quantity, 
namely (¢+1)A9’, is plotted in Fig. 1. 

To obtain the fraction of P state present, let 8 
where M (real and positive) is chosen such that 


ne", 


| f'dx=I? f p’dx, 
0 0 


Then the fraction of P state is 


Bm? f gdx / f (f?+p°N'g*)dx 
0 0 


This fraction, expressed as a percentage, is plotted for 
various values of ¢ and 7 in Fig. 2. It is given for both 
the (O) and (4) approximations. For the former, we use 
for normalization 


(19) 


B7(1+p")-". (20) 


[ fet (B)* 20? da ; 


0 


and for the latter, 


f Cfofit(B)*gogs jdx. 


Pance I, Depth parameter Ao as a function of binding energy parameter y for various ratios ¢ of ordinary to parity-mixing potential 
Results are given for the original trial functions and for the first iteration to enable comparison for convergence. 
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PARITY DOUBLETS AND 


TABLE IT. Values of n= (2ma?/h*)*| E|4 and effective well depth 


(¢+1) Vo for observed binding energy | F|, assuming two different 
values for the nuclear radius. Vo and || are given in Mev. 


a =[1.2(A —1)'+40,7] 
A —1)'4 1074 cm x10°-4 em 


n Vole a Volc=0 ” cVolc = @) Volc «0 


0.193 15 29 
0.333 17 31 
0.591 16 28 
0.865 26 
1.10 26 
1.33 26 
1.55 27 
1.74 27 


0.128 33 65 
0.222 36 67 
0.419 28 50 
0.630 25 43 
0.823 24 40 
1.01 24 38 
1.18 24 37 
1.35 24 37 


A comparison here gives directly a measure of the 
convergence of the wave function, which is of course 
not as good as for \o; but it is reasonable, especially for 
n<1.5, corresponding to the range of binding energies 
which have been observed. 


III. DISCUSSION 


We shall confine our observations mainly to the 
dependence of orbital mixing on the binding energy of 
hyperfragments. The effects which an admixture of 
P state would have on the theory of the ratio of mesonic 
to nonmesonic decay rates and on the hyperfragment 
lifetimes have been previously discussed by ‘Treiman.’ 

While the binding energy appears to be a smooth 
function of the mass number (see Fig. 3) within the 
rather large experimental error, one can reasonably 
expect that further refinement of the measurements 
will show deviations from this smooth behavior depend- 
ing on the structure of the nuclear core, including its 


spin. In view of the experimental and_ theoretical 
uncertainties, we have thought it best to use a smoothed 
nuclear core radius in attempting 4 comparison with 


experiment. 

In ‘Table II are given values of n calculated from the 
observed binding energies for the various hypernuclei, 
assuming two different radii for the nuclear core. Any 
apparent dependence of the data on charge of the core 
has been ignored. We have also tabulated the effective 
well depth (c+1)Vo in Mev for the cases of pure 
ordinary (c=) pure parity-mixing (c=0) 
potentials. 

Certain conclusions can now be drawn: 

(a) Since the calculated values of n cover the range 
n<1.5, it will be seen, referring to Fig. 2, that a rather 
large admixture of P state results even for c=2, 
corresponding to “twice as much” ordinary as parity- 
mixing potential. The admixture increases rapidly with 
binding energy, so that a hyperfragment would have to 
be light to exhibit the lifetime of the hypothetical 
long-lived A°, 

(b) From Fig. 1 it can be seen that our parity-mixing 
potential is less effective in binding than the ordinary 
potential (as would be expected from the introduction 
of a centrifugal barrier). For small binding energies, 
pure parity-mixing requires a well depth about twice 


and 
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lic, 3, Binding energy of hyperfragments as a function of mass 
number. The data in this table represent by no means a complete 
survey on the part of the author, The data are obtained from the 
following sources: The crosses represent the data of J. Schneps 
{[Ph.D. Dissertation, University of Wisconsin, 1956 (un 
yublished) |] and of Slater, Silverstein, Levi-Setti, and Telegdi 
Bull. Am. Phys. Soc. Ser. IT, 1, 319 (1956) ] combined with 
weights reflecting the probable errors assigned by the investi 
gators. The solid circles are the data of Gilbert, Violet, and White 
[ Phys. Rev. 103, 248 (1956) ]. The squares are the result of a 
“world average” prepared at the University of Chicago, and very 
kindly supplied to the author by Professor Telegdi. It will be seen 
that these points sufficiently determine the curve for our present 
purposes. 


the depth to bind the first S state and about one-half 
the depth to bind the first P? state in an ordinary 
potential of the same range.'® 

(c) One might expect that ¢ and Vo would chara 
terize the A~/N force and thus be relatively constant 
as a function of mass number. If we choose a value of 
c, it can be seen from ‘Table II that Vo is nearly constant 
for A26, especially for the larger radius a. Between 
A=3 and A=6 there appears to be a definite decrease 
in Vo. We shall not attempt here an interpretation of 
this apparent decrease. It should be noted that Va’ is 
relatively insensitive to a, as is well known for short 
range potentials, and consequently Vo is sensitive. 
For the lightest hyperfragments, it is probably not 
sufficiently accurate to use the square well. Instead one 
should use a potential determined by the nucleon 
density distribution, as was done by Dalitz.! 

It is a pleasure to thank the Physics Department of 
the University of Wisconsin, W. F. Fry, G. Snow, W. D. 
Walker, and especially R. G. Sachs for a very enjoyable 
and stimulating summer during which this work was 
begun. The author has profited greatly from discussions 
with S. B. ‘Treiman 

'® There is no necessity for the ordinary potential to be attrac 


tive. The case of a repulsive ordinary potential (¢ <0) is being 
studied 
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General Relativistic Red Shift and the Artificial Satellite 
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Singer’s formula for the general relativistic red shift on an earth satellite is modified to take account of 
the diurnal rotation of the earth and the lack of spherical symmetry of its gravitational field. It is shown 
that the Singer rates of the earth and satellite clocks need slight modifications, but that these modifications 
tend to cancel each other except at large distances from the earth, so that when one uses a mean radius of 
the earth in Singer’s formula the formula is adequate for present purposes. 


YINGER' has shown that, according to the general 
theory of relativity, there should be a measurable 
difference between the rate of a clock on the earth and 
the rate of a similar clock on an artificial satellite. 
Denoting the times indicated by these clocks respec- 
tively by tx, leat, the mass and radius of the earth by 
M x, Rx, the Newtonian gravitational constant by G, 
the radius of the satellite orbit by Re+A, and the 
velocity of light by c, we may write his result as 


A (deat dty)/dty 
(GM ¢/?PRe){AS5A+h/Re) 1} 


~6.96K 104 1.5(1+h/Rey—1). (1) 


Singer points out? that atomic clocks are said to be 
accurate to better than 1 part in 10'*, In his derivation 
he does not take account of the diurnal rotation of the 
earth. Because this involves a term of the magnitude 
1.24X10-" in A, it seemed worth while to study the 
situation more closely. 

The Schwarzschild line element for the gravitational 
field of the earth is 


ds?= (1—2GM 2¢/c*r)ed? —dr’/(1— 2GM g/cr) 


~9°(d@+sin*@dy*). (2) 


“ 


For large r this is not only flat but “nonrotating.”’ 
Observationally this means that relative to the coor- 
dinate system involved in (2) the stars will exhibit no 
significant resultant angular momentum. Thus in using 
(2) one must regard the earth as rotating at the 
approximate rate of 24 radians per day. So, for a clock 
on the earth at colatitude 6, we have 


c *(ds/dty)*=1—c *Ry?’ sin’6(dgz/dt)? 
= 2GM gE /?R p. (3) 


Singer omits the second term on the right of (3). When 
it is taken into account, one obtains, for a satellite in 
the plane’ 0= 4a 


A (GM x ‘OR w){1SCO + h/Re) 11) 
— he 2R x? sin’?O(dgp/dl , (4) 


1S. F. Singer, Phys. Rev. 104, 11 (1956). 

2 See footnote 6 of reference 1. 

This is here the equatorial plane of the earth, though in 
Singer’s case it could be any plane through the earth’s center. We 
consider this special case here for simplicity and easy comparison, 
though the orbit of the actual satellite will not lie in the earth’s 
equatorial plane. 


The first term on the right coincides with the A obtained 
by Singer. The second term is numerically — 1.24 10~" 
Xsin’é, and this is —1.2410~ when the clock is at 
the equator. 

However, the situation is not as simple as this. 
Where such small effects are concerned, the oblateness 
of the earth may not be neglected. It shows itself in 
two ways: (a) the value of Ry depends on latitude, and 
(b) the gravitational potential of the earth is not 
spherically symmetric. Because of (b), the Schwarz- 
schild line element is, strictly speaking, inapplicable ; 
but the deviation from spherical symmetry is so slight 
that it can be treated as a linear perturbation despite 
the nonlinearity of the field equations. We may therefore 
replace GM p/c*r in (3) by c* times the Newtonian ex- 
pression‘ for the gravitational potential of the oblate 
earth, namely 


GM g/er+ (KGM ¢/2cr*)(1—3 cos’0)+-++-, (5) 


where K is a constant having the value 4.4710". At 
the equator the second term is of magnitude 3.8 10~"; 
at a pole it is —7.7X10-", The difference is of the 
order 10", 

For an earth clock at the equator we now obtain, 
instead of (3), taking the approximate square root, 


cds/dtgp=1—}c*R?(dgp/dt)?—GM #/CR, 
—KGM /22R}, (6) 


where R, is the equatorial radius of the earth. 

Because of the variation of Ry with latitude, ds/dtg 
turns out to be substantially independent of latitude. 
The reason for this is that the second term on the right 
of (6), which can be thought of as a second-order rela- 
tivistic Doppler term, can also be regarded as the con- 
tribution of the centrifugal acceleration to 1/c? times 
the gravitational potential, this contribution, by the 


principle of equivalence, being equivalent to 1/c* times 
a gravitational contribution. The geoid is an equipo- 
tential surface of this combined gravitational and 
centrifugal potential; and it is the facts that the geoid 


‘ The fact that r is not a geodetic interval but a radial coor- 
dinate makes negligible difference here. 
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is a very close approximation to the figure of the earth, 
and local effects such as surface irregularities and 
isostasy are small, that make (6) substantially inde- 
pendent of latitude. 

We therefore may use (6) for all latitudes. If we 
wish to avoid the term involving dgx/dt, we may take 
a clock at a pole. In this case, because of the cos@ in (5), 
we have 


c'ds/dtp=1—GM ¢/C?R,+KGM g/CR,', (7) 


where R, is the polar radius of the earth. Here the 
third term on the right is of magnitude 7.7 10~". 

The values of GM ¢/c’Rx at a pole and at the equator 
differ by approximately 2.35 10~". But the value of 
c'ds/dtg can be approximated to within 8.4% 10~" 
by the Singer expression 1-GM,/c’Rx, despite the 
absence of the dg,/dt term, if one takes Ry to be a 
mean radius of the earth, as Singer does. 

From now on we shall use the equatorial expression 
(6), and express the radius of the orbit of the satellite 
as R.+h’. Since we are taking this orbit in the equatorial 
plane of the earth, we may still assume a circular orbit. 
If uw is the mass of the satellite, we have, using the 
negative derivative of the expression (5) with respect 
tor, 


(GuM 2/(Re+R)?} 143K /2(R-+H)) 
“U(Re+h') (dgunr/dt)*. (8) 


From this and the modified form of (2) we find that 


cds /dlsar= 1—3GM »/2c?(R.+h’) 
—5KGM »/4c?(R.+h')', (9) 


which, apart from the use of R, instead of Rg and h’ 
instead of A, differs from the corresponding Singer 


expression in the presence of the last term, which is 
numerically —9.6X 10~"(1+h'/R,)-*. 
The value of A comes out to be 


RELATIVISTIC 


RED SHIFT 
A=(GM e/?ARJ{AS(1+h'/R,)'—1} 
— (R2/2c*) (dgyx/dt)?+ (KGM p/2AR?) 
X ((2.5(14+h'/R,) 3-1) 
6.9535 XK 107" {1.5(14+-4'/R,) = 1) — 1.24107" 
+3.8X 1079{2.5(1+-h'/R.)?—1) 
6.9535 XK 10 {1 S+h/ RY 


+95 10-4 (1+h'/R,)3— 6.9697 K 107". (10) 


If one uses the mean radius Re=6.3712* 108 cm in 


Singer’s formula, one obtains 


A=6.9613X 107° (1.5(1+4/Re) 1) 
6.9535 XK 10-1. SA +A'/ RY 


6.9613K107". (11) 


We have used five significant figures chiefly for purposes 
of comparison. 
The difference between these two formulas for A is 


95 10-8(1+'/R,)?—8.4X 107", (12) 


and while each term is close to 10°", the two terms 
pull in opposite directions, so that, except for large /’, 
their combined effect is negligible. For a satellite in an 
elongated orbit, such as Singer recommends, the first 
term in (12) would become less important, but even for 
infinite h’ the quantity (12) does not quite reach the 
order of magnitude 10~". ‘Thus the Singer formula is 
adequate for present purposes when one takes Ry to be 
a mean radius. 

Although the deviations from the Singer formula are 
numerically unimportant at present, they do have 
theoretical significance, and they show the need for 
defining the height of the satellite above the earth in 
terms of an appropriate radius of the earth. Measure 
ments of A to within even 1 part in 10" would be 
impossible under the foreseeable conditions of early 
satellite experiments. But greater experience with 
satellites coupled with an improvement in the accuracy 
of clocks might bring deviations of the sort discussed 
above within the range of measurement. 

I am indebted to Professor C. H. Townes for an 
interesting discussion. 
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A static model is considered in which all heavy particles are compounded out of two basic units, taken here 
to be the A and nucleon N (and/or the cascade particle Z). The model suggests the existence of some unstable 
particle states accessible to experiment: the p meson, a boson with /=0; the A**, a highly excited J =0 state 
of the A; the Z hyperon unstable against rapid decay by Z-+K +-N. Without artificial assumption the model 
directly indicates that in the present strangeness classification no metastable V particles exist beyond those 
already known. The model is compatible with and somewhat favors the assumption of a high degree of 
symmetry between N and Z. Its general tenor is thus to emphasize the charge displacement a=q—J/, as a 
physically significant parameter rather than the strangeness S. An unavoidable implication of the model is 
that all heavy particles have comparable interaction strengths, apparent exceptions being possible over 
limited energy ranges. The model provides a vehicle for study of the parity doublet scheme, which introduces 


greater complication in return for an added flexibility at present unnecessary in the model. 


I. INTRODUCTION AND SUMMARY 


A CONSIDERABLE variety of heavy, strongly 
interacting particles is now known to exist: 
N (nucleon), A, 2, Z, w, and K, not to distinguish the 6 
and 7 modes of K decay, For exploratory purposes it 
may be useful to regard these as tightly bound com- 
plexes of a smaller variety of “basic” particles, in the 
same way as a pion might be constructed from a nucleon- 


’ 


antinucleon combination.'? The following note con- 
siders some (static) features of such compound schemes. 

Any such scheme requires at least two “basic” par- 
ticles, of which (a) at least one is a fermion; (b) at least 
one has anticorrelated real and isotopic spin (S= integer, 
/ =half-integer, or vice versa); (c) not both particles 
satisfy both (a) and (b). 

Fermions cannot be constructed from bosons, nor 
anticorrelated particles from correlated ones; require 
ment (c) is necessary to avoid the situation where all 
fermions are anticorrelated, all bosons correlated in the 
sense of (b). The three most immediate pairs satisfying 
these criteria are 

(A) 
(B) 


(C) 


éand A, 
dand N, 


A and N (2). 


The choice among these equivalent combinations is 
dictated only by convenience : experimentally prevalent 


states should be the simplest compounds. Reference 2 


employs (B); the discussion below adopts (C),? which 
has the advantage that all “elementary” particles are 
fermions; conservation of fermions and antifermions is 
then automatic in heavy-particle reactions, although 


* Assisted by U. S. Air Force contract. 

t Permanent address: Purdue University, Lafayette, Indiana. 

t Under auspices of U. S$. Atomic Energy Commission. 

1. Fermi and C. N, Yang, Phys. Rev. 76, 1739 (1949). 

2M. Goldhaber, Phys. Rev. 101, 433 (1956). 

‘Apparently, similar considerations have been made by 5S 
Sakata; see S. Hatano, Progr. Theoret. Phys. Japan 16, 248 
(1956) 


lepton decays like p-+u+v+yv must still be specifically 
excluded. The introduction of Z as well as N to combine 
with A occurs under special but plausible symmetry 
assumptions, 

The binding of elementary fermions to antifermions 
must be on the order of Mc? (M = nucleon mass), with a 
corresponding “force range” of order h/Mc~2X10-" 
cm. As pointed out in reference 1, it is difficult to con- 
struct a simple scheme of forces between particle and 
antiparticle without inferring equally strong forces be- 
tween particle and particle. It is tempting to associate 
these strong particle-particle forces with the “hard 
core” indicated by the analysis of V—N scattering.4 We 
thus assume a general change in sign between fermion- 
fermion and fermion-antifermion “forces” in the range 
h/Mc, which simple sign alternation is a feature peculiar 
to the combination (C) above. Since the virtual states 
available in the two cases are quite different, there is no 
reason to suppose equal “force” magnitudes, although 
they should be comparable. Of course only interactions 
in the range h/Mc are of concern for the construction of 
V particles on a compound model; the range extending 
to 10h/Mc encompasses the ordinary nuclear forces, 
which are responsible for the binding of nucleons and V 
particles to form compound nuclei. 

The tight binding, on the order of the heavy-particle 
rest masses, actually implies an indefinite amount of 
virtual pair creation and annihilation. Thus each com- 
pound wave function here written represents only the 
leading (i.e., simplest) term in an infinite series; the 
model may be useful for qualitative considerations if 
this leading term is sufficiently dominant and repre- 
sentative of the symmetry properties of the higher 
terms. 

In view of this severe restriction the model cannot be 
applied too extensively or in great detail and should 
yield only the most limited and qualitative conclusions. 


*R. Jastrow, Phys. Rev. 81, 165 (1951). 
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For example, the attempts to systematize particle 
energies in Sec. II do not extend much beyond com- 
plexes involving three fermions or antifermions; and 
even there some undetermined parameters appear, 
about which one can only hope to make plausible as- 
sumptions. Further extension would require the intro- 
duction of more undetermined parameters, and scarcely 
any concrete statements could be made. Nevertheless, it 
is surprising how much of the now available particle 
spectrum can be encompassed within this restriction. 
Again, only the lowest energy state of any given 
configuration is discussed, and no attempt is made to 
use detailed “forces” for considering excited states. The 
model is thus essentially a static one and does not 
include reactions like p+ j—>nm or r—- interactions. 

Compound models like the present one do not alter 
the general principle’ for defining strange particles. 
They tend, however, to shift emphasis away from the 
strangeness® S as a physically significant parameter and 
to focus attention instead on the charge displacement 
number? a=q—TJ,. This is the essential feature of 
distinction between A and N, which is propagated to all 
V-particle classes by compounding. The emphasis on a 
is heightened by compatibility of the present scheme 
with a high degree of symmetry between Z and N. 

The compound model provides a useful vehicle for 
some further exploration of parity doublets.’ In par- 
ticular, it shows on comparison with observation that 
the A—A interaction must not exhibit certain possible 
degeneracies. Introduction of parity doublets increases 
the flexibility and hence complexity of the compound 
model. 

Finally, a compound model seems necessarily to imply 
a generally constant interaction strength for the cou- 
plings among any pair or set of heavy particles. Local] 
fluctuations in the apparent coupling strengths may 
appear over limited energy regions because of special 
selection rules, but all couplings are fundamentally 
comparable. For example, in K—WN scattering a reso- 
nance should occur at a kinetic energy /y corresponding 
to the (virtual) ground state of the Z hyperon of 
strangeness +1. At energies <2) no resonances can 
occur, and the scattering might appear relatively weak. 
This may correspond to the present experimental situa- 
tion, since 2» can be an appreciable fraction of a Bev. 


II. PARTICLE MASSES 


The simplest representations are for bosons involving 
one fermion and one antifermion. These are 


5M. Gell-Mann, Phys. Rev. 92, 833 (1953); T. Nakano and 
K. Nishijima, Progr. Theoret. Phys. Japan 10, 581 (1953). 

®*K. Nishijima, Progr. Theoret. Phys. Japan 12, 107 (1954); 
M. Gell-Mann (unpublished). 

7 Emphasis on the charge displacement number as a physically 
significant parameter is not, of course, peculiar to this model alone 
and can be based on other grounds. 

*T. D. Lee and C. N. Yang, Phys. Rev. 102, 290 (1956). 
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w:N—-N, Pyyn=—1.85, 
K:N-A, Eun=- 1.60, (1) 
p: A-A, M,~ 08. 


The £ are interaction energies between fermion and 
antifermion; all energies and masses are expressed in 
units of nucleon Mc’, The crude mass estimate for the p 
is obtained below. ‘This boson would have J=0 and 
presumably odd parity, so that it could not decay into 
two pions without violating conservation of J or of 
parity. It apparently has plenty of energy for rapid 3a 
decay, however, so that it would not be metastable. Its 
presence in high-energy events would tend to increase 
the multiplicity of pion production. 


The next simplest representations involve two 
fermions and one antifermion : 
N*: N—N-N, A*(z): A-N-N, 
N** : N—A-A, A** : A—A—A, (2) 
z:A-A-N, Z: N-N-A. 


Here again the last third of the list comprises states as 
yet unknown, but the others can be associated with 
observation: the N* is the 7= 4} resonance in r—N 
scattering, My*= 1.32; and N** is the / 
My**=1.73 We should like to represent the “binding 
energy” of these complexes as a sum of interaction 
energies . (repulsive) between fermions and FB (at- 
tractive) between fermions and antifermions, where the 
prime distinguishes compounds (2) from (1). If the six 
states in (2) were all observed, we could obtain a unique 
set of /’s by assuming them to be constant for all the 
combinations (2). Lack of data on A** and Z might be 
compensated by taking #’= F for the cases in (1), but 
one rather expects that ”. The parity of N* 


} resonance,’ 


> B. 
relative to N is positive, which implies some orbital 
p state in the N* complex. The simplest interpretation 
is to suppose that /yy is less in a p than in an 5s state, 
Then the average Nyy cannot correspond to a pure 
s-state interaction as in Byy but must also have some 
p state. Thus we write 


Ald 
4 NN 


| ig A 


En n-t ‘, 


. (3) 
Ent y. 


One could associate this p-state admixture with ap 
propriate spin and isotopic spin dependence of the two 
body interactions. ‘The V —N interaction favors singlet 
S, triplet J to form the r meson. The optimum N—N 
interaction in N—N—N is therefore not achieved by 
taking N—WN to be in a singlet state; and since 4 
forbidden for N—WN if the total /= 4, a lower energy 
may be achieved by taking N—JN in a *p state. A 
similar construction can be made to favor a p state for 
N—A and A 
in order to use constant fh’ throughout (2). 


5 is 


A interactions; we make this assumption 


* Shapiro, Leavitt, and Chen, Phys. Rev. 92, 1073 (1953); Cool, 
Madansky, and Piccioni, Phys. Rev. 93, 637 (1954) ; Cool, Piccioni, 
and Clark, Phys. Rev. 103, 1082 (1956) 
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The masses of the complexes (2) are related to the 
k’s by 

Mw 

M wee=1.73 
Mz=140 
M:=1,27 

M jos 

Mz 


1.32 


3+ Ewnvt+2k' ww, 

3.38+ Ewat E's tFh'wa, 
3.384 Fant 2K’ wa, 
3.194+Ewst EB’ vat E'wy, 
3.57+Eant+2k' ga, 

3.19+ Ewn+2F' wa, 


(4) 


where from (1)-(4) we obtain 


Ewn=2.0—2x, Ewn=1.6—(x+y), 


Ean 1.3 2y, 


-1.7+y, 


Ald 
TAA 


(5) 


WINN 19+, EK'wa 
1.6+ x, 


and in particular 


Mz 1.9 + 2(y x) 3.6 M gee. (6) 


If y~a, Eq. (6) implies that the Z hyperon is con- 
siderably unstable against rapid decay into K+N, 
which is consistent with the observed absence of Z 
particles. The virtual ground state of the Z hyperon 
should appear as a resonance in K—N scattering; the 
resonance energy suggested by (6) is of order } Bev, but 
this is rather uncertain, The A** would also appear as an 
] =0 resonance in K—N scattering. The value for E’4, 
obtained in (5) suggests E.4,4~—1.6, which was used to 
estimate M, in (1). 

Because the /’s vary with the minimum number of 
fermions plus antifermions in a complex, one cannot 
make precise statements about higher compounds. In 
general, however, the fraction of two-particle bonds 
with optimum (minimum) energies will decrease with 
increasing complexity of the compounds, Thus the /’s 
in (5) may serve to provide lower limits for the mass 
values of higher complexes. For example, the x boson of 
2, x= N—N—A-—A would have on 
this basis a mass of 


strangeness |S 


M,=1.10+2(y—x). (7) 


For y= x this is just unstable against rapid decay with 
two K’s; but since (7) is a lower limit, it seems very 
probable that the x (and a fortiori all bosons of high 
strangeness) are substantially unstable and will never 
appear as long-lived V particles. Another four-fermion 
complex is the K*=NV—N N—A, which is the first 
excited state of the A. This has a minimum excitation 
energy of 0.254+-(y—.x) and hence would appear as a 
resonance in r—K scattering. Although its position is 
rather indeterminate, this K* state along with .V* 
might somewhat obscure the interpretation of K—N 
scattering. The most immediate five-fermion state is the 
hyperon @ of strangeness S= —3,Q2=A—A—A-—N- N. 
The values (5) lead to definite metastability against the 
rapid decay 2-+K-+-, in probable contradiction with 
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experiment ; this again indicates that (5) provides lower 
limits only for complex states. 

The model so far suggests that no fermions of strange- 
ness S>0O or bosons of S>1 are metastable, but it 
cannot say anything definite about the 2 and trans-2 
hyperons. This difficulty subsides on introduction of the 
further, plausible assumption that a high degree of 
symmetry exists between NV and Z. It must then be 
possible to base a compound model on Z, A as well as on 
N, A. Any conclusions not compatible with both bases 
must be discarded. In place of (1) we have 


Exz - 
M,~ 


— 2.65, 
— 2.06, 
0.8. 


| 
K:A- 
o;.2—f, 


The A—A interaction is unaffected by the Nz re- 
placement; the other E are changed by (Mz—My) 
= 0.40 per Z or Z. The only experimentally known states 
corresponding to (2) are 


N:A-A-Z, 2: A- (2a) 


— 
— 
rr 


As in (3) we now add «’ and y’ to the values in (1a) for 
use in (2a), obtaining 


Mw=1=3.784+ Egn—4.124+2y’, 


(4a) 
My = 1.27 = 3.99+ Ky2z—4.71 +2'+y’, 


The first of Eqs. (4a) is Ea,=1.3—2y’, which on com- 
parison with (5) implies y=’; assuming also that 
a’~y'~x, we have E,z=2.0—(x+-y). Here as in (1a) 
the numerical value of / changes by 0.40 per substitu- 
tion N=. We then infer from (5) that Hzz=2.8— 2x. 
These values yield 


Mo—Mz=1.34+2(y—x), (8) 


so that for y~ x the Q is quite unstable against 2-K+2. 
This is not in contradiction with the A, NV basis, which 
could make no definite statement on the 2. The Z, A 
basis is nowhere incompatible with NV, A, and permits 
the one additional statement (8). Thus on the assump- 
tion of Z, NV symmetry” the simplest compound model 
suffices to make plausible that no metastable V par- 
ticles exist with charge number |q|>1. 


III. PARITY DOUBLETS 


The compound model provides a vehicle for some 
exercise in the parity doublet scheme.* We must now 
introduce three basic particles, say V, A, and A’. The 
strong A—N interactions are all parity-independent, 
Ey,= Eww, etc., leading to degenerate states of oppo- 
site parity for the K (@ and r). The question next arises 
of comparing the interactions /a,= Fay with Ean. 
These seem unlikely to be equal, for then parity 

Such symmetry implies that Z and N have the same spin and 
parity. This is in agreement with 2=A—A—N or N=A—A-— z if 
the p-state assumption is maintained to balance the opposite 
parity introduced by an antifermion; the total spin is not de 
termined by these crude considerations. 
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doublets would appear among all particles and not 
merely for those of odd strangeness; for example, the 
N** would be a parity doublet, and strong anisotropy 
would occur for elastic scattering at this resonance. 

The intrinsic parity index of the A is two-valued and 
can thus be specified by conventional “spin up, spin 
down” functions a, 8. In these terms the wave functions 
for two A particles are 


(aja2+BiB2)~a, P=+1, 
(ajQ2— BiBo2)W o, 


+1, 
—1, 
(a1B2+ a8 1)Pe, C=+1, 
(a182—a28)pa, P= - C=-1. 


(8a) 
(8b) 
(&c) 
(8d) 


Here the y contain all space-spin functions. ‘The eigen- 
values of functions (8) are indicated for the intrinsic 
space-reflection operator P= P,P», and the “parity con- 
jugation” C=C,C, of reference 8. If the A, A’ satisfy the 
exclusion principle, then Wa, ~s, Y. must be antisym- 
metric on exchange of 1 and 2, while yy is symmetric. 
This would account for an energy splitting between 
these two groups but would still leave the first group 
degenerate. This degeneracy can be removed by an 
interaction potential of a general form in terms of 
operators acting on a@ and pf: 


V=V(12)[ 1+ 4PiP2t+bCiC24+cX 1X2). (9) 


Here X=iCP isa third operator anticommuting with ? 
and C for the A particles: just as P, C are isomorphic to 
the Pauli matrices ¢,, 7,, so X is isomorphic to o,. The 
eigenvalues of X = X,X» for functions (8) are Y= PC. 
To remove entirely the degeneracies of (8), at least two 
of the coefficients a, b, c, in Eq. (9) must be nonvanishing 
and unequal in magnitude. 

Equation (9) is suitable for strong A—A and N—N 
forces, since in either case it commutes with P and C for 
the entire system. Strong N—A forces, on the other 
hand, must have a=b=c=0, in order that the forces 
conserve parity (commute with /?) and be identical for 
A and A’ (commute with C). There must thus be a 
qualitative distinction between strong interactions of 
like (V—N or A—A) and unlike (N—A) particles. 
Quantitatively, the previous sections have suggested 
that these forces are of comparable magnitude. 

In contrast to the strong N —A forces, the weak A 
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interaction responsible for V decays must have at least 
a#() in the form of Eq. (9). This is because A decay 
cannot conserve C or X, as can be seen by writing 


A=2>-4(Ai+<Ag), 
A’=2-4(A,—Aa), 


(10) 


where CA;= A; and CA» A». Thus although A and A’ 
are eigenfunctions of P, they are mixtures of C (and 
hence of X) eigenfunctions. But in decays like A(A’)—>m 
+N, the product is an eigenfunction of C and X as well 
as P, Since C is not conserved in V decays, particles of 
even strangeness like V and mw are not quite pure 
eigenfunctions of C, although the admixture must be 
very small,"' on the order of 10-". 

The existence of four different /4, corresponding to 
functions (8a) through (8d) increases the likelihood that 
the smallest satisfies /3,4,< yy, as is observed One can 
carry this relation to an extreme and take Hayy; in 
this case the N, A, 2, and = would be separated by a 
wide energy gap from all other hyperons and would give 
the appearance of a closed group. For example, the 
lowest resonance in A—N scattering corresponds to the 
ground state of the Z; for Kyy>>F4aq, this virtual state 
may be at a very high energy,'® and A—N scattering 
would appear weak over a wide energy range below this 
limit 
assumption /asHyy on any model; but it is most 


It is, of course, possible to make the extreme 


natural to associate it with parity doublets because of 
the increased complexity and hence flexibility of the 
A—A interaction 

It should finally be remarked that simultaneous as 
sumption of V, Z symmetry and parity doublets limits 
the choice of A—A functions in Z=A—A—WN to (8a) or 
(Sc), which have C= +1. The value of C is the same for 
= and .V, and in contrast to P the value of C is the same 
for N and N; otherwise the pion would have C 1, 
which would prevent its participation in strong inter 
actions like N-+N +7. 


"Tt is perhaps worth emphasizing® that this degree of validity 
for C implies a second class of V particles different in character 
known A‘) with 
( 1 could not decay rapidly by pion emission and might have 
a lifetime characteristic of V decays. For a rest mass 21.1, how 
ever, rapid decay into (6+ 7) could occur. It is thus quite possible 
that no V particles of this class are metastable 

2 Note, however, that an increase in energy for the Z resonance 
is associated with an increase in energy for the N* resonance 


from those now For example, a p meson (A 
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The quantity ¢, is defined as the correlation energy per particle of an electron gas expressed in rydbergs. 
It is a function of the conventional dimensionless parameter r,, where r,~* is proportional to the electron 
density. Here ¢, is computed for small values of r, (high density) and found to be given by ¢.=A Inr, 
+C+O(r,). The value of A is found to be 0.0622, a result that could be deduced from previous work of 
Wigner, Macke, and Pines. An exact formula for the constant C is given here for the first time; earlier 
workers had made only approximate calculations of C. Further, it is shown how the next correction in r, 
can be computed, The method is based on summing the most highly divergent terms of the perturbation 
series under the integral sign to give a convergent result. The summation is performed by a technique similar 


to Feynman’s methods in field theory. 


W* consider the idealized problem of the ground- 
state energy of a gas of electrons in the presence 
of a uniform background of positive charge that makes 
the system neutral. For most practical problems, of 
course, the uniform positive charge must be replaced 
by a lattice of positive ions, but we shall not treat this 
more realistic case. 

We have, then, a fully degenerate Fermi-Dirac sys- 
tem with Coulomb interactions, Let us employ the 
conventional notation for the problem. The inverse 
density or volume per electron is set equal to 427’. The 
dimensionless parameter r, is defined as ro divided by 
the Bohr radius. The ground state energy per particle 
in rydbergs is called ¢ and is a function of r, only, since 
there are no other dimensionless quantities involved. 

We shall compute ¢ in the case of high density or 
small r,. Since r, is proportional to e*, an expansion in 
powers of r, is essentially an expansion in powers of e’, 
that is, the perturbation expansion. Unfortunately, a 
straightforward perturbation expansion leads to di- 
vergences, but let us ignore that difficulty for a moment. 

The leading term in the perturbation series is evi- 
dently the Fermi energy, the kinetic energy of the de- 
yenerate free gas. The maximum 
momentum /, the radius of the Fermi sphere in mo- 
(9n/4) hiro. The Fermi 
energy per particle in rydbergs is thus 


37h em 379r\!' 1 ; 
ey / \-> 
5\2m 2a SN\4s P 
The next term in the series is the exchange energy, 
the expectation value of the potential energy in the 
ground state of a free electron gas. It is one higher order 


in e or r, than the Fermi energy and so is proportional 
to 1/r,. It is easily evaluated to be 


sé e'm 3 /9r\' 1 0.916 

€, p/ ( » (2) 
4\ 9 2h* 2r\ 4 Ps - 

* This study was performed by the authors as consultants to 


the RAND Corporation, Santa Monica, California, and was 
sponsored entirely by the U, S. Atomic Energy Commission. 


electron electron 


mentum space, is given by P 


If we now calculate the effect of the potential in second- 
order perturbation theory, we should expect a term of 
one higher order in e? or r, than (2), that is, a constant 
independent of r,. However, the second-order perturba- 
tion formula diverges logarithmically at small momen- 
tum transfers on account of the long-range character 
of the Coulomb force. Thus some refinement of per- 
turbation theory is necessary in order to carry the 
computation further. 

The terms in the energy beyond (1) and (2) are 
called collectively the “correlation energy,” 


€,= €— €p— Ez. (3) 


This name was introduced by Wigner,’ who called 
attention to the importance of the correlation energy 
in solid-state problems. Following Wigner’s lead, calcu- 
lations were made by Macke? and by Pines* that led 
essentially to expressions of the form 


€.= (2/m*)(1—1n2) Inr,+C 
+terms that vanish asr,-0, (4) 
0),0622 Inr,4+-C+-+-, 


where in each case the constant C was calculated 
approximately.‘ 

We give here an exact evaluation of the constant C by 
a method that should permit also the calculation of 
higher corrections in r,. The basic idea of the method is 
to examine the increasingly divergent terms of the 


perturbation series and to notice that they fall into 


'E. P. Wigner, Phys. Rev. 46, 1002 (1934). 

2W. Macke, Z. Naturforsch. 5a, 192 (1950). 

4D. Pines, Phys. Rev. 92, 626 (1953); D. Pines, in Solid State 
Physics, edited by F. Seitz and D. Turnbull (Academic Press, 
Inc., New York, 1955), Vol. 1, p. 367. 

‘ Pines’ result is actually not of the form of Eq. (4). However, 
he has neglected a term which he calls the exchange correlation 
energy and which adds to his result for « the quantity 0.0311 Inr, 

0.0905 + «,"2)+O(r,), where e,") is defined in our Eq. (9). When 
we supply this term, his final answer takes on the form of Eq. (4). 
When we quote Pines’ result later, we mention this modification. 

Macke’s result does agree with Eq.- (4). However, he seems to 
have made certain unnecessary approximations in his calculation 
of C, and we have therefore recomputed C, using his method, in 
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subseries that can be summed under the integral sign 
to give convergent results. The logarithmic divergence 
in second order is then automatically replaced by a 
logarithmic dependence on the expansion parameter r,, 
as in (4). In this respect, our method is similar to 
Macke’s.* However, Macke fails to sum all of the proc- 
esses that contribute to the constant C. In our work, 
we are able to exhibit all of them and then to sum them 
by a procedure similar to Feynman’s methods in field 
theory. 

Let us discuss, then, the behavior of the formal per- 
turbation series for «. The coefficient of each power of 
r, can be written as an integral over various dimension- 
less vectors q,;, which are virtual momentum transfers 
divided by P, the Fermi momeritum. The term inde- 
pendent of r, then diverges logarithmically, as we have 
said. The next term, formally linear in 7,, diverges 
quadratically, the succeeding one quartically, etc. Now, 
since the correlation energy is finite, these integrals, 
when summed, must cut themselves off at some char- 
acteristic value of the dimensionless momentum trans- 
fers g. Moreover, the nature of the cutoff is clear from 
the results of work on the plasma vibrations of an elec- 
tron gas, especially that of Bohm and Pines.° It has 
been shown that collective electron motions effectively 
screen the Coulomb field at a distance of the order of 


Tinax™ (const.) ro'a'+-higher terms in ro, (5) 


where a is the Bohr radius. The effective cutoff for g¢ 
is then 
Ymin™ (const.) r,/+-higher terms in r,. (6) 


We use this estimate in conjunction with our estimate 
of the correlation energy 


e-~ (log divergence)+r, (quadratic div.) 
+r,’ (quartic div.)+ 


and we deduce the following results: 


(i) ¢.=A Inr,4+C-+terms that vanish as r,—0. 

(ii) The coefficient A can be found merely from the 
strength of the logarithmic divergence in second-order 
perturbation theory. ‘This leads to the value of 0.0622 
quoted above. 

(iii) The only virtual processes contributing to C 
beyond the second order are those which contribute the 
highest divergence in each order of perturbation theory. 
Those processes leading to lower divergences will give 
higher powers of r, in the final expression for e. 

Now the processes that lead to the highest diver 
gences are easily identified. The divergences are caused 
by the piling-up of factors 1/q’ coming from Coulomb 
interactions in momentum space. Evidently the greatest 
piling-up occurs when only a single momentum transfer 
is involved and this single g is handed from electron to 
electron, contributing a factor 1/qg* each time. More 
over, we may distinguish momentum transfers with 


5D. Bohm and D. Pines, Phys. Rev. 92, 609 (1953). 
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and without exchange; when exchange occurs the factor 
is no longer 1/g’ but 1/(pi— pe+q)’, where p; and py» 
are the initial electron momenta. In the case of ex 
change, then, the singularity at q 
We may therefore ignore exchange entirely beyond the 
second order in computing C, 

We may now list the processes that contribute to C 


0 is not enhanced. 


in the first few orders of perturbation theory. In second 
order we must include everything; we have two terms, 
the logarithmically divergent one we have mentioned 
and a finite one coming from exchange. ‘They may be 


written as follows: 


3 ed'g 
é,* ‘ f d'py 
Ret gb pct / pr 
[pitq] >! 


d' po 


, (8) 
y+ q: (pit pe) 


and 


3 pd 
€) ¢) i) | d'p, dp» 
lom’d pps S prt 


|pit+q| >1 {pat+q 


1 1 
« ; & 
(q+ pit po)’ g’+q: (pit pz) 


In these processes two electrons in the Fermi sea with 
initial momenta pil’? and pe? have undergone a 
collision with momentum transfer q/’, emerging into un 
occupied states with momenta (p)-+ q)P? and (— pe— q)P 
and then returning to their original states. The factor 
1/1 q’+q: (pit pe) | comes from the energy denomina 
tor. In (8) there is a factor 1/q’ for each collision, while 
in the exchange correlation energy (9) one factor is 
1/q’ and the other 1/(q-+ pit py)’. 

In writing higher order integrals, we shall not indi 
p+q >1 and p<, but 
these must still be obeyed by all vectors p to insure 
that initial states are occupied and others unoccupied, 


cate explicitly the conditions 


In third order the processes involving a single mo 
mentum transfer are these: ‘Two electrons with mo 
pl? emerge from the sea into states 
q)P, as before. 


menta p,P and 
with momenta (pitq)P and (—p» 
One of them now returns to its original state and trans 
fers its excess momentum q/? or —qP to a third elec 

tron, which emerges from a state with momentum p,;/’. 
This third one and the one still outstanding now return 
to their original Both third-order 
contribute equal amounts to the energy, since the first 
and second electrons are quite equivalent and it 
does not matter which one first interacts with the third 


states. processes 


electron. 

The processes involved may be represented diagram 
matically as in Fig. 1. In second order, two electrons 
called 1 and 2 are excited and then de-excited., In third 
order, electrons 1 and 2 are excited, one of them is de 
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excited while exciting a third electron 3, and then the 
outstanding electrons are de-excited. And so forth. 


The third-order contribution is given by 


a, 3 d*g 
«“ 2 )( yf fers erf er. 
1! Kar® q° 


x- ; 
GP +q: (pit pe) +4: (pit ps) 


(10) 


where a is (4/9), 

In fourth order, rather complicated processes begin 
In the first 
diagram in fourth order, electron 1 is twice replaced 
before de-exciting with electron 2. In the next, electron 
1 is replaced, then electron 2 is replaced, and then the 
de-excitation takes place. The following two diagrams 


to appear, as one may see from Fig. 1. 


are similar with electrons 1 and 2 exchanging roles. 
In the last two diagrams the excitation of 1 and 2 is 
followed by the excitation of another pair 3 and 4; then 
electrons 1 and 3 de-excite together and electrons 2 and 
4 de-excite together, in either order. 

The fourth-order contributions are given by 


ar, . 5 d*q 
2( ) ( yf fenferferfer 
rT: kr? q° 


1 I 1 


x| 
y+ q: (pit po) e+ q: (pit ps) G+: (pit pa) 
1 1 1 


{ 
+q: (pit pe) +g: (pit ps) G+ a: (pst pa) 


1 ] 
t 
+ q: (prt po) 2g? + q: (pit pot pat pa) 


1 
x , 
P+q (pi + ps) 


It is easy now to write down the contributions from 
any order. The problem then is to sum all these con- 
tributions before performing the integral over g. In 
order to see how to sum them, we note the similarity 
to diagrams in field theory. There, of course, pairs of 
electrons and holes (positrons) are under consideration, 
interacting with an external field. Here we consider 
pairs of electrons in interaction with the Fermi sea and 
ignore the holes. Nevertheless the similarity is sufficient 
for the application of Feynman’s artifice of considering 
a pair as composed of one electron traveling forward in 
time and one backward in time. The creation or 
annihilation of a pair is interpreted as the turning- 
around of a particle in time. If we look back at Fig. 1 
with Feynman’s point of view in mind, we see that in 
each order all the diagrams are merely versions of one 
single diagram in which a single electron starts out, is 
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replaced over and over again, and finally returns to its 
starting point. The various forms of the diagram come 
from the choice that faces the electron each time it is 
replaced, a choice of being replaced by an electron going 
forward in time or one going backward in time. 

If we introduce “time variables,” then, and let the 
electrons propagate either forward or backward in 
time with suitable propagators, we should be able to 
represent the sum of all diagrams in each order by a 
single integral. The integrals over the time-variables 
should give us the various energy denominators we 
need. We try as the propagator the function 


F,(t) -fep exp[— |t\ (2q¢°+4-p)], (12) 


which is arranged so that integration over positive or 
negative time will introduce into the energy denomina- 
tor plus or minus ($q’+ q-p), respectively. Now we 
integrate around a loop using this propagator. In 
second order we look at 


1 h “£ 
A» J af dtoF 4 (ty) F g(l2)b(titte), (13) 
2 L “ 


where the 6 function insures that the electron comes 





Second Order 





Third Order 





Fourth Order 











Fic. 1, The relevant second-, third-, and fourth-order processes 
represented diagrammatically. In second order the process may 
take place with or without exchange. In higher orders, exchange 
is neglected. 
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back to its starting point. Then we have 


As fer fers dl 


Xexp{— (4q°+4q: pil+ (9+: p2)(—9} 


1 
feo fer: : . 
q+ q: (pit pz) 


just what we need for Eq. (8). 
In third order, we look at 


1 x L cs 
Ay f anf ats f dls 
374 , . 


KF (hi) F g(te) Fg (ts)b(t + lot ls). 


(14) 


(15) 
We find 


A s= afer for forf aus f dts 
0 t) 


Kexp{—(4¢?+q: pit Ge+q: pote 


} (3q¢°4 q: Pps)(—hi-—t)} 2forr for. for 


1 1 
ae , 
q’+q: (pit po) G+: (pit Ps) 


(16) 


which is what we need for Eq. (10). 

The agreement evidently extends to all orders. It 
should be noted that there is a direct correspondence 
between the various forms of the diagram in a given 
order and the various time-orderings in the correspond 
ing integral Ap. 

Now let us perform the Fourier transform of the 6 
function in the expression for 4,. We obtain 


Zz 


q 
Ay J dul O,(u) |", 
2and _« 


(17) 


where 


QO, (1) feof e'™9 exp{—|t\[4q’+q-p]}dt. (18) 


The terms in the correlation energy contributing to 
the constant C may then be summed, leaving aside 
the exchange term e,”). We have 


rp 1 
8r' J ¢? In 


L a ( 1)* ar, ns 
du > [O,(u) |" . (19) 
2 n 


rg 


a = ¢€,'7 + ¢%)-+ «4 + eat 


new 
£ 


This expression may now be enormously simplified 
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when we realize that beyond the second order we are 
interested only in the most highly divergent part of 
0. We 
may thus take, beyond the second order, just this 
leading term and put the upper limit of the g integral 
equal to some arbitrary number, which we take to be 1 

At small values of g, we may approximate (),(u) as 
follows: We apply the restrictions on p that p<1 and 
p+q > >1. If x is the direction cosine between p and q 
we see that at small g the variable x is restricted to the 
range 0<x <1 and p to the range 1—qv <p <1. Thus 
we have, for g1, 


1 ’ 
O,(%) 2a f vdv f dle''"%@e—| "42 
0 ’ 
1 ‘£ 
anf cde f die'*“e \"\*=4rR(u), (20) 
“6 s 


independent of g. We have put 


the g integral, that is, the leading term near g 


R(u)=1—ware tan. (21) 


We shall thus approximate Q,(#) by a function which 
is equal to 44R(u) when O<g <1 and which vanishes 
for g>1. In second order, we must supply a correction 
term that restores e,‘” to its exact value, but in higher 


orders the approximation is sufficient. We have, then, 


iz ie 'dg » (—1)" 
é J uf » 
Td _ 0g 0 Gn n 
4ar,\ "? 
«LR (1) r( ) +6, 
wi 


where we have put 


12 7” dq 
6=e,"° | f iu f ak?) 
r » Yo 4G 


| 3 » d*q 
lim f i) wp. dp» 
ns | Rr d 4 q p< Sy et 


i 
pit+q 1 po +q ! 


1 6 ‘dq l ! 1 
x t J fa fiw } (23) 
G+q:(pitpe) mw, go 0 r+y 


f 


which is a finite number, the logarithmic divergences 
cancelling. 

We comment here on a difficulty which occurs in 
carrying out the summation over n. For large values of 
q, the series converges and the summation is straight 
forward. For small g, however, the series diverges, with 
large contributions arising from large n. We shall, 
however, assume that the result valid for large q may 
be continued into the region of divergence. This pro 
cedure cannot be justified without a detailed investiga 
tion of the behavior of the series for large n; we argue, 
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however, that any corrections must either vanish with 
large N or contribute to higher powers of r,. 

We may now perform the sum over n and the in- 
tegral over g in Eq. (22), remarking that the integral 
really does cut itself off at a value of g proportional to 
r,', as predicted in Eq. (6). Dropping terms that vanish 


as r,-*), we have 


4 


3 4ar, , 
f du\_R(u) | n( ) +InR(u) -4]+3 
wd, x 
2 for, 
(1 na n( ) } (nR) wy | | 6 
nr T 


where 
(nR) a ff dure inn / f duk?, 


We see that Eq. 
* (1—In2) for the constant A. 


have 
7 | 474\! 
(1—In2)41n ( ) 
nr | nw \9Onr 


> has found the 
yields the 


(24) 


(25) 


(24) confirms our value of (2/z°*) 
For the constant C, we 


(26) 


4 { (in Ray | +6 


0.0508 for 6, and 
0.551 for 
has been 


Now Pines’ value 
numerical integration 
(InR)w. The multiple integral (9) for « 
evaluated by the Monte Carlo method, with the result 
«,” =0,046+0.002. Substituting these numbers into 


(26), 


value 


we find 


0.0964-0.002, (27) 


€,= 0.0622 |Inr,—0.0964+-O0(r,). (28) 


The expression given by Pines* is 0.0311 Inr,—0.114 
+O(r,), although if the correction mentioned in foot- 
note 4 is taken into account one gets by Pines’ method 
the result 0.0622 Inr,—0.158+-O(r,). 

In the Appendix we evaluate ¢, by Macke’s method 
and obtain 0.0622 Inr,—0.128+-O(r,). 

We see that the approximations of Macke and Pines 
tend to overestimate the magnitude of the constant 
term C in the correlation energy. 

In conclusion, let us discuss the calculation of the 
next correlation to e. In order to include all terms that 
are genuinely of order r, or r, Inr,, we must improve the 


present calculation in three ways; 


) The contribution to é from Eq. (19) must be 
treated more carefully than in Eq. (22), so that terms 
of order r, are retained. 

(ii) We must calculate the contribution from the 
diagrams in Fig. 1 beyond the second order when one 
exchange is permitted in each process. Beyond the 
third order we may employ the crudest approximation 
that preserves the leading divergence. 


AND 
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(iii) The remaining third-order processes are the 
following: 


—»1' +2’ | 
»1/4+-2” 
1 +2 
>’ 4-2/ 
ai +3 

—1 +2 


rescattering. 


| direct and exchange scattering with 
f unexc ited particles. 
} 


Those are both logarithmically divergent and must be 
combined with a sequence of terms similar to those 
summed to remove the second-order divergence. The 
methods presented above are easily generalized to this 
case, 

The authors would like to thank Dr. Richard Latter 
for many valuable discussions and Mr. J. I. Marcum 
and Mr. H. Kahn for the Monte Carlo computation 


of &, 
APPENDIX. APPROXIMATION OF MACKE 


The method of Macke? is suggested by the earlier 
work of Wigner.' It consists of summing, instead of the 
complete set of diagrams indicated in Fig. 1, just the 
first diagram in each order. Under the integral sign 
these form a simple geometric series. We obtain, in 
place of Eq. (19), the following: 


d'q L 
-f- : i dp, (—1)" 
n=l 


ere 


1 ®*/ar,\*" 
x(f d*p, ) ( ) . (AA) 
pr <1 q’+q: (pit pe) rg 


|pe+q| >! 
Making an approximation analogous to (20) in the 
orders beyond the second, we find instead of (22) the 
expression 


6 ‘dg 
6+- [- =f xdx x (- 
i 0 
| ydy \" /2ar,\""! 
(J ; | 5 
Jo x+y ry 


We may now, as before, perform the sum over nm and 


the integral over g, dropping terms that vanish as 
r,—0. Putting 1= fi'ydy/(x+y), we find 


3 7! 2ar,1 
' = §+- [sa n( ) 
rd 9 ra 


The approximate value of C is then 


3 7’ 2al 
+6+ i) xdxI in( ) 
nr’ 9 T 


2? —0.174. 


(A.2) 


(A.3) 


(A.4) 
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Specific Heat of a Degenerate Electron Gas at High Density 


Murray GELL-MANN* 
Department of Physics, California Institute of Technology, Pasadena, California 


(Received January 14, 1957) 


The methods of the preceding paper of Gell-Mann and Brueckner are generalized so that not only the 
ground state but also the low excited states of an electron gas can be discussed. The energy levels relative 
to the ground state are the same as those of a gas of independent particles where the energy of each particle 
(in rydbergs) is a certain function W(p) of its momentum (expressed in units of the Fermi momentum) 
The specific heat of the gas at low temperature is proportional to the density of single particle levels at the 
surface of the Fermi sea, or inversely proportional to (dW/dp)p1.. This last quantity is calculated for high 


density (small r,, where density is proportional to r,*) and compared to the corresponding quantity for a 


free electron gas. The ratio is found to be 1+-0.083r,| 
exact and may be compared with the approximate result of Pines, who finds 1+4-0.083r,[ 


N the preceding paper,' to be referred to as I, the 
energy of the ground state of an electron gas is 

computed at high density. Here we shall treat the 
energies of low excited states by the same method and 
thus calculate the low-temperature specific heat at 
high density. 

We may label the states by referring them to corre- 
sponding states of a free-electron gas. ‘The familiar 
methods of perturbation theory (suitably modified to 
fit the problem) will convert a given energy eigenstate 
®, of the system of free electrons into an energy eigen- 
state WV, of the system with Coulomb interactions 
among the electrons. We shall be concerned, of course, 
with the perturbed energy E,, associated with W,, and 
not with the unperturbed (purely kinetic) energy 
associated with ®,. Nevertheless, we shall refer to the 
nth state by describing the unperturbed state ®,. 

Thus we shall speak of the ground state as that in 
which all one-particle momentum states inside the 
Fermi sphere are occupied and all those outside are 
unoccupied. This is, of course, a description of the 
unperturbed ground state %o. But when we speak of 
the energy Eo of the ground state, we shall mean the 
perturbed energy associated with the exact eigenstate 
Wo of the interacting system. 

Similarly, we shall specify an excited state by listing 
the momenta and spins {p;,s;} (with j7=1, ---v) of the 
vacated one-particle states inside the Fermi sphere and 
the momenta {k,} of the occupied one-particle states 
outside the sphere. (The momenta are expressed in 
units of the Fermi momentum P.) Again we are de 
scribing an unperturbed state; and again, in speaking 
of the energy, we shall mean the energy E of the 
perturbed state. 

As in I, we consider a macroscopic sample of gas; 
the number NV of electrons is very large, say ~10". We 
now restrict ourselves to treating those states of the 
gas in which the number v of excited particles is small 


* This study was performed by the author as consultant to the 
RAND Corporation, Santa Monica, California, and was spon 
sored entirely by the U. S. Atomic Energy Commission. 

1M. Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364 
(1957), preceding paper. 


Inr, —0,203 |+ higher terms in r,. The expansion is 


Inr,+-1.47 ]4 


compared to NV. At low temperatures, only such states 
will be important. For these states of the electron gas, 
the energy & (in units of the rydberg) may be written 
in the form 


E= Fo+d{(W (kj) —W(p))} +O0(W/N). (1) 
jel 


This can be done because the interaction energy of the 
excited particles among themselves is of order v/\ 
compared to their interaction energy with the rest of 
the gas. Under our assumptions the term of order v/N 
can be neglected, and the specific heat at low tempera 
tures depends only on the form of the function W (p). 
Thus, for the computation of the specific heat at 
low temperatures, we are justified in treating the inter 
acting electron gas as a system of independent particles 
obeying Fermi-Dirac statistics and with the energy (in 
rydbergs) of each given as a function of momentum 
(in units of P?) by W(p). It is well known? that under 
heat C 
constant volume is proportional to the density of 
“one-particle energy levels” at the the 
Fermi sphere, that is, proportional to [(dW/dp) po}! 


these conditions the specific per electron at 


surface of 


lor a free-electron gas, we have 


pl*pe'my' 
Wr(p) p?/a’r,’, (2) 


2m 1 2h? 
L(dWe/dp) p-} ! 


where, as in I, (4/3)rr,* is the volume per electron (in 
units of the Bohr radius cubed) and @ is (4/9m)*. The 


and 
are) 2 (3) 


’ 


specific heat of a free-electron gas at low temperature 
is given by a familiar formula,’ which we 
follows: 


write as 


Cel(T =m We'K?*T cr 2, (4) 


where 7 is temperature and K is Boltzmann’s constant. 
Evidently the formula for the low-temperature spe 


2). Pines, in Solid State Physics (Academic Press, Inc., New 
York, 1955), Vol. 1, p. 367. 
s I Seitz, Modern Theory of Solids (Mc Gra W Hill Book Com 


pany, Inc., New York 1940), p. 150. 
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cific heat of an electron gas with interactions is 


C(Tr,) =m We *K?T -2| (dW /dp) pur}. (5) 
and in (4) we have the special case of free electrons, 
for which W=Wy. Our remaining task is to calculate 
W(p) (or at least dW /dp at p= 1) at high density for an 
electron gas with Coulomb interactions. 

We may think of W(p) in the following way: We 
consider the ground state of the gas, in which the filled 
one-particle states are those inside the Fermi sphere. 
We now examine the change in the energy (exact or 
perturbed energy) of the system when one electron, 
with momentum p, is annihilated. (Clearly p <1 here.) 
Then W(p) is the energy lost in the annihilation, to 
within any additive constant. Similarly, if we start 
with the gas in its ground state and create an electron 
of momentum k (k > 1), then W(&) is the energy gained 
in the creation. This interpretation of the quantity W 
is evidently consistent with Eq. (1). 

Now in I we have treated the perturbation series for 
the ground state energy per particle, e (in rydbergs). 
The fact that the terms of the series diverge is of no 
importance, since we how to cure the 
divergence. In each term of the series for the ground 
state energy, there are sums over occupied one-particle 
states with momenta p, such that p,<1 and over un 
occupied states with momenta k, (equal, say, to pi+q) 
such that &,> 1. For example, see Eqs. (9), (10), and (11) 
of reference 1. (We shall refer to these as 1-9, I-10, etc.) 

If a particle with momentum p and spin s is annihi- 
lated, the only change in the perturbation series for the 
ground state energy consists in amending the condition 
“pb, <1” for an occupied state by inserting the exception 
“pp if ss=s” 
for an occupied state by allowing k, to equal p if s,;=s. 


have shown 


and amending the condition “k,>1” 


The number of occupied states is decreased by one and 
that of unoccupied ones correspondingly increased, The 
resulting energy change can best be discussed by means 
of an example. 

One term in the series for the ground state energy 
per particle is given in Eq, (1-8): 


3 d'q 
€,) J J pf dps 
Xr® q <1 pe<l 


pit+q| >! patq 1 


1 
x . (1-8) 
q+ q- (pit po) 


(2) 


If we multiply «,@ by V, the number of electrons, we 
obtain the corresponding term in the total energy of 
the ground state, at least to order V. We may write 
N as 20(29) *4/3, where Q is the volume of the gas in 
units of #®P-* and the factor of 2 comes from the two 
spin states. Furthermore, we may replace the integral 
over pi, say, by &2-'(2)* times a sum over p;. We have, 
then, for the part of the total ground state energy 
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corresponding to €,”: 


‘ ; 3 d*q : 
E. 4°40 : ~ 
82° gs pe 


pi+q| >1 


f d*p» 
fr<il 


Pet+q| >! 


1 
x . © 
q’+q- (pit pe) 


Now let us remove from the gas a particle with spin 
up and momentum p. There are four contributions to 
the loss of energy: 


(a) For one of the spin states, the term p,=p is 
dropped from the sum. (The one-particle state with 
momentum p and spin up is no longer occupied.) 

(b) For one of the spin states, a term pi+q=p is 
added to the sum. (The one-particle state with mo- 
mentum p and spin up is now among the unoccupied 
ones.) 

(c) and (d) Corresponding contributions from the 
sum or integral over p2 rather than p;. These are evi- 
dently equal to (a) and (b). 


We have, then, for the contribution W,@ of this 
process to the total energy removed, the expression 


3 d'q 
—2 +49 f “f dps 
8xr° at EY p< 


W.” 


p+aq! 
|p2t+q| >1 


1 d'q 
x -f d* po 
y+: (p+ pe) ip-ai <i Pp <i 


pe+q) >I 


Pf 
x yf (7) 
q- (p+ ps) 


where the factor 2 in front is really the product of 
three factors: 2 from the two spin states as in (6); 
} from the selection of spin up only; and 2 from the 
existence of (c) and (d) in addition to (a) and (b). 

By an obvious generalization of this method, we can 
compute the contribution to W(p) corresponding to 
each term in ¢ that we investigated in I. The contribu- 
tion Wp(p) corresponding to the Fermi energy ey is 
already given by (2). We must take up next the term 
W,(p) corresponding to ¢,, the exchange energy. The 
expression (I-2) for e, comes from the more explicit 
formula 


. 3 1 
82? ar, p, <1 pe <i (pit ps2)? 


The method outlined above then gives at once 


s. 2 1 
W.(p)=—2-4n- f dp» ° & 
82? ar, p, <1 (p+ p2)* 
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Now let us attempt to compute (dW/dp)p1 as a 
series of ascending powers of r,. The leading term is of 
course (dW p/dp) pui=2/(e’r,?) and the next one should 
be (dW ,/dp)p.1, presumably of order 1/r,. However, 
this comes out logarithmically divergent.‘ In fact, the 
situation encountered in I is repeated here, a series of 
increasing divergences but each occurring one order 
earlier than in I, Corresponding to Eq. (I-7), we have 


dW 9 
( ) - + — (log divergence) 
dp p=1 a’r,? ', 


1 
(quadratic div)+ ---. 
r 2 
a 


(10) 


Again, as in I, we expect that the divergent integrals, 
when summed, will cut themselves off at giain~1,', so 
that in place of (10) we shall find 


dw Z 1 
( ) 2 +-—(Bl|nr,+D) 
dp p=! are Ve 


+higher terms inr,. (11) 
In order to obtain this form, we must, as in I, sum the 
leading divergence in each order. Moreover, the leading 
divergence in each order beyond the first is supplied 
by precisely the same process as in I, since the cause 
of divergence is still the piling-up of factors 1/q? coming 
from successive Coulomb interactions with the same 
momentum transfer. So from just the processes con- 
sidered in I, we can obtain exact values of B and D. 
Moreover, in all orders beyond the first, we may employ 
the crudest approximation that preserves the leading 
divergence. In particular, in second order, we may 
ignore W, compared to W,°, which alone has a 
quadratic divergence in (dW /dp) p.1. 

The series that we must examine, then, is W,4+-W,°? 
+W“+W+..-+, where these terms correspond pre 
cisely to €,, €a°?), €®, €, etc., of I. We have already 
calculated W, and W,, and we may now study the 
derivatives of these terms at p=1. For the first-order 
term W, we have, from (9), 


1 d*q 
W,=- J n(l 
rar ¢ 


p+q ), (12) 


where n(x) is unity for positive x and zero for negative 
x. The derivative is then 


dW, 1 d*q 
( - ) f 6(1— | n+q))n-(n+q), (13) 
dp J ymi wary 


where n is a unit vector in the direction of p. We may 
put n+q equal to a unit vector n’ pointed into the ele- 
4 J. Bardeen, Phys. Rev. 50, 1098 (1936). That the divergences 


would disappear in a correct calculation was pointed out by E. P 
Wigner, Trans. Faraday Soc. 34, 678 (1938). 
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ment of solid angle dQ’. Then we have 
& 


dW, 1 dy’ 
( ) f n-n’ 
dp F yur war (n’—n)* 
f : (14) 
war,” 12 x) 


We have put x=n-n’, Note that the result is indeed 
logarithmically divergent. 

We have treated (dW,/dp)p.1 without approxima 
tion. In the higher terms, however, we keep only the 
leading divergence. Now in differentiating formula (7) 
for W,", we keep the leading divergence if we dif 
ferentiate with respect to p only the limits of integra 
tion on q: “|p+q/>1” and “|p—q <1.” We find, 


in fact, 
dW, 2 1 

(2) 2h anf 
dp pal WS p,<1 pm+qi>t gf 


1 
x 6(1 
q’+q- (n+ po) 


n-+q))n-(n+q), (15) 


where the factor of two comes from the existence of two 
terms in (7), which make equal contributions to (15). 
As before, we put n+q=n’ and obtain 


(—— “f dy’ 
dp 7 mJ [(n’—n)* 


xn: vf dp» 
pic (n’—n) 


n’-n+po| +1 


1 
(16) 
(n’+- ps) 


We are still interested only in the leading divergence at 
n’=n and so we may take the limit n’—n->0 in the 
integral over ps. The limit is 27. Thus we have 


(— ) =f vdx 
dp acl mJ ,[2(1—.x) F 


Adding together the terms calculated so far in (3), 
(14), and (17), we have 


("") Z 2 | sxdtz 
I 
dp pl a’r Tar, 1 2(1 


(17) 


(18) 


To complete this series to the desired accuracy, we must 
look at formula (I-19) for « 
W'” for n> 2. If we do that and compute the leading 
divergence in (dW"’/dp),.1, we find that the series in 
(18) becomes simply a geometric series. We have, thus, 
with sufficient accuracy to obtain exact values of B 


and use it to calculate 





372 MURRAY 


and D in Eq. (11), the result: 


(— 2 2 1 xdx 
cs + J 
dp > ar, mar, _,2(1—%x) 
4ar, 


1 1 
(19) 
x 2(1—x) 


dw 2 
( ) t {In(w/ar,) 
dp onl ar, mar, 


At low temperature, then, the specific heat of a free 
electron gas is modified through Coulomb interactions 
by the factor 


x} 14 


+... (20) 


OT » 
C/Cr 1+ Inr,+-In(a4/a)— 2 } + 


dr 
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where the expansion is valid at high densities. Inserting 
numerical values, we have 


C/Cr=([14+-0.0837,(—Inr,—0.203)+ +++}. (22) 
This is to be compared with the approximate result of 
Pines,’ who finds 


C/Cr=[14-0.0837,(—Inr,4+-1.47) +--+}. (23) 


The method given here permits the computation of 
higher terms in the series, and the next correction is 
now being calculated. Applications to the specific heats 
of metals are also being studied. 
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Correlation Energy of an Electron Gas at High Density 


Katuro SAwapa* 
Department of Physics, University of Pennsylvania, Philadelphia, Pennsylvania 
(Received December 10, 1956) 


The correlation energy of an electron gas at high density is evaluated up to terms of orders (r,)° and 
logr,. It is shown that the correlation energy to this order can be evaluated without using perturbation 
treatment. The result obtained coincides with the result of formal summation of apparently divergent series 
arising from small momentum transfer processes which has been discussed fully by Gell-Mann and Brueck 
ner. The method to treat the small momentum transfer effect exactly is given by following the analogy of 
processes with well-known treatment of systems with Hamiltonians which are bilinear in creation and anni 
hilation operators such as the neutral scalar pair theory. Some simple interpretations of the correlation 


energy to this order are also given 


Gell-Mann and 


energy of an 


ECENTLY, it was shown by 
Brueckner' that the correlation 
electron gas at high density can be evaluated exactly 
to order of the constant term (r,)° and the term of logr,, 
where r, is the ratio of the radius of a volume within 
which one electron exists to the Bohr radius and energy 
is measured in terras of Rydbergs. (‘The kinetic energy 
is 2.21/r,2, and the exchange energy is —0.916/r, per 
electron.) Their result was obtained by a selected sum- 
mation of the formally divergent power series expan- 
sion of Rayleigh-Schrédinger perturbation theory. This 
procedure introduces some uncertainties into the final 
result; in fact, it can be seen that the constant term in 
the energy contains very curious divergences when the 
sum is taken in a straightforward manner. Regarding 
these terms as unphysical, the aforementioned authors 
discarded them and were able to obtain a unique result. 


* On leave of absence from the Tokyo University of Education 
Tokyo, Japan. 

1M. Gell-Mann and K. A. Brueckner, this issue Phys. Rev 
106, 364 (1957), hereafter referred to as G-B 


The simple structure of the diagrams summed by 
G-B. suggests that it may be possible to find a more 
rigorous way to get their answer without using a per- 
turbation procedure. In Fig. 1 we give a typical diagram 
which contributes to the terms of order (r,)° and Inr,. 
Formally, only the second-order iterated Coulomb 
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Fic. 1, Typical diagram of a process contributing to the correla- 
tion energy terms of order (r,)° and Inr,. 
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interaction energy is of e and hence of order (r,)° when 
measured in rydbergs. Namely, in the notations given 
in reference 1, the e*-correlation energy becomes 


32rhie 1 ae 1 
tT, 
q q 


i? 


ae (p+q)? (p+q)’ 
2m 2m 2m 2m 


l6rhiet 1 1 


2 > p’ ai 
(q+p+p’)’ 


1 
~ €(a) + € (5), 
P’ ‘ pb” (p+q)? (p’+q)’ 


2m 2m 2m 2m 


q 
9 ¢ 


corresponding to the processes in which electrons in 
the Fermi sea with momentum p and —p’(\p|, |p’ 
<Fermi momentum /’) are excited by mutual Coulomb 
interaction into states with momentum p+q and 
—p’'—q(\p+q!, | p’+q >/), and then return to their 
original positions in the sea (e;,)°’, first term) or ex 
changed positions (€.)“, second term) on the second 
action of the mutual Coulomb interaction (30),30» 
above do not include a spin sum). However, since €¢a) 
contains an infrared divergence arising from low mo- 
mentum transfers, terms of formally higher order in e? 
also must be taken into account because they remove 
the divergence (since the theory must give a finite 
energy of correlation). The necessary subset of higher 
order contributions were selected by G-B from the 
following considerations. First, the work of Bohm and 
Pines? on the plasma oscillation of an electron cloud 
suggests that the Coulomb field of an electron is effec- 
tively screened at the range ~ro'a! (where a= Bohr 
radius) which in turn means the momentum transfer 
between electrons is cut off at the order of a minimum 
momentuM ginin~?.’. The terms in a given perturbation 
order which can contribute to this cutoff can easily 
be selected by inspection of the perturbation series. 
In each order the term which diverges most strongly 
for small momentum transfers (measured in Rydbergs) 
is proportional to 
(7./Qmin*)"; 


and hence, if ginin’~,, Will contribute to the constant 
term in the energy. In the same order, terms appear 
proportional to higher powers of r,, which will not 
contribute to the energy in the desired approximation. 
These remarks are, of course, based on the assumed 
character of the low-momentum cutoff; this will be 
verified in the following. 

The processes which contribute to the energy in this 
approximation all depend on the same factor e*/q’ in 
each interaction, and so come from processes with the 
same momentum transfer g in each interaction, Other 


2D. Bohm and D. Pines, Phys. Rev. 92, 626 (1953). 
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terms which are less singular in each power of e? need 
not be considered in higher order than e‘. For example, 
when an exchange interaction takes place between elec 
trons with momentum p and —p’, there appears in 
stead of e/ 4° 


e/(q+p+p)’, 


as a matrix element, and since this factor is regular as 
gO (then |p|, |p’) =Fermi 
order r,, the term which contains one exchange inter 


momentum) and is of 
action leads to a contribution of higher power in r,. 
Hence, we need not consider exchange interaction, or 
other processes which do not carry momentum transfer 
e/g’ as a matrix element in the higher orders e®, e°, «++. 

A typical diagram of higher order of the kind re 
quired is drawn in Pig. 1, where * indicates a Coulomb 
interaction, and the diagram is to be read in time se 
quence from the bottom upwards, p (—p’’) pair, ete. 
represents an excited electron with momentum p+ q 
(—p”’ 

p (p’). From the consideration stated above, at each 


q) and a hole in the Fermi sea with momentum 


interaction points the momentum transfer is Ap= gq. 
(The cross point has a factor 4rf’e?/Qg’, 2 being the 
normalization volume, except for the one point lying 
lowest which carries 2h’e*/Qq’, because we count the 
diagrams which are mirror conjugate as to the vertical 
axis as different diagrams.) Reading the diagram from 
the bottom up, supplying a factor 4ah’e?/Qq* at each 
cross-point and the energy denominator between each 
i, 

p’/ 2m), we can get a part of the interaction energy 
from this one diagram (of order e™ 
cross-points in all possible time orders, summing all of 


cross-point (as indicated in Fig. 1 for one case, / 
), then arranging the 


these contributions, and performing the summation 
over the momentum transfer g, we get the correlation 


energy to this order which contributes to the (r,)° and 
Inr, terms 

Irom the close correspondence of this diagram to the 
Feynman diagram in field theory, G-B showed that 
we can use a propagator for pairs between interactions. 
The pair created with momentum transfer g propagates 
from one interaction to the next, interacting with 
momentum transfer Ap=q and changing itself into 
another pair (but with the same momentum difference 
between excited electron and hole). In other words, the 
pair propagates as if it were a single particle. 

Observing these facts, we can compare our inter 
action diagrams with that of the well-known and exactly 
solved problem of the interaction energy of an infinitely 
heavy particle interacting with, for example, a neutral 
scalar meson field, through the product potential (core 
interaction), which can be represented by the following 


typical Hamiltonian: 


Fora) IT, + Hint, IT, > worr* hr, 


1 > | 
(p,* + ae 


A 
(2w,)4 (Qu?) 


(( ) 
(py * +x"), 
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where @¢, is the annihilation operator of meson with 
momentum k, w= (u’+k*)! is the energy of the meson, 
n is the coupling constant, and @ the normalization 
volume. If we evaluate the energy of this system for the 
ground state (no meson present as 7-0) in perturbation 
series, we encounter the same type of diagrams as in 
Fig. 1. Figure 2 gives the analogous diagram for this 
interaction. In this figure each cross-point carries a 
factor 
e-4 1 


q) (2w,)! (Qu)! 


(for the k-+k’ cross-point), and the construction of the 
perturbation series can be made completely in the same 
way as in Fig. 1. We can also speak of propagation of 
created mesons. Thus, the summation of G-B has the 
same character as the summation of perturbation series 
in this core interaction case. Since the latter problem 
can be solved exactly without a power series expansion 
by using a normal coordinate transformation {because 
Hom of (C) is a bilinear form] and was solved by 
Wentzel,’ our problem concerning the interaction se- 
lected as in Fig. 1 must also be soluble exactly without 
power series expansion. In our case, however, a com- 
plication arises in the definition of the normal coordi- 
nates, because the Hamiltonian of our system is not 
bilinear form, and so we shall develop an alternative 
method to obtain effectively the same answer as one 
gets using the normal coordinate transformation in the 
case of a neutral scalar meson interaction. The result 
which we finally obtain is identical with the result of 
formal summation of G-B, showing that the summing of 
series of powers in é’ is allowed and that the divergences 
are in fact spurious and may be neglected. 


1, FUNDAMENTAL FORMULAS 


To evaluate the contribution of small-momentum- 
transfer effects, we first write the total Hamiltonian of 
the system by means of second-quantized operators as 
follows: 


2 
2 


Hora Hy He, I ya 


ipl>P 2m 


. 
Gy Gy 


= se 
Le by*by+4 Le , 


ipi<P 2m ipi<P 2m 


2rh’e’ 


l a 
i ‘oulomb Lod 2 pa & p’ 
7y 


ry ’ *, * 
XK (apy qb ppb y* +b p5 p—q* by *ay 
* *, +, * 
t Gpy+q Bp'—q by b, + boy dp’ qi p'4p 
+ exchange interaction of electrons excited 


and that of holes, and terms of odd number 
of creation operator), 


4G. Wentzel, Helv. Phys. Acta 15, 111 (1942) 
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Fic. 2. Typical diagram of the energy of the ground state in the 
core interaction of neutral scalar mesons. (The denominator of 
the fraction should read —w,—w».) 


where d,, b, are the annihilation operators of excited 
particle and hole in the Fermi sea with momentum p 
and —p, respectively, and P is the Fermi momentum. 

Now to get the interaction energy whose power series 
expansion is represented by the series in G-B and 
schematically drawn in Fig. 1, it is sufficient to treat the 
problem with an interaction Hamiltonian which does 
not contain exchange interactions of excited electrons, 
exchange interactions of holes, or interactions with odd 
numbers of creation operators. These do not occur in 
our diagrams, where there appear only interactions 
which create or annihilate two pairs simultaneously or 
represent scattering of one pair to another pair. Hence, 
in (1) we can omit these terms from the Coulomb 
interaction energy. 

We can further rewrite this simplified Coulomb inter- 
action to emphasize the suggested analogy with the 
case of the neutral scalar meson interacting through a 
product potential with an infinitely heavy particle (C): 


2rh*e* 
Hi - 


1 
Le ee p(a Pt Pa Ps +p gl ») 
a 


2 


Lp (ay by *+by_@y’)— Le a)", 


|p-qi<P 


Le soe], 


jp-q|>P;|pl<P 


+ Le» (2) 


Ip-q|>P 


b,*b,— 


where the last three terms in this expression may be 
neglected, because the first two of these represent the 
difference of the numbers of excited particles and holes 
and is a constant of the motion in our case, its eigen- 
value being zero, and the last term is merely a constant 
(which we need to take into account only when finally 
computing expectation value of Hc). All the sums 
>», cp’ include spin sums. The simplified interaction 
(2) still contains interaction leading to e€)° and 
higher exchange interactions between holes and excited 
electrons, but since we need only maintain €()’ among 
these exchange interactions, we take account of these 
interactions only in determining the final total correla- 
tion energy. 

Then, looking at the effect of interaction (2) on the 
motion of a pair, we see from the diagram drawn by 
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G-B that the motion of the pair is affected only by 
other pairs with the same momentum transfer (a p pair 
transmutes into a p” pair with momentum transfer 
Ap=q in Fig. 1). Hence, putting aside the exchange 
interaction of order (r,)°, €~), we only consider the 
equation of motion of pairs interacting through inter- 
actions which lead to our interaction diagram Fig. 1. 
The commutator between a,_,*b,*, is 


Qrhte 
[a,-*b,*, He] 


X[(ap qap a ~ Optg’ dp") 
Xd » (ap gt" +b q/p’) 
+P pr (Ap4. Op * +O 4 q’Ap’) 
X (dp a Opty’ by-¢ bp”) ). (3) 
To the desired approximation this may be taken to be 


4h? e? 


La, q*b,* Hc | Ps 


ae ap (Ap'—g Dp +by-_ Az’), 

where we have omitted the influence of pairs with dif 
ferent momentum transfers g’#q. To get (3), we have 
also omitted the number operators referring to a par 
ticular particle, V,~,*(=dp_,*ap_,) and N,°, because 
these lead to one factor 1/2 higher in the energy (and 
hence independent of the number of electrons). This 
can be seen, for example, by operating the second ex- 
pression of (3) on the ground state of //». (One summa- 
tion }>» which carries 2 in the form }- »=[Q/(2rh)* | 
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XS dp’ drops out for the term containing .V,_ 4‘ 
yb 
INy”.) . 
Similarly, in our approximation, 
4rh?e? 


[b 


» Png 


a wskt' 
Qy? 


i} 


[Of course, to get the correlation energy to order (r,) 
and In(r,), we must add e€) to our correlation energy 
obtained from our commutators (3) and (4). | 

These simple commutators derived from our con 
sideration based upon the effect of interaction in our 
diagram [together with our simplified interaction en 
ergy (2) |, just correspond to the case of neutral scalar 
meson interaction with product potential. In the latter 
case, the commutator between @,* or @, with /7j,. can 


be seen from (C) to be 


” 
[ba* Hin 2k’ 


(py, *4 di), 
(Qw, )i 
1 
(py : tx), 


( 2w, ) 


op; A int } 


Q (2w,)! 
and thus to be of the same form as (3) and (4). We can 
now proceed in the same way as in the core interaction 
case by using our Hamiltonian and commutation rela 
tions. But, one difference is that since our Hamiltonian 
is not of bilinear form it is hard to define normal co 
ordinates. Nevertheless, from the interaction diagram, 
we expect the energy of these two systems to have the 
same structure, and hence we may obtain some clue 
to the solution by proceeding in a parallel way. 


2. EIGENVALUE OF ENERGY OF ONE-PAIR STATE 


Corresponding to the equation which determines the normal frequencies in the neutral meson case, we construct 
an eigenvalue equation for the one-pair state. To construct the eigenvalue equation, we write the equation of mo 


tion of the variable representing a pair, a,_,*b,* 
some eigenstate of the total Hamiltonian 7 7( 


Ho+H_) of our simplified problem with eigenvalue £, 


and 6, ,a,, in the Schrédinger representation, We take for ¥ 


and for 


Wo the exact ground state (no pairs when the interaction vanishes) with energy /o. Then, using our commutators 


(3) and (4), we get 
(W, (E—Hr)ap__*b,*Vo) = (E— Ey 


Arh’? 
0g" 
and 
(VW, (E—Hr)b,_~a,Vo) = (E— Eo 


Amh*e? 


F La, 


Qq? 

Eliminating the amplitude (W,5,, 
4rrh’e? 
1+ ( 


()q° 


, 


Le ) 
p\ >I / 


Pp . pP-q 


t Note added in proof 


-Lo, (dy q by* +b, gp’) Vo) 0, | F » 1P 


It has been pointed out by Dr. R. Brout that the eigenvalue equation (7) has a bound state 
sponding to the plasma oscillation discussed by Bohm and Pines.? A detailed discussion of the effects of this state on the 
and energy will be published shortly by Brueckner, Fukuda, and the author. The inclusion of the plasma mode decreases 


- Ep +E,") (V,ap—9*bp*Vo) 


q|>P, p?/2m=E,", (5) 


“py 


Ep-o +E y) (Vb p—2@pVo) 
(dp Pa | by gl p’) Vo) (), Dp > P. p-4q 


{4yVo) from (5) by using (6), we reach the eigenvalue equationt : 


a (V, (dy Det + by gt p')Vo) (), 


solution corre 
wave function 


the large nega 


tive constant term in (24), and preliminary evaluation shows that the correlation energy due to plasma mode is constant and about 
+0.13 rydberg per electron at high density limit, and so the final answer seems to coincide with the value obtained by G-B 





376 KATURO SAWADA 


To determine the eigenvalue E, we consider a finite (but very large) normalization volume {. The energies 
E,_,', E,° then form a discrete set of eigenvalues with a level spacing of order 1/2. Then, the root of (7) exists 
between E, = Eo+ Epo —’— Epo’ (where py is some discrete momentum restricted by | po| <P, | po—q > P) and the 
neighboring discrete energy E,= Eo+ Epy —q°— Epo”, because if one takes E between E£, and £, and if one makes E 
approach E, one obtains + (or — ~) for the quantity in the bracket of (7) and by making E approach E, one 
obtains — * (or +). Hence a zero point of (7) must exist between FE, and Ey. Namely, the energy eigenvalue is 
(with po an arbitrary momentum restricted by | po! <P, |po—q! >P) 


1 
Dp = ko +- Epo q— Epo +0 ). (8) 
ot 


Then, if, and only if, Z is given by (8), Sop (We, (dp-—o*bp:*+by-— gdp’), Vo) does not vanish. The energy (8) goes 
over to the energy of the one-pair state if the interaction vanishes, and so the state Wx [ E£ given by (8) | belongs to 
the one-pair exact solution. 

We thus know from Eq. (7) that the energy eigenvalue of the one-pair state (excited electron with momentum 
po—q and hole — po) is Eo+ Epo-a’— Epo’ in the limit of infinite normalization volume and so our pairs have no 
self-energies in our approximation. Moreover the following expansion is possible: 


LD v(ap e'by* +b, yp) Vo LX Vs a Ps (9) 


where V9, p indicates the exact eigenstate with pair p—q (a) and p (6). Equation (9) follows from the fact that if 
we take the inner product with an eigenstate which does not belong to the one-pair solution, then, because the 
energy eigenvalue of such a state does not make the quantity inside the square brackets of (7) vanish, the left 
hand side of (9) vanishes. The expansion of the “packet” >°,(a,_,*b,*+-6,_ a,)Vo into an eigenstate of Hy, thus, 
contains only one-pair states. 

The expansion (9) enables us to evaluate (Wo, ¢W»)[ He being given by Eq. (2) | immediately if we know the 
expansion coefficient C,, because (W»,/7¢¥o) is the overlap integral of the “packet.” To evaluate C,, we first write 
the state with one pair V, 4, with operators operating on Wo. Since we now know that our pairs have no self- 
energies, we can write [| we add the superscript (+-) to indicate the outgoing-wave solution |! 


Vp-a dp qb y*Vo +X pap’. (10) 
‘Turning to the continuous spectrum treatment, and using 

(Fot+ E,_,— E,"— Hr)V pp =0 
and (3), we find the equation determining X to be 


4nh’e? 1 
(Lot Ep_f— E,°—Hr)¥ p~<, p D p'(dp—q* bp * +b pgp Vot (Lot Epo — Ep’ —Hr)X p_g, p=. 


iy 
ao ¢ 


Thus, taking the outgoing-wave solution for X, 
1 dhe? 
V, q "ee dp qb,*Vot . , ; ' m Lv (ay a by*+ by gt p')Vo, (11) 
Kot Ey —E,"—Hrtie 2¢ 


where ¢ is positive infinitesimal number. ‘To get the coefficient C,, we must add to (11) a term 6, ,a,Wo, but this 
can be represented by the analogous equation to (11); 
1 4mh?e? _ 
0=), ,¥o———_ : : D p' (dp—q* bp * +b yap’ )Vo, (12) 
Eot+E,~—E,°—Hr Q¢ 


P-4q 


| which is an identity, because the denominator has no pole since |p| >P, | p—q <P, and because of the com- 
mutator (4) |. Combining (11) and (12), remembering in (11) that |p| <P, |p—q! >P and in (12) that |p|>P, 
p—q)| <P, we obtain for the expansion (10): 


DY (ay: a ee" + by gp) Vo 
‘ l 4 eG 
»s Lo» Vo-ap”s (13) 
Og L ise FotEy—Ey’—Hr |<? Eot Ey E,—Hrtiell rer 
ets p-q|>P Ip 


>P 
| <P q| >P 


4rh'e’ 
id 


4G. F. Chew and F, E. Low, Phys. Rev. 101, 1570 (1956); G. C. Wick, Revs. Modern Phys. 27, 339 (1955). 
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or, in view of (8) (Q->), 


+ * " on 
pe, by +b, qty’) Vo ° ; a V> en” 
pi <P 
Ip—q| >P 
4rh’e’ z 
i .. 
0q° y|>P_ Ey_.—E,y—E,..°+L£,° 

lp’—q| <P 


Using expression (14), we can evaluate (Wo,H Wo) immediately. 


3. TOTAL ENERGY 


By using (14) and He in the form (2), omitting the term —N*+-.V°, we have for the expectation value of the 
Coulomb energy (Wo,/7.%o) in our approximation: 


2rh’e’? 1 : 2rh’e?_ 1 ; 
(Wo,J7 eV) = : ae a + a ) 
2 ipl <P * Ipl <i 


2 () - 
gq 2 q 
p-q|>P ip—q| >P 


1 1 2 
Do» . (15) 


p’ : : ae 
Qg? y|>P_ Ey_—E,°—E,_+E,° p1<P_EKy_Y—E,— Epo +E, +t 
|p’-q| <P \p’-q 


4rh’e? 


_P 


To yet the total energy, we use the following procedure. If the system is composed of Hp= Ho+-gH in, g being e 
in our case, the total energy of the ground state is (writing the g dependence explicitly) ; 


Eo(g) = (Wolg), (Hot gH int) Vo(g)). 
Since 


0 
( (Wo(g’), (Ho t pin Wo(e')) 


og’ 


geo 
owing to the stationary character of the eigenvalue, we find 


0 
g Ko(g) (Wo(g) gH int¥olg)) 
Og 
Hence, integrating 


ae | 
ko(g) J (Vo(8") 8H in o(g") dg" (du,ll odo), 
U g 


¢» being ground-state wave function without interaction. Then, by using a simple integral, 


g dg’ 1 1+ ¢(a+iP) 1 pp 
f in ) tan ( ), (18) 
o Ll+e'(a+ip) [1+ ¢'(a—ip)] 218 l+g¢(a—ip)7 B 1+ ga 


we can get from (15) and (17), for the correlation energy arising from our simplified problem [small momentum 
transfer contribution to terms (r,)° and Inr, |, 


. | ee ae 

i 
0 gy 0 g 4h’e 

Ly 88 (Ey — Ey 4+ Ey,.’— Es’) 

Qq’ 

(4arh?e?/Qq?) >. ph (Ey — Egy q’ +E peg’ 
X tan | 
| 


SS Ey? } Eps s° Ey 


where we have used the relation 
P 
ind(a), 
a 
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and P stands for the principal value. [We made q—>—q in (16), and in the first term of the denominator we further 
transformed p’—+>—p” and p’—>p’’’+q. | All >-,, >.» are restricted by _p., |p’ <P and p+q, |p’+q >P and 
include spin sums. 

‘To get the correlation energy terms of order (r,)° and Inr,, we must add, of course, €.)‘*’ arising from the second 
order exchange interactions. We can interpret (19) as a sum of one-pair to one-pair scattering phase shifts, the 
proof being given in the Appendix A.° 

4. COMPARISON WITH PERTURBATION METHOD 


‘To compare our result with the power series expansion in G-B, it is convenient to expand AE in powers of e 
by means of the alternative logarithmic representation. Denoting by 4,(p) the quantity 


Anh’e? 1 1 

A,(p) Ee( ; > ; : / ), (20) 
0g? Ey+e—Ep tEpf@—E” Ep®—EpsyftEno— Ep tic 

we can write SE in the following form, by using the second expression of (18) ; 


2rh*e’ I 2rh’e* 1 


: ‘ ‘ a l 1+A,(p) 
ak a ale in ) (21) 
.) gy’ Q q’ [A,(p)—A,*(p) } 1+A,*(p) 


Since A and A* are of order e’, if we cut off the momentum transfer g at a suitable magnitude, we may expand the 
logarithm and obtain: 


drh’e? 1 ff Ay (p)tA*(p) (A, (p)}P+A, (pd *(p)+{4,*(p)}? 
ak: La Le t 
1) y 2 3 
(A, (p)} +f Aa(p)Pac*(p) +Ag(p){Aa*(p)}?+ (Ac*(p)}? 


4 


aa (22) 


Owing to the systematic presence of +-7e in the denominator, in spite of the presence of integration over p (3 »), 
we can perform a partial fraction dec omposition of product denominators without meeting new singularities and 
can transform them into positive-definite denominators, Consequently, we can demonstrate the correspondence 
with perturbation theory. We shall show an example in the Appendix B. 

Now, regarding the form of the expansion, each expansion term is just that of the perturbation expansion, so 
that if one uses a plausible lower cutoff of the momentum transfer g, the series summed by G-B has the same value 
as our sum (21), and if one wants to extend the meaning of the summand to smaller momentum transfers, then it 
now becomes clear that one should sum them up in the form suggested by (22) to (21). 


5. INTEGRATION 


First, we transform the expression (19) into the dimensionless form as in G-B. The momenta, q, p, p’ are meas- 
ured in units of the Fermi-momentum P?=h/ary, a= (4/92)!, ro= radius of the volume in which one electron exists, 
and &= normalization volume= 4mro'Xnumber of electrons in the Fermi-sea. Energy is measured by rydbergs 

e'm/ 2h®, and instead of e°, 7,=7o/Tponr appears (where fponr=h?/ me’). 

In these units, we have for the correlation energy, arising from the interaction represented by the diagram in 
G-B, per electron [dividing AEF of Eq. (19) by the number of electrons |: 


3 pdq I 2ar,(p-q/ pq) (1/q*) 
r f fav tan”! (23) 
Sar’ gy” ar, pq 1 ar, 1 1 r | 
) 


Zar, 14 ; fer( + > ) 
by g et gt+(a-p' +p) (a-p'—p)7 | 


where p, p’ are restricted by |p|, p’)<land p+q), p’+q >1. 

If we denote the term of order (r,)° in the (formal) expansion of (23) about r, with the integration taken over 
large momentum transfer g>1 as ¢,,) following G-B (namely, €;.) is the expression €(4)’ in the introduction with 
q> 1), the contribution of the g integration in the expression ¢— e;.) is seen to come from small momentum transfers 


* If one uses the procedure given here for the case of a neutral scalar meson, one can furnish a direct proof of the derivation of the 
many particle forces from the eigenphase shift of scattering due to many particles; the relation was used to derive Wentzel’s result by 
K. Hasegawa and S. Azuma, Progr. Theoret. Phys. Japan 13, 360 (1955). 
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3 * dq | 
€ Ey te, €(c) = J favfaw 
8r't,  ¢! q+ (q:p’+p) 


[in the expansion of (23), the (7,)° term do not contain a principal value integral owing to its disappearance due to 
symmetric integrations over p and p’ |, e’ can be evaluated in the limit of small g and by introducing a cutoff at 
q= 1 as was done in G-B. The restriction |p’) <1, | p’+q) >1 implies that, if we denote cos@,-, as x’, thenO<x’ <1, 
the integration over p’ gives 1—gx’—1, and in the integrand p’ may be replaced by 1. Hence in the limit of small q, 


neglecting g’, we find 
I Pa gtPg 
fav 2a(1 2 log } 
(q-p’+p) q pq 


- —% q-P-q 
Pf ap : log ‘ 
(q°p Pp) pq 


Putting for fdp also Jdp—2mq fi'xdx(x=cos6,,) and p=1 in the integrand, we have for ¢': 


3. p'dq ; tr ¢ Zar, 
é f dma f vdx | tan ( ) l 
8ré4y 0 ar Lar x q+ (4ar,/m)[1— hx In| (1+4)/(1—«)| | 


Then, integrating g over the range 0 to 1 and neglecting terms of order r, and higher, we find 


gK1. Hence, writing 


—*). 
1—x/2 


where 


The correlation energy of order (r,)° and Inr, is the sum 
écorre!((r,)°, Inr,) = e+ €(c) teu), (25) 


where ¢€,,)°) is the second-order exchange interaction energy as given in the introduction; and in dimensionless 


units, 
3 dq i 
€) = f fev fav : 
16n'/ ¢ (q+p+p’)’ 7+ (q—p'+p) 


The last expression in (24) when combined with the contribution from the plasma zero point energy (see .Vole 
added in proof) seems to correspond to G-B’s /_,.%duR* \InR/ f-,’%duk?*, where R=1—u tan '(1/u). We have not 
been able to transform this last term into G-B’s term, but the value obtained by numerical integration agrees 
with their result. 

In conclusion, I would like to express my deep gratitude to Professor K. A. Brueckner for his kind introduction 
and guidance on this problem and for many helpful discussions. I also would like to thank the members of the 
Department for their hospitality. 

APPENDIX A 
To show that AF (19) can be represented as a sum of eigenphases of one-pair to one-pair scattering, we tirst 
construct the 7 matrix for this scattering; just as in (11), we can construct the incoming-wave solution 
1 4rh*e? 
v, 4% »' dp q Op Vor Dp (ap g Oy* + by ft p’ Wy (A 1) 
kot+ Ey = ES -~Hy—ie §lq’ 
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Then, eliminating a,_,*b,*Vo from (11) by using (A-1), we can write 
; . 4nh*e? 
Vp-a “a Vp~< p' )— 2mib( Kot Ey ¢ ~ i Hr) 2 Liv (ay -q Oy * +by -q4y')Vo. (A-2) 

0g 

‘Taking the inner product with V,—,, »’, we obtain the S matrix: 
. 4rh’e? 
VP-P by’, p 2rib( hy e- E,’—Ey Pe + Ey’) Qg? L(y 4 p’ 5 (ay by *+by y’)Vo). 
. q 


Further, using the expansion of }0 »(dp-—q*bp* +6, gap) Wo into incoming-wave solutions [in (14), ie+>—ite 
and W/W |, we find 


’; p~¢, p= Sy’, p— 2018(E,_ —E,°— Ey,’ + E,”) 
4h’ e? | 4rh’e? 
x 1 
Qq? | (lq? 
Hence, the 7 matrix is 
4ah*e | 4nh*e® 1 . 
T y' +a. p'ipta p P | 1+ a para e ; piping p> ‘oa aa as | . (A-3) 
1h? hy? Eye — Ep ’tEpyf—Ep® Ep ®—Egy fo tb + o— Ep +e 


Now, following the notation of Lippmann and Schwinger,® we can diagonalize T by using a suitable transformation 
faa (a refers to p+q, p; A is the diagonal index), 


Tra= > afeaTafea®. 
(Note that we fix q here.) We define the matrix element of 7? as 
(T)va= LeTrd(Me— E)Tca(= LeaftaTa*faa*), (E=Ea= Fy), 
and get the following relation (where F means function) 
LaF (Ts) =LaLaLirfasd(Ea— E)LF(T) Jab (Ev— E) foa* 
> (Ea E)LF(T) Jaa. 


Thus, the sum of the eigenphases becomes [ since $4= 1—2mi T'4 = exp(— 2164) |; 


1 1 
foe > aba (he) feel je. log (Sa) - > [In(1 —2mriT) line 
- 21 21 


where 5, are the eigenphases. Now, 
or? “ r $ > Oo FF Oo. Kk 0 > O*1g’ » 
(7 )p'+a. P'.PtaPp De Tra, p'ip''+q, p'O(Lp4g Ey Fy'+q t Ey) T p44. vipta. P» 
but, from (A-3), Tpi¢ p':p’4¢, p'? does not depend on p”, and T'p49. p’’- pig, p depends on p” only through E,/4,° 
’ ’ I ‘LP pra ’ I PP Prat » £ p''+¢@ 
E,°, so that owing to the presence of the 6 function, we get 


2 gy’ le hg (Kr es , O1F 0 
(T") p' +a. pita ( T p'+a p's ta v) Lew S(Eptg Ey Ey'+¢ t Ey ). 
In the same way, 
(T") pte. pipta p (T p+a. vi pte v) "(de pO Ey t Pe — E,°— Ep ¢ + E,”))" Ps 


Since 7 is not singular, we can expand [|In(1—2iT) |aa and use (A-6). The result is 


1 


I 
dE > aba (eed) (LE) =—-—Y, 
f 26'S (Epa — Ep — Ep +Ep’) 


xX In{1 — tT +4 pete Dv S(Ep49?— E,®— Ene + E,°)]. 


*B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 
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Here, using (A-3) for 7, we finally find, 


1 


fur Y dbs q-fixed (£) > = 
D 95 (Ep q?— Ep — Epo +E") 


(4arhe?/0q") >. p56 (Ep 4q?— Ep’ — Epp + E,") 
X<tan™ , (A-7) 


an? 1 P 
1+ E>( fa ) 
 @ Ev4q—Ep +E pg —Ey Ep ®—1 0 f,0 


“p'+q “p 


comparing with (19), we find 
| a oe pe 
Ak=- > e- Dpt E, far DY pda (atixed)( F), (A-8) 
Q gy dr 


The first term is, so to speak, the diagonal element of the potential, and the second term is due to the one pair to 
one-pair scattering eigenphases. 
APPENDIX B 
We take as an example the e® term (see Fig. 3), 
2rh’e* 


1 
AE® = — Lea {4 Vl Ae (p) +47 (p)A,*(p) +A, (pag (p) +4_**(p) ]}. 


02 q 


Kirst, inside the curly brackets there are denominators all with -+-7e in such combinations as the following: 


1 3 1 2 
an 
W’—W-+ie W'—W+ites L 


1 2 1 3 
Le’ ‘ ; Lie’ , | |S | , (B 1) 
‘ W'—-W+ie W’—W—ite W'—-W—ie 








where W= E,,°— E,", W’= E,, ¢” — Ey”, and all e>0. The e’s should not be of the same magnitude because the 
limit e—0 is arbitrarily taken. However, it is convenient to establish some ordering among the e’s. We take the 
first product in (B-1) as follows: 

1 1 1 


Dedew dew dew W+3ie W" —W+2ie W'"—W+ie 


and performing partial fractions, we find that it is equal to 


1 1 i I I 
ae OT a t 
W'—W+3ie W"—W'—ieW'"—W'—Die W'—W" Fie W"—W42ie W""—W" 


1 I 


t 
W!— WwW +2te W"— WwW" 


(iA 


Fic. 3. Diagrams of order e’. 
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Relabeling the variables, we have that it is equal to 
1 1 1 1 1 


W’—W—3ie WM W—ieW'’—-W—2ie W'—W+ie W"—W—2ie W'"—W—ie 


1 1 1 
W'—W+2ie W"—W+ieW'"—W 5d 
Hence, in the limit e— 0, the first term of (B-1) cancels with others and the equation 
(B-1)=0 


follows. The result is independent of our choice of the magnitude of infinitesimal quantities. Next, consider a 
product denominator with two +-7e’s and one positive-definite. This term is contained in the curly bracket of 


Ak” in the following way: 


| EE, vf 4| Be = J be = + enone uae fh sie 


Again, we set up partial fractions for the first +1 term in (B-2): 


1 1 1 
5 


i p*’ 


W'+-W W"—W+2ie W’" —W +i 
1 1 1 1 1 1 
, Le { 
W'+-W W"+W W4W WW W"—-W 4-216 W" — Ww" — 


I 
! | 
W’ Ly Ww" —w'"'4 le we W+te 
I I 


yp’ . : . 
W'+W WW WW 
1 1 1 1 1 
ae as ” , nt . rr , . t uw r ° vu , _ 
W’+We W—2ie VW W—te W W+ieW''—W—te 
When we neglect +-7e in the positive definite denominators, the last two terms cancel with the remainder in (B-2), 
leaving a positive definite denominator only: 
gay . 


(B-2)=>0°-- Sop ' 
WW WUE Wee 


I 1 1 


and this contribution is to be added to - term which contains no +1 in the denominator appearing in AE, 


Finally we consider terms with one 


LE] Erin +0 |: [=> W alec — 


The first term can be changed successively as follows: 
I I 1 
W’+W WW WwW —W +e 


l ( 1 l ) l 
haw p’”’ t 
We WNW EW WW + ie WW” 


. \ i i i | 1 1 
= Sdetcicthncic 
weew ww wee” wee owe wie Wee! eee 
i i . i i 1 
Wweew we wee OO Pee ee ew ie 
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The last term cancels with the remainder in (B-3). Hence 


1 1 


(B-3)=3 Dp: Dip 
W'+W WW We 


1 1 ) 1 l 
t 
W+W W"+W" 7 W444" w+ 


1 1 


o2¥ Fy Da | 


W'+W WW WE” 

a ; 1 1 
W'+W W"+W WW" 

: 1 1 1 

ee ee 
W'+W WHEW + W440" W448 


Collecting (B-1), (B-2), (B-3), and all positive-definite terms of AZ, we find that 


: 4rhte’\* ” 1 1 1 
0Q¢" W'+W W"+W WwW’ +H 


1 1 I l l I 


, | (B-4) 
W+WW"4+WW"4+w” W'4+W Wt’ Ww" te” "4+ 


’ 


where the >_,’s include the sum over spins. These terms correspond to diagrams of the eighth order. We can con 
tinue the partial fraction decomposition in an analogous way up to any desired order. 
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Proposal for a Ferromagnetic Amplifier in 
the Microwave Range 
H. Sumy 
Bell Telephone Laboratories, 
(Received February 18, 1957) 


Murray Hill, New Jersey 


[\ recent years certain anomalous absorption effects 
in ferromagnetic insulators at high signal powers!” 
have Nonlinear terms in the 
equations of motion of the magnetization couple the 
usual uniform precession induced by the rf field to 
certain pairs of nonuniform modes of motion in a time- 
varying manner, resulting in unstable growth of these 
modes at the expense of the uniform precession. 

In particular, the subsidiary absorption peak at high 
powers'?*® involves the growth of disturbances (‘‘mag- 


received clarification.’ 


netostatic” modes*®) whose frequencies w;, w, add up to 
the frequency w of the uniform precession. (In the plane 
approximation references 4 and 5, 
w) = w2=w,=w/2.) The object of this note is to point 
out that such effects can be turned to account in the 
construction of a microwave amplifier. 

Figure 1 is an almost exact circuit analog of the two 
nonuniform modes coupled through the uniform pre- 
cession. The modes are presented by two meshes 
tuned to wy, we, their decay constants by two resistors, 
and their coupling by the common load L(/) varying 
at frequency w hereafter called the pump 
frequency. When the depth of modulation of L exceeds 
a critical value depending on the circuit losses, the 


wave used in 


wit W2, 


OUTPUT LOAD 


QQ0 


000 


@) f i 


Leta 
Lo 


»NAL 








Fic. 1. Circuit analog of the two ferromagnetic modes coupled 
by a time-varying load (the uniform precession). For details on 
circuits of this type, see J. M. Manley and H. E. Rowe, Proc. Inst 
Radio Engrs. 44, 904 (1956) 
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meshes break into self-oscillations at their respective 
frequencies. But, if an input signal and an output load 
are coupled to mesh 1 (or 2) and the modulation depth 
(i.e., the pumping power) adjusted so that oscillations 
would occur without the extra load, but not with it, 
stable power gain results. That coupling to the “circuits” 
(that is to the magnetostatic modes) of the ferromag- 
netic material is possible has been demonstrated 
experimentally by Dillon’? and by Solt and White.* 

In this form, the device may not be practical. There 
exists an infinity of ‘‘magnetostatic” mode pairs whose 
frequencies add up approximately to w, whose mutual 
couplings have comparable strength, and whose in- 
stability thresholds are therefore of similar magnitude. 
The wanted mode pair, on the other hand, has its 
threshold raised by the presence of the output load. 
Hence, as the pumping power is raised, unwanted 
pairs may become unstable before the wanted pair 
exhibits much gain, if any. The uniform precession then 
“sticks,’’* no matter how high the pumping power. 

However, so far the sample has served both as doubly 
resonant system and as coupling element. These func- 
tions can be separated, and the difficulty then dis- 
appears. All “magnetostatic” mode frequencies are 
confined to a range from y(f1/—49M) to y(H+22cM), 
where y is the gyromagnetic ratio, H the applied d 
field, M the saturation magnetization. By adjusting H 
can assure that there is no pair whose 
frequencies add up to w. The sample is placed into a 
microwave structure resonant to w);, wo and (for effi- 
ciency) wi+wy». If the sample is positioned where 
the A lines of one of the cavity modes w;, we have a 
component along H, the other a component normal to 
H, then power gain can result as before, the stability 
threshold on the uniform precession mode now de- 
pending on the two cavity Q’s rather than on sample 
losses. In this type of operation (which we call ‘‘electro- 
magnetic”’), thresholds at least as low as for the previous 
(“magnetostatic”) operation should be attainable. 

As a third alternative, the cavity can be made to 
supply one mode (say w.), the sample the other (semi- 
static operation). The threshold then depends on both 
cavity and sample losses. In electromagnetic operation, 
but not always in the other two cases, it is also possible 
to adjust H so that the sample itself is resonant to w. 
The threshold pumping power is then especially low. 
The threshold 6,,;; of the uniform precession mode in the 
three are as follows: 


or w or both we 


10 w 


Cases 


Electro- 


Operation Semistatic magnetic 


waa) 1 (4Ai\t/ OHa\t (OW\t OK K 
Threshold | —{ ) ( ) ( ; ) ; 
Conte ) Paa\4eM) \4em) \4eat] Fe(O2)* Pom(QiQx)4 


The threshold pumping field Agit is found by multi- 
plying @+ic by the line width AH of the uniform preces- 
sion, if the sample is resonant to w, and by 1/7 times the 
frequency deviation from resonance when it is not. F is 
a filling factor measuring the overlap of the component 


“Magnetostatic 
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along H of one of the mode-fields in the sample with the 
transverse component of the other. In principle F can 
be of order unity. AH;, AH» are the line widths of 
magnetostatic modes 1 and 2; (1, Q» are the Q’s of the 
cavity modes, K is a factor of order (operating fre- 
quency /4iryM). 

In spite of superficial similarities between this device 
and the three-level maser proposed by Bloembergen,’ 
the present device operates quite differently; in some- 
what oversimplified terms it relies on modulation of the 
real part of a susceptibility, rather than on reversal of 
the normal populations of two levels. However, in 
common with the three-level maser, the present device 
should have a low noise figure. 

Finally, we stress that the same principle of ampli- 
fication will apply to any system in which appropriate 
parameters can be varied, be it through anharmonic 
behavior of the physical system or otherwise. Since 
there are many such systems (e.g., anharmonically 
bound molecules) there may be a great many frequency 
ranges where this principle might find application. 

1R. W. Damon, Revs. Modern Phys. 25, 239 (1953). 

2N. Bloembergen and S. Wang, Phys. Rev. 93, 72 (1954). 

*P. W. Anderson and H. Suhl, Phys. Rev. 100, 1788 (1955). 

*H. Suhl, Proc. Inst. Radio Engrs. 44, 1270 (1956). 

5H. Suhl, J. Phys. Chem. Solids 1, 209 (1957). 

®L. R. Walker, Bull. Am. Phys. Soc. Ser IT, 1, 125 (1956); 
Phys. Rev. 105, 390 (1957) 

7]. F. Dillon, Bull. Am. Phys. Soc. Ser IT, 1, 125 (1956) 


®R. L. White and I. M. Solt, Jr., Phys. Rev. 104, 56 (1956). 
9N. Bloembergen, Phys. Rev. 104, 324 (1950). 


Some Consequences of 7C P-Invariance 


GERHART LUpERS,* Department of Physics, Massachusetls Institute 
of Technology, Cambridge, Massachusetts 


AND 
Bruno ZuMINO, Department of Physics, Stevens Institute 
of Technology, Hoboken, New Jersey 
(Received March 4, 1957) 


ECENT experiments! have shown that parity (P) 

in the usual sense is not conserved in some weak 
interactions. There are strong indications that charge 
conjugation (C’) invariance is also violated. According 
to a general theorem,’ invariance with respect to the 
product TCP follows for a wide class of field theories 
from invariance with respect to the proper Lorentz 
group alone. Here 7 denotes the anti-unitary operator 
of Wigner time reversal. It is therefore important to 
investigate which connections between properties of 
particles and antiparticles follow from this general 
invariance and which can only be deduced from more 
severe invariance requirements (e.g., CP). 

First we show that masses and (for unstable particles) 
also lifetimes of particles and antiparticles are equal as 
a consequence of TCP. The validity of this statement 
is not based on any perturbation expansion. We write 
the Hamiltonian as 


H=Hs+Hw, (1) 


THE EDITOR 385 
where Hs contains the free-field part and the strong 
interactions, while Hw represents the weak interactions. 
Mass and lifetime of a particle can be obtained from an 


investigation of the following expectation value: 
(Y, (A—H)'y), 


regarded as a function of the complex variable A. Here 
y is an eigenstate of Hs, which represents one particle 
the mass of this 


(2) 


with momentum zero. For Hw=0, 
particle corresponds to a singularity of (2) on the real 
axis. Under the influence of Hw the singularity shifts 
and, for an unstable particle, moves off the real axis. 
For particles with a simple exponential decay, mass and 
lifetime are given by the real and imaginary parts of 
this singularity. 

Using the symbol © for the product TCP, one 
notices that @y describes one antiparticle at rest. 
From the general theorem it then follows that 


(OW, (A—H) OW) =, (A-—H)'y), 


so that the two expressions have the same singularities. 
To show (3), we go through the following steps: 


(Oy, (A—H) Oy) = (0-1 (A— Oy, y) 
((*—H)-'y, P=, (A—H)-W), 


where proper use has been made of the anti-unitarity 


(3) 


(4) 


of ©. The equality of the masses of stable particles and 
of the lifetimes to first order in /7w had previously been 
stated by Lee, Oehme, and Yang.* 

Second, we investigate under what circumstances the 
equality of branching ratios for the decay of particle 
and antiparticle into corresponding channels also can be 
concluded from the general invariance. For the sake of 
brevity we consider Hw only to first order. The branch 
(ey Hwy) |’, 
where y is the same state as in (2) and g' is an in 
coming eigenstate of 17s representing the decay prod 
ucts. Since © transforms ¢'" into an outgoing state of 


ing ratios are essentially obtained from 


the corresponding antiparticles, the equality of branch 
ing ratios cannot be concluded in general. It can be 
shown to hold, however, if the scattering processes 
induced by Hs do not involve transitions between 
different decay channels. 

The previous remarks can be applied to the decay of 
charged K mesons if we assume that 7, 7’, and @ repre 
sent decay modes of the same particle. The experi 
mental equality of masses and lifetimes of At and K 
would not insure invariance of /7 with respect to C or 
CP. Also the branching ratios for the decays into two 
and three m mesons would be equal for either charge if 
the spin of the K meson were zero. In that case these 
channels would have opposite parity and could not be 
mixed by a parity-conserving //s. But even for higher 
spin these branching ratios could be expected to be 
equal to a high accuracy if only the general invariance 
would hold, because My is very likely to produce 
practically no transitions between states of two and 
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three m mesons. Such transitions are strictly forbidden 
because of a generalized Furry theorem, if we neglect 
electromagnetic interactions and assume as is cus- 
tomary that 4 is invariant with respect to C and to 
rotation in isotopic spin space. This forbiddenness 
breaks down in the presence of electromagnetic inter- 
actions, but the effect on the branching ratios would be 
extremely small, From these arguments, however, it 
could not be concluded that the distribution of the 
three-w mode into 7 and 17’ would be the same for K* 
and K~. Finally, equal spectra of the r+ and r~ decay 
could not be predicted from TCP alone since Hs 
certainly will lead to a scattering of three x mesons. 

The authors are indebted to Dr. Lee, Dr. Oehme, and 
Dr. Yang for having made available their papers’ prior 
to publication, and to Dr. L. S. Rodberg for an interest- 
ing communication. One of us (G.L.) wishes to thank 
the U. S. Department of State for a Fulbright and 
Smith-Mundt grant and the Massachusetts Institute of 
Technology for its hospitality. 

* Holder of a Smith-Mundt grant, on leave of absence from 
Max-Planck Institut fiir Physik, Gottingen, Germany 

Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 105, 
1413 (1957); Garwin, Lederman, and Weinrich, Phys. Rev. 105, 
1415 (1957); J. I. Friedman and V. L. Telegdi, Phys. Rev. 105, 
1681 (1957). These experiments were reported as post-deadline 
papers at the New York Meeting of the American Physical 
Society, January, 1957 

2 J. Schwinger, Phys. Rev. 82, 914 (1951), and 91, 713 (1953); 
G. Liiders, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 28, 
No. 5 (1954); W. Pauli, in Niels Bohr and the Development of Phys- 
ics, edited by W. Pauli (McGraw-Hill Book Company, Inc., New 
York, 1955). One of us (G.L.) wants to emphasize here again the 
importance of the role the other (B.Z.) played during all stages of 
the work that led to the theorem, both through personal discus 
sions and through correspondence, In particular, the original 
formulation of the theorem, for parity-conserving interactions, 
was suggested by B.Z. in early 1953 

* Lee, Oehme, and Yang, Phys. Rev. 106, 340 (1957); T. D. Lee 
and C, N. Yang, Phys. Rev. 105, 1671 (1957) 

* See, e.g., A. Pais and R. Jost, Phys. Rev. 87, 871 (1952) 


Parity and the Polarization of Electrons 
from Co''t+ 


H. FrRAVENFELDER, R. Boponr, FE. von Gorter, N. Levine, 
H. R. Lewis, R. N. Peacock, A. Rossi, anp G. De PAsQguati 


University of Illinois, Urbana, Illinois 
(Received March 1, 1957) 


| EE and Yang! recently proposed that parity may 
4 not be conserved in weak interactions and sug- 
gested various experiments to verify their hypothesis. 
‘Two of the experiments have since been performed with 
the asymmetry of the electron emission 
34 


positive result 
from aligned nuclei? and the polarization of muons. 
In a second paper,® Lee and Yang discuss a two-compo- 
nent theory of the neutrino and consider some more 
experimental tests. Among these, they list the measure- 
ment of momentum and polarization of electrons 
emitted in beta decay. If parity is not conserved, the 
electrons should be longitudinally polarized. For tensor 
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and scalar interaction, the degree of polarization is 
simply equal to (v/c).*:? We have found this polarization 
in the case of Co®. 

The observation of the expected longitudinal polari- 
zation of the electrons is difficult. However, by means of 
an electrostatic deflector, the longitudinal polarization 
can be transformed into a transverse one.* The trans- 
verse polarization can be measured by scattering the 
electrons with a thin foil of a high-Z material (Mott 
scattering). Because of the spin-orbit interaction, the 
elastically scattered electrons show a strong left-right 
asymmetry, especially at scattering angles between 90° 
and 150°. From this measurable asymmetry, the initial 
longitudinal polarization can be calculated. 

The experimental arrangement is housed in a cylin- 
drical vacuum chamber of 30-cm diameter. The elec- 
trons from a Co® source are deflected in a cylindrical 
electrostatic field (radius of curvature 6 cm) by about 
108° and then impinge on the scattering foil. The left- 
right asymmetry of electrons scattered into the angular 
interval 95° to 140° is measured with two end-window 
Geiger counters (3.5 mg/cm? mica windows). Two 
electroplated Co™ sources are used, one of about 1 mC 
strength on aluminum (1.7 mg/cm’), the other of 6 mC 
strength on a silver-covered rubber hydrochloride film 
(0.6 mg/cm?). The electrostatic deflector is designed 
so that electrons of about 100-kev energy completely 
change their polarization from longitudinal to trans- 
verse. The scattering foils (0.05 mg/cm? gold, 0.15 
mg/cm? gold, 1.7 mg/cm? aluminum, all backed by 0.9 
mg/cm* Mylar) can be interchanged from the outside. 

For an ideal arrangement, the left-right asymmetry in 
the counters would be L/R=[14+ Pa(@) |/[.1—Pa(@) ]."° 
P is the initial longitudinal polarization of the electrons 
and a(@) the polarization asymmetry factor after 
scattering by an angle @ in the analyzer foil. In the 
actual experiment, however, the determination of P 
from L/R involves corrections for (1) the asymmetry 
of the two counters, (2) the finite extension of scatterer 
and counters, and (3) incomplete transformation from 
longitudinal to transverse polarization. The first cor- 
rection was performed experimentally by using the 
nearly isotropic scattering from aluminum foils; the 
second and third corrections were calculated in a first 
approximation. A correction for depolarization in the 
source and the analyzer was neglected completely. 

The results of some runs are given in Table I. Even 
though these data are only very preliminary, some 
conclusions can be drawn. 


TABLE I. The polarization of electrons from Co®. 


Longitudinal 
polarization 
P 


Left-right 
asymmetry 
L/R 


Electron Gold scat 
energy tering foil 
kev mg/cm? 


0.15 
0.15 


1.03+0.03 
1.13+0.02 
0.05 1.35+-0.06 
0.15 1.30+0.09 


— 0.04 
—0.16 
—0.40 
—0.35 
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1. The violation of parity conservation is obvious. 
Every run (about five in addition to the ones shown in 
Table I) shows a definite left-right asymmetry. 

2. The negative sign of the polarization P indicates 
that the beta particles are polarized in the direction 
opposite to their momentum. This conclusion agrees 
with the experiment of Wu e/ al.’ 

3. The values of P are not in disagreement with the 
two-component theory, which gives P 
viations, especially at lower energies, can easily be due 
to depolarization in the source and in the analyzer. 
More accurate measurements and further investigation 
of the corrections are required for a detailed comparison 
between theory and experiment. 

We are very much indebted to Dr. J. Weneser for 
many illuminating discussions. 


—v/c. The de- 


f Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 
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We use P=(/,—J/_)/(/,+/_), where /, is the intensity of 
electrons polarized along their initial momenta and /_ is the 
intensity of electrons polarized in the opposite direction. We 
detine “left” by ps: (piX po) >0, where pi, po, and py are, respec 
tively, the electron momenta immediately after emission from the 
source, before scattering from the analyzer, and after scattering 
from the analyzer. 


u-Meson Decay and the Two-Component 
Neutrino* 


M. H. 
Department of Physics and Laboratory for Nuclear Science, 
Vassachusetts Institute of Technology, 
Cambridge, Massachusetts 
(Received March 4, 1957 


FRIEDMAN 


T has been suggested! that nature takes advantage of 

the fact that the neutrino has mass zero and, there- 
fore, describes it by a two-component wave function. 
This results in a violation of both parity conservation 
and charge-conjugation invariance, which is in agree- 
ment with recent experiments.” 

The above authors then propose that the u-meson 
decay takes place via the emission of an electron, a 
neutrino, and an antineutrino. This gives a Michel 
parameter of p=}. In addition, if one calculates the 
integrated asymmetry for all electrons from 0 to 10 
Mev, the result is 


B/F=back/front =0.77, 
where ‘“‘back”” means the number of electrons with 
energy between 0 and 10 Mev and making an angle 
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between 90° and 180° with respect to the direction of 
the w-meson spin. Similarly, ‘front’? means electrons 
coming off at an angle between 0° and 90° with respect 
to the w-meson spin. The above number is calculated 
assuming a maximum asymmetry. 

The purpose of this note is to propose that, in addition 
to the above decay mode, the u meson be allowed to 
decay simultaneously into an electron plus two neutrinos 
or two antineutrinos. The second two sets of interactions 
can be added if one will give up the conservation of 
light fermions in interactions involving two or more 
neutrinos. 

The advantages of the above addition are twofold: 
(a) One can better fit the experimentally observed value 
for the Michel parameter which appears to be 0.60 <p 

0.67. (b) Pless et al.’ have carried out a preliminary 
investigation of the 0 to 10-Mev integrated asymmetry 
and find the back/front ratio B/’=0.97+0.16. If we 
assume that the number 0.97 will not vary much with 
improved statistics, one may obtain a better fit to this 
anticipated result. 

Previously, the following interaction term has been 
considered,! 


H’=> fv. WOv, h(bOv, aw) +e.c., (1) 
where Oy, 4 is y, or ysy, and y, is the two-component 


neutrino field, ¥,=y,'B, where y,* is the Hermitian con 
jugate of y,. The proposed additional terms would be‘ 


H" = gWOwW)WOd,) 
tS hdbOw,b,0wW,)+e.c. (2) 


In the above, ¢,=C(y,)”, where y, is still the two 
component neutrino field, C Dirac 
defined that Cu!y,C vu'. The T refers to the trans- 
pose of the spinor indices only. Note that @, is not the 


is a operator so 


charge-conjugate wave function to p,. Nevertheless, the 
above interaction is invariant under proper Lorentz 
transformations and can be made invariant under time 
reversal by choosing all the coupling constants to be 
real. The second set of terms (involving /,) will yield 
the same results as the first (involving g,) and their 
inclusion will add nothing new to the following discus- 
sion. We shall, therefore, drop them. 

One easily verifies that, for a two-component neu 
[The tensor vanishes 


trino, O; may be only 1 or ¥5 
because the components of y, anticommute with each 
other and ((C~)?oy,)7 = (C—) Tay». | 

Interactions (1) and (2) do not have any interference 
terms. Hence, the total number of electrons emitted per 
unit energy and solid angle is 


dN A\dN,+| B\dNa, (3) 


where dN, is the number of electrons emitted with a 
neutrino and antineutrino, while dN, is the number 
emitted with two neutrinos. The normalization requires 
that, 


(4) 
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TaBLe I, Theoretical values of asymmetry parameter a and 
back/front ratio B/F for given values of p, £, and 7. 


, ” t |A a BF 
0.067 1 +1 0.889 0,405 0.98 
0.667 0 +1 0.889 0.296 0.86 
0.600 0 +1 0.800 0.266 0.90 
0.667 0.75 +-0.75 0.889 -0.301 0.99 
0.040 ~().75 +-0.75 0.853 0.323 1.04 


We use absolute value signs to emphasize that | A| and 
| B| must be real and positive. 

For completely polarized ~ mesons, the ~ mesons 
decaying at rest, one obtains 


dN, 
dN, 


2x*{ (3 
12x7(1 


2x)+ £ cos@(1—2x) \dxdQ/4r, 
x) (14-9 cos@)dxdQ/4r, 


where 


E=(fa* fut fv*fa)/L\ fal?+] fvl?], 
n= (gsgr*+es*er)/L|gs|\?+|er|?], (5) 


r= electron momentum/maximum electron momentum, 
and @=angle between electron momentum and spin 
direction of the p. 

These expressions for dN, and dN», have been given 
by the authors of reference 1. (dN is the same regardless 
of whether or not we say the number of light fermions 
are conserved, ) 

We now note that the value of p is 3|A|, where | A| 
is a function of the coupling constants and so may be 
chosen to fit the experiment. 

In Table I some examples are given. Here, a refers to 
the asymmetry parameter in the Lederman experiment.” 


1 
, aN (1+a cos#)dQ/4r. (6) 


0 


B/F is the integrated asymmetry from 0 to 10 Mev, as 
previously discussed. 

The last two cases are of particular interest since they 
would yield the same results for a and B/F, if € and 
were actually +1 and —1, respectively, but the yu 
mesons were only 759% polarized, 

Lederman found that a 
carbon. The Lee and Yang results were a 
f=+1. 

* This work was supported in part by the joint program of the 
Office of Naval and the U. S. Atomic Energy 
Commission, 
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Violation of Parity Conservation and 
General Relativity 
E.C 
Institul de Physique de l’ Université, Geneva, Switzerland 


G. STUECKELBERG* 
(Received February 18, 1957) 


HE significant experimental results recently ob- 

tained by Wu, Ambler, Hayward, Hoppes, and 
Hudson,! Garwin, Lederman, and Weinrich,’ and 
Friedman and Telegdi*® prove the violation of parity 
conservation in weak interactions. These experiments 
were suggested by Lee and Yang.‘ According to these 
authors, the observed right-left asymmetry can be 
attributed either to a cosmological distinction between 
right and left, or to an accidental local preponderance 
of right-handed nucleons over the left-handed ones 
(which must amount to nearly 100% in order to avoid 
contradiction with the Pauli exclusion principle). 

We wish to point out the rather trivial fact that 
a cosmological asymmetry is perfectly compatible with 
Riemannian space-time of ordinary general relativily. 
Indeed, a “field” €;agya)(x) (totally antisymmetric 
tensor in four-dimensional space) can be introduced, 
whose covariant derivative vanishes everywhere : 

Vp€[apys) = 0. 


The parity-violating part of the energy-momentum 
tensor 04, may then be written as a true tensor, 
hot , 
(1, 4 !) (€tunplV°V'Yy")0 af: 
Riemannian space-time, characterized by the symmetry 
of the metric tensor gag) and of the affine connection 
['’:a3), follows from the postulate that the covariant 
derivative of gag) vanishes: 
V fas) =(. 

This has as consequence 

I'’(p») = 9,(—g)*/(—g)!, 
g being the determinant of g,ag), and 

Vp€(as78) = (—8)'Ap[ €(asxs}(—g) *]=0. 

As g#0 everywhere, €[as7s) takes the same value at 
every event in space-time, in a local geodesic, right- 
handed and orthochronous (or left-handed and pseudo- 
chronous) Lorentz frame. Thus the mean lifetimes of 
particles are time standards for atomic clocks, inde- 
pendent of whether such weak interactions are involved 
or not. 

At our present state of knowledge, the existence of 
this “field” seems quite natural, because the number of 
dimensions g%,=4, the signature of the metric 
(1,1, 1, —1) Lor (—1, 1, 1, 1) }, the rest masses m,, m,, 
m,, «++ of the elementary particles, and the coupling 
constants gp, é, ¢ "s,Cy, +--+ are universal constants, e.g., 
constant scalar “fields” (V,Cs=0,Cs=0, ---) whose 
numerical value is given by the experiment. As pseudo- 
scaler constant “fields” (V,C's‘tagys)=0, ---) may 
equally well be introduced in Riemannian space-time, 
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the suprising fact is that these Cs’,agysj, --- [universal 
constants in every local geodesic right-handed and 
orthochronous (or left-handed pseudochronous) Lorentz 
frame | appear only in the weak interactions. 

* Assisted by the Swiss Atomic Energy Commission. 
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Energy Levels of Pb’”’ 


M. J. KEARSLEY 


Department of Mathematics, University of Manchester, 
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(Received February 25, 1957) 


DETAILED calculation has been made of the 

excited energy levels of the nucleus Pb”, treating 
it as a system of two neutron holes moving in the pres- 
ence of the double closed-shell core Pb”*. The possible 
states and energies of the individual holes are taken to 
be priya, fov2, Pay2, tiay2, and fr/2 at O, 0.569, 0.894, 1.633, 
and 2.338 Mev, respectively'? from the experimental 
data on Pb*”, 

The neutron hole states couple to form states of given 
angular momenta (/). To first order the energies corre- 
sponding to these states of given J will be the sum of 
the single hole energies plus the energy of interaction 
between the holes, Ay,(J). 

The E,,(J) are calculated by using harmonic oscil- 
ator wave functions. 


Rar) 


Prim (79,0) V,"(0,o) 


¥ 
7 N nl exp[ (— Sur’) I'Ln +l4 Na '(vr*) V1"(0,0), 
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where v is determined by associating the nuclear radius 
of Pb” with the point at which the probability density 
[Rii(r)/r}* falls to a quarter of its maximum value, 

The effective hole-hole interaction is taken to be a 
central-force mixture of the form 


exp{ —~Ti2 a} 
V ty: t2(0.1 +0.230,° 0) ’ 
(Tie a) 


V (rie) 


where *%,=isotopic spin vector for nucleon 1 and 
g@,=spin vector for nucleon 1, with the range a= 1.37 
«10-8 cm corresponding to a meson mass of 276 m,. 
V. is regarded as a variable parameter. Configuration 
interaction between all states of the same J is allowed. 
The energy matrices for J/=0 to 7 are calculated for V, 
varying from 0 to 100 Mev in steps of 10 Mev andthe 
eigenvalues and corresponding eigenvectors computed, 
For V.=70 Mev, there is very good agreement be- 


tween theory and experiment,’ all of the lowest seven 
excited states being predicted within 0.1 Mev of the 
experimental values, with the correct spins and parities. 


Spin J O+ 2+ 3+ 4+ 4+ 7 6 5 


a) ode oD o 
803 1341 1684 


Exptl. 

energies (kev) 0 
Theoret. 

energies (kev) 0O 


1998 2200 2385 2783 


868 1312 1692 1937 2189 2373 2875 


Configuration interaction is important especially for 
the 0+ and 2+ states (depressed by 0.66 and 0.36 
Mev, respectively) and the eigenfunctions for these 
states show large admixtures of the higher energy 
configurations. 
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